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COEFFICIENT ESTIMATES FOR CERTAIN SUBCLASSES OF
BI-PSEDUO- MOCANU-CONVEX FUNCTIONS

K.VIJAYA! AND V.MALATHI?

ABSTRACT. In this paper, we introduce and investigate a new subclass Mocanu-
Pseduo-bi-convex functions of the class ¥ in the open unit disk,satisfy Ma and
Minda subordination conditions. Furthermore, we find estimates on the Taylor-
Maclaurin coefficients |as| and |as| for functions in the new subclass introduced
here. Several (known or new) consequences of the results are also pointed out.

1. INTRODUCTION

Let A denote the class of analytic functions of the form
(1.1 f(2) :z—irZakzk
k=2

normalized by the conditions f(0) = 0 = f/(0) — 1 defined in the open unit
disk D = {z € C: |z] < 1}. The Koebe one quarter theorem [4] ensures that
the image of U under every univalent function f € A contains a disk of radius
1. Thus every univalent function f has an inverse f~! satisfying f~*(f(z)) =
z, (ze€D)and f(fH(w)) =w (Jw| < ro(f), ro(f) = )- Afunction f € A is said
to be bi-univalent in D if both f and f~! are univalent in D. Let X denote the
class of bi-univalent functions defined in the unit disk D. Since f € ¥ has the
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Maclaurian series given by (1.1), a computation shows that its inverse g = f~!
has the expansion

(1.2) g(w) = fHw) =w — aw? + (205 — az)w® + - -

An analytic function f is subordinate to an analytic function g, written f(z) <
g(z), provided there is an analytic function w defined on D with w(0) = 0 and
w(z)| <1 satisfying f(2) = g(w(z)).

The class Ly(u) of ¥-pseudo-starlike functions of order (0 < pu < 1) were
introduced and investigated by Babalola [2] whose geometric conditions satisfy

R (%) > 1. He showed that all pseudo-starlike functions are Bazilevi¢ of

type (1 — 1) order 37 and univalent in open unit disk D. If ¥ = 1, we have the
class of starlike functions of order y, which in this context, are 1-pseudo-starlike
functions of order p. Further for ¥ = 2 we note that functions in Ly(1) = G(u)
are defined by (f’( ) ) >, (2 €D)

Recently there has been triggering interest to study bi-univalent functions (
see [8,10,11].Motivated by the works of Ali et al. [1] and Goyal and Goswami
[5] and Srivastava et al [7]in this paper we introduce a new subclass M, (¢, , h)
of bi-univalent functions to estimate the coefficients |a;| and |as| for the func-
tions in the class MZ (4, i, h).

Definition 1.1. Let h : D — C be a convex univalent function such that h(0) = 1
and R(h(z)) > 0,z € D. A function f(z) is said to be in the class M{.(9, i, h) if the
following conditions are satisfied:

(1.3)

Sl AP (AN L )
ol w G e ()| <ot i (g €3 2 cp)
and

(1.4) ¢ {(1-@%%(%)} < h(w)cosT +isinT, (w € D)

where T € (—=5,%),0 >0and g = f~.

Remark 1.1. Ifwe set h(z) = (14+Cz)/(1+ Dz), —1 < D < C < 1, then the class
M. (9, p, h) reduces to M%(0, u, C, D) which is defined as

(1.5) o o §

cosT+isinT, (f € X, 2 € D)
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and
o (¢(w) (g (@)

ir - w(g' (w ! w((g'(w i 1+CWCOST i1sinT, (w

S ol *“( 7(@) )]*pr i, (weD)

where 7 € (=3,5),u>0and g = f~'.

In particular, by setting h(z) = M 0 < B < 1, the class M%L(9, i, h) re
duces to ML, (9, u, 1 — 28, —1) =M (19 i, B) Further, we note that MZ (¥, 0, B) =
ME(d, 8). and ME(9, 1, 8) = N5 (0, 3).

Remark 1.2. Taking ;o = 0 in the class M3 (9, u, C, D) we have ML (¥, C, D) and if
f e ML(9,C, D), then

AR 1+Cs

1.7) ) 1+chos7'+zs1n7', (feX, zeD)
and

/ 9
(1.8) e”w(g (@) 1 +ow cosT +isinT, (weD)

g(w) 1+D

where 7 € (=%, 5)and g = 1.

We note that by taking 9 = 1,4 = 0, and 7 = 0, we get the known class

Remark 1.3. Taking y = 1 in the class M%, (0, u, C, D), we have NL(9,C, D) and
if f € NL(0,C, D), then

AT 14 C

(1.9 cosT+isinT, (f € X, ze€D)

f(2) 1+ D=z
and
/ 19
(1.10) e’” (nglEZ;)] ) =< 1165:} cosT +isinT, (w € D)

where T € (—=5,5)and g = 1.

We also note that M%(1,1,1 — 23, —1) = Kx(B) [3].

The object of the paper is to estimate the coefficients |as| and |as| for the func-
tions in the class M (4J, i, h). Further we define a new generalized subclass of
MZ.(9, i, h) involving Hohlov operator and obtained the Maclaurians coefficients
for f in this new generalized class.



5884 K.VIJAYA AND V.MALATHI
2. COEFFICIENTS ESTIMATES FOR THE FUNCTION CLASS ML (¥, u, h)
In order to prove our main result for the functions class M% (¥, i, h), we recall

the following lemma.

Lemma 2.1. Let the function ®(z) given by ®(z) = > Byz* be convex in D.

n=1
Suppose also that the function h(z) given by h(z) = Y hy2*, is holomorphic in D.
k=1
If h(z) < ®(z)(z € D), then |hy| < |B;|(k € N).

Theorem 2.1. Let f given by (1.1) be in the class M%(V, i, h). Then

| B1| cos T
2.1 <
(2.1) ja2] = \/19(279 — 1)+ 2u(602 + 60 — 1)
and
1 | By| cos T
2.2 < B
@n ol = (rrgmEr @ e B

where 7 € (—=5,%) and pu > 0.
Proof. Let f € ML(9, u, h) and g = f~!. Then from (1.3) and (1.4) we have

23) " {(1 RO (W

f(2) )} < p(z)cosT +isinT, (2 €D)

and

ol @) | (ullg @)
@) e |-t (M

where p(z) < h(z) and ¢(w) < h(w) and have the following forms:

)] < q(w)cosT +isinT, (weD)

(2.5) p(z)=1+pz+pz? +p32+---, 2€D
and
(2.6) qw) =1+ qw + uw’® + ggw’ + - -+, w € D.

On other hand we have
. 2(f' (2 9 P (% no ir
e (1 — )2 EEE 4 (—Kf;c(( = )] = {1+ (14 p)(29 — 1)asz

"(z

(2.7) +[(29%—49+1)(1+3p)az+(1+2u) (39 —1)asz]z*+- - - } < p(z) cosT+isinT
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and
e (1= el oy, (%)} — {1 — (14p1) (20— 1) asw+ [[(202+20 — 1)
(2.8) +pu(69°—1)]Ja;— (14+2p) (30 —1)ag|w’+- -+ } < g(w) cosT+isinT, (w € D)

Now,equating the coefficients of z and 22 in (2.7) and (2.8) we get

(2.9) (14 u)(20 —1)ag = picosT,
(2.10)  €[29% — 49 + 1)(1 + 3p)a; + (1 +2u) (39 — 1)ag] = pycosT,
(2.11) —eT(1+p)(20 —1)ag = qicosT
and

(2.12)  {[(20* + 29 — 1) 4+ p(609 — 1)]as — (1 +2u) (39 — 1)as} = gz cos 7.
From (2.9) and (2.11) it follows that

(2.13) P1=—q

and

(2.14) 2627 (1 + ) (29 — 1)%a3 = (p7 + qf) cos* 7.
That is

2 (pT+ ¢3) cos* T

o0+ 220 — 12°
Adding (2.10) and (2.12) it follows that

—2iT

2 (pg + QQ)
(2.15) “2 790020 — 1) + 2u(602 + 60 — 1)}

Since p(z),q(z) € h(D), applying Lemma 2.1 for the coefficients p, and ¢, we
get

e " cosT.

| By| cos T
0(29 — 1) + 2u(602 + 60 — 1)
which gives the estimate on |as| as asserted in (2.1). Subtracting (2.12) from
(2.10) we get

(2.16) las|? =

(2.17) 2(1 4 2p) (39 — Das — 2(1 4+ 2u)(1 — 39)a3 = (py — q2)e " cosT

Substituting the value of a3 from (2.14) in (2.17) we get

(p2 — q2)e T cosT (PP + qi)e " cos® T

BTN 2(BY—1) 220 - D21+ p)?
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Applying Lemma 2.1 once again for the coefficients pi, p2, ¢; and ¢, we get

03] < |Bi| cos T | B1|? cos® 7

Qa

T +2m)BY—1) (20 — 1)2(1 + p)?

which gives the estimate on |a3| as asserted in (2.2). O

By taking . = 0 we state the following:

Corollary 2.1. Let f given by (1.1) be in the class M%, (¥, h). Then

| B1| cos T
2.1 < 1
(2.18) 92l <\ 5o —1)
and
1 | B1| cos T
2.1 < B
(2.19) las] < (319—1 (219—1)2)‘ tfcosT

where 7 € (=5,%) and p > 0.
By taking i = 1 we state the following:

Corollary 2.2. Let f given by (1.1) be in the class N%.(9, h). Then

| B1| cos T
2.2 <
(2.20) ja2] = \/0(219 =) + 20607 + 60 = 1)
and
1 | B1| cos T
2.21 < B
(2.21) las] < (3(319— 1) 429 - 1)2> [Bif cos

where 7 € (—5,5) and p > 0.

By setting h(z) = iigz ,—1 < D < C < 1inTheorem 2.1, we get the following
corollary:

Corollary 2.3. Let f given by (1.1) be in the class M%(9, u, C, D). Then

(C — D)cost
(2.22) ja] = \/19(219 — 1) +2u(692 + 69 — 1)
and
1 (C — D)cost
@2 1= (rrmmEr i) € D

where 7 € (—5,%) and pu > 0.
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If we take 1 = 0 in corollary 2.3 we obtain
Corollary 2.4. Let f given by (1.1) be in the class M%, (0, C, D). Then

(C — D)cost
W20 — 1)

1 (C — D)cost
< —
|as| < <319_1+ 20— 172 )(C D) cosT,

las| <

and

where 7 € (=5, 5).
If we take ;= 1 in corollary 2.3 we obtain

Corollary 2.5. Let f given by (1.1) be in the class N%(¥,C, D). Then

0] < (C'— D)cosT
A=\ 020 —1) + 2692 + 60 — 1)

and
1 (C'— D)cosT

<
las] < <3(3q9— D TaRu— 12
where T € (-5, 7).

> (C — D) cos,

Further, by setting h(z) = %‘fmz, 0 < 8 < 1 in Theorem 2.1 we get the
following corollary:

Corollary 2.6. Let f be given by (1.1) be in the class ML (9, i, 3). Then

las| < 2(1—B)cosT
90— 1) + 2060 + 60 - 1)
d
h < 1 4(1 — fB)cosT .
|as| < ((1—|—2,u)(319— 1) + 20 —12(1 +M)2) (1 —p5)cosT,
where 7 € (=5,%) and p > 0.

If we take ;. = 0 in corollary 2.6 we obtain
Corollary 2.7. Let f given by (1.1) be in the class M% (9, 3). Then

2(1— () cost

<
a2l <\ =go -1y
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las| < (3191_ ] + 4(12:96);;;7—) (1 —p)cos,

and

where T € (=7, 7).
If we take ;. = 1 in corollary 2.6 we obtain

Corollary 2.8. Let f given by (1.1) be in the class N (¢, ). Then

(1—p)cosT
ja2] = \/19(219 1)+ 2(602 + 60— 1)

and

1 (1 —p)cost
las] < (3(319— IO TIE ><1_5)COST’

where 7 € (=5, 5).

Remark 2.1. On taking 7 = 0, and ¥ = 1 we observe that the classes MZ%(9, i, h),
MZ(0, h) and M%L(1, h) becomes the familiar classes M%(u, h) = Mx(u, h), M%(0, h)
= St (h) and M%(1, h) = Kx(h) respectively.
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