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INFINITE SERIES OF FRACTIONAL ORDER OF FIBONACCI DELTA
OPERATOR AND ITS SUM

V. REXMA SHERINE!, T.G. GERLY, AND G. BRITTO ANTONY XAVIER

ABSTRACT. In this paper, we derive numerical and closed form solutions of
fractional order Fibonacci difference equation and Generalized infinite series of
fractional Fibonacci summation formula using forward Fibonacci delta opera-
tor with several parameters and its inverse on real valued functions. Suitable
examples are provided to illustrate our findings.

1. INTRODUCTION

In [6], Miller and Rose develop the discrete type of Riemann-Liouville frac-
tional derivative and give some properties of fractional difference operator. In
[7]1, Jerzy Popenda develop a special type of alpha difference operator as
Aof(t) = f(t+1) — af(t). The authors in [8], have extended the delta al-
pha operator to generalized «-difference operator as A, f(t) = f(t +¢) — af(t),
for any real valued function f(¢). The authors in [9] introduced the ¢-difference
operator as A, f(t) = f(tq) — f(t) and the difference operator A with variable
coefficients as Ay f(t) = f(t +£) — tf(t).

These operators motivate us to develop the following forward Fibonacci delta
operator. The generalized forward Fibonacci delta operator with several param-
eters a = («y, a9, - -+ , ;) on a real valued function is defined by

(1.1) Agwef () = FE+n0) —arf(t+(n—1)0) = anf(t+ (n—2)0) — - — (1)
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To develop the higher order forward Fibonacci difference and its inverse dif-
ference (sum), we consider the following basic definitions of generalized o-
difference operators and its inverses. For more study on generalized difference
operator, one can refer [1-5] and their references.

2. PRELIMINARIES

In the theory of difference equations, usually the domain space of given func-
tion is a countable set. But, here we take uncountable domain set .J,, which
is defined below, and present basic definition of alpha delta operator and its
inverse.

Definition 2.1. Let ¢ > 0, J, be any subset of R such thatt € J, impliest +/¢ € J,

and f,g : J; = R™ be a function. Then the generalized alpha delta operator A,
on f(t) is defined as

(2.1) A(a)gf(t) = f(t + E) — C(f(lf), t e Jy,

(22) A(a)—ﬁf@) - f(t - E) - Oéf(t), L e JE'

If there exists a function g : J, — R™ such that A, y(t) = z(t), t € J;, then
we write y(t) + ¢ = A, z(t), cis constant, and

y(O)lla = A Wlla = y(k) — ayla) = AL (k) — ol z(a), a,k € Jp.
Similarly, if Aw)_y(t) = x(t), t € Ji, then A} 2(t) = y(t) + c and
Aoz (t)]|F = A(_al)fzx(k) - aA(_al)fgx(a) =y(k) —ay(b), a,k € J,.
Example 2.2. Let ¢ > 0, {7 = 0,+(,+2(,---, and take J, = R—( Z. Define
f(t): Jo— R*by
1 t

(2.3) f(t) = (2 T (1+0)¢), te .

Component wise applying A, leads to define

Ay2' =2 — 2" = 22" — a),

1 1 1 111 1
3o =5C7 -

Berg = g ~ %% = g
and
A+ 0f = (1+0%F —a(l+0)f =(1+0) [(1 o) — a].
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yields
1 t
@D Awef ) = (2= a), 527 = a), (14 01+ )~ a))
and
1 t
(2.5) Agy-ef (1) = (2%2—@ —a), (2" =), 1+ DA +07" - a)),

where J y=R—(—0)Z=R—(Z.
From (2.4) and (2.5), we find that

1ot L : 2! ! L (1+€)%
@26)  AY(2.5.0+07) = ((26—04)’?(2—@—00’ ((1+0) —04)>'

It is clear that, if f(1) = ( R0, fo(t), f(t), -~ | fn(t)> € R" and

s

9(0) = (91(8). 9200 95(0) - () €

such that A,)109(t) = f(t), t € Ji, then

AL DI = 90l = (0O I g (DI

The above expression states that taking component wise inverse principle is
sufficient for vector valued functions. Hence, we deals with real valued func-
tions.

Next, we extend the alpha difference operator to its inverse operator.

Definition 2.3. If A(.)g(t), then g(t) = A, f(t) and

t—ml m

@7) A, f(t)H = ALl () — @At —mt) =S a7t o),

t
c—k
where by convention ) := 0 whenever k € N.

t=c

r=1

Example 2.4. Applying inverse principle to equation (2.7), taking f(t) = 3" and

— A(_oél)g?’t . amA(—al)e?)t—mZ _ ZO(T_ISt_mZ.

r=1

t—ml

(2.8) AL 3

Using (2.6) in L.H.S of (2.8) and then expanding the R.H.S of (2.8), we get

1
3 —

|:3t . am3t—mf:| — 3t—€ + Oé3t_2£ + a23t—3€ et am—lgt—mﬂ'
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Taket =4, m=2, a=1land /(=1

1 1 1
§P#—§y=§+3%¢§@1—ﬂ=ﬂ7+9zawm:36

Thus, the Inverse principle satisfies the relation (2.8).

Corollary 2.5. If A,)g(t) and g(—oc) = 0, then g(t) = A(’al)ff(t) and

(2.9) A ) = o f(t—re).
r=1
Proof. The proof follows by applying lim in (2.7). g

3. BASIC CONCEPTS OF FIBONACCI DELTA OPERATOR

Through out this paper, J, is a subset of R such that ¢ € J, implies (¢t +¢) € J,.
When a = (ay,a9,---,a,), n > 2, then the corresponding alpha difference
operator is called as Fibonacci delta operator.

Theorem 3.1. For any positive integer m, (a1, as) = « and ¢ # 0, we have
(3.1)

(m) (m—1) mnlz) m
n al — n am—2a2+...(_1)7n2 af, if miseven
. m! (m —2)! 1 (B! 2
Ay () = (m) (m—1) (") me
_n —alt + (n 2)‘a71”’2a2—~-(71 T?m_i)‘al(%? , if mis odd
m: m — : —9 )

Proof. The proof follows by applying A, repeatedly on f(¢) up-to m times. [

Example 3.2. Take m = 4 in (3.1), we get the values for first four series and
remaining series becomes zero. Thus, the 4" order A(q)¢ operator is

A 41 4(2) ) 4@
A(a)gf(t) = flt—10)— Talf(t —20) + (7041 - T%)f(t — 30)
4® 4(2) 44 ) 403 ) 4@
+ (—?O./l + TOQO!Q)f(t — 46) + (Tal — T(IIOQ + TQQ)f(t — 56)

Hence, for any m'" order Fibonacci delta operator, we can easily obtain the series
by applying (3.1).
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4. INFINITE SERIES OF FRACTIONAL FIBONACCI SUM

Throughout this section, we assume that a = (ay, a9, -+ ,a,), where each
a < b, L #0,v>0and f,g : J, - R are two functions. Here, we derive
the Generalized infinite fractional Fibonacci summation formula using Fibonacci
delta operator.

Theorem 4.1. Let { # 0 be a real and a = (a1, az), g, as < L. If Z a’ f(t —re)

converges, A{),9(t) = f(t) for v > 0 and g(—o0) = 0, then g(t) = ef( ) and
(4.1) AEI() Za;A (r1) ( “VFt— (r+ 1)@)

Proof. For v = 1, and applying equation (1.1) on ¢(t) for n = 2, we get

(4.2) f@) =gt +20) — arg(t +£) — azg(t).

Replacing ¢ by t — 2¢ in (4.2), we obtain

(4.3) g(t) = f(t —20) + ang(t — ) + agg(t — 20).

Again, replacing ¢ by ¢t — ¢ in (4.3) to get g(t — r¢) for r = 1,2,3,4,--- and then
substituting all these values of g(¢ — /) again in (4.3) recursively, we arrive

g(t) = [ /(L= 20) + an [t = 30) + a2 f(t = 40) + a3 f(t = 50) + ot f(t = 50) +
+a2[ft 40)+ 20y f(t—5E)+ 303 f(t — 60) +4as f(t —T0) + Dot f(t—8L) - - -

3(2) 4 5(2)
+ a2 7 f(t—6/0) +2—a1f(t—7€)+2—a (t—8€)+7a§’ (t—90)+
33) 43) 53) 63)
+ad [7 F(t=80)+ S f(t=90)+Z-atf(t—100)+ 2ol f(t=110)+
4t

Since, A}, f(t =€) = Za f(t —re) in (2.9) and A, f(t) = g(t), the

CY

above expression becomes
al as) gf( ) = (a1) JE=0)+ OQA )gf( 20) + Q%A(_agl)gf@ —30)
+O‘§A(a11)zf< —4l)+ -

which is same as

4.4) A an)e ZazA V- (r+ 1)0).
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Again, taking Afl ay)¢ ON1 the both sides of equation (4.4), we get
AL oyif ) = AL oy AAL f (=0 FaoA 2, f(E =20 +a3A 0 f(t=30)+ - }.

A2 el () = {A@,<(MMJ( )>+wA&J(meJ@—%D 1

which can be written in the form
(4.5) AZ Z AGA P (A e (E = (4 1)0)).
Again, taking A ! a)e ON1 the both sides of equation (4.5), we get

AL e (8) = {qm( 2= 0) + 202 (A2 S =20) + ),
which yields

(4.6) AP o ZO@A m)( mwf(t_(rﬂ)f))

In general, by taking A(‘all a2)e repeatedly on both sides of (4.3) up-to m times
and continuing the above procedure, we arrive

4.7) AT ZagA (Al = o+ 10).

The relation (4.7) is also valid for real v > 0 provided A7 | f(t) should be
existed and the proof follows by replacing m by v in (4.7). d

Example 4.2. In (4.1), take f(t) = 2", v = 1.5, a3 = ay = 1.5, we obtain

—1. o r A —(r+1) —(1.5=1) ot—(r+1)¢
4.8) A2 = S0y A (A ),

r=0

For n =2in (1.1), we get A(q, a0)e2" = 27726 — 207 — 528 = 21(2% — 0y 2° — @),

2t 2t
. . -1 o -2 —
which yields A 2" = 0ol —ay Al a2t = = — )
and
t 2t
. A 20 = :
(4 9) (al,ag)f (22@ _ Oé]_2€ _ O[Q)V
Putting ¢ = 2 and t = 5 in (4.9) and then substituting in L.H.S of (4.8), we arrive
2! 2
(4100 ALY 5,2 ; = 1.294736.

(L5,15)2% [ = (94 Z(1.5)22 — 1.5)1515  24.781546
Expanding the R.H.S of equation (4.8), we obtain
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Z(l 5y A( (r+1) (A 1055152 (r+1)2>‘ _ A (A(105515 2t4>)5

r=0
0.5 Y4 3 0.5 1
+a2A15)2<A1515 22| +a3ait, (8752 )|,

By definition 2.1 and by the use of (4.9), the right hand side of above relation be-
comes in the form

1 21‘/72 21‘,74 ) 27&76
(24 — (1.5)22 — 1.5)0 ((24 15 " (1'5)m +(15) @i_15p )

2

5

which gives (0.342997)[3.2 + 0.48 + 0.072 4 0.0108 + 0.00162 + - - - | and hence

S (r+1) —(r _
(4.11) So(LEy ALY (AR, 5,2 2) ’5 — 1291269+ - --

r=0

Now, (4.8) is verified by (4.10) and (4.11).

The following theorem is the Generalized Infinite Fractional Fibonacci Sum.

Theorem 4.3. Let o = (g, a9, ,ap), a1,09, -+ 0, <L F 0. If Y o’ f(t —1rl)
r=0
converges, A(,),9(t) = f(t) for v > 0 and g(—o0) = 0, then g(t) = A}, f(¢) and

412) Ay, i [Z al LAY ( S~ (r T - 1)6))} .
=0

=T

Proof. Since A\ \,f (t) is already proved in Theorem 4.1. By applying n = 3 in
(1.1) on g(t), we get f(t) = g(t +30) — a19(t + 20) — azg(t + £) — asg(t), and then
replacing ¢ by ¢ — 3/, we arrive

(4.13) g(t) = f(t —30) + a1g(t — 0) + asg(t — 20) + azg(t — 370).

Now, follow the steps just like the proof given in Theorem 4.1, we find

(1,02,05)¢ Z [ZQHQA (r+1 ( (a1 o) éf(t—(r+7'+2)€)>]

r=17 71=0

4.14) A ”

Next, by applying A (a, as,a4,04)¢ O1 g(t), and then replacing ¢ by ¢ — 4/, we get

(4.15) g(t) = f(t —40) 4+ arg(t — £) + azg(t — 20) + asg(t — 30) + aqg(t — 40).
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From equation (4.15) and by the proof of Theorem 4.1, we obtain
(4.16)

—v (r+1 (v—1)
A(al,ag,ag,a4 Z [Z Oé7'+2 061)5 <A(a1 2,03, a4 ff(t - (,r + T + 3)£>)j|

r=17 71=0

Similarly, proceeding like this up-to (ay, s, as, - -+ , «,) times, we get (4.12). O

Example 4.4. In (4.12), take f(t) = 2', v = 3, and n = 4, we get

o 2
3 ot — r (r+1) 2 t—(r+714+3)¢
(4.17) A(a1 ag,03,04)07 T Z [Z aT+2A (ca)e (A(al 2,003,004 2 )] :

r=7 1=0

Forn = 4in (1.1), we get A(a; as5.00)02" = 21(2% — 0123 — 222" — 032 — ay) and

2t
71 t . . . .
(s, = ST o a2 ol — oy’ So, it is easy to obtain
t 2t
4.18 ATV 2" = )
( ) (a1, aa)l (24 — ;230 — 1,22 — (320 — ay)?
Takingt =3, { =2, a; = --- = oy = 1.51n (4.18), and then substituting in (4.17),
we arrive
(4.19)
o ! 2 770341 x 107°
A asn? |y = G5 = (1520 = (1.5)2 — (15)22 — 15)° ‘3 =3 S

Now the expanded form of right hand side of equation (4.17) is

2(1.5) A(lg;-; (A 2 . ,20=+9) > +Z (1.5)" (lg+1 <A 2 ’1.)22t7(r+4)2>

r=0

(4.20) +Z(1.5 ALY (A(‘f&_“’1.5)22“(7“*5)2)‘
r=2

3

3

Consider the term 2(1 5)"A 15) g“) <A 2 ’1‘5)2215—(7*-&-3)2)

, which can be written
3

in the form (1.5)°A 115)2 (A(125 15228 6)‘3 + (15)A), (A(_f57.__71'5)22t*8>‘3 +

While solving the above series and then substituting the values, we get
1 273 275

s

(28 — (1.5)26 — (1.5)2% — (1.5)22 — 1.5)2 122 — 1.5 (22 — 1.5)2

e ] and

o0

(421) ) (15)A] T“)(A 2 15)22t—<7‘+3>2)‘ — 3562386 x 1076 + - --
bk 3

r=0
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Now, consider the second and third term of (4.20) and proceeding the similar steps
given above, we obtain

4.22 1.5 AT (A‘2 2t—<7"+4>2) — 1.335079 x 107 + - - -
( ) ;( ) (1.5)2 (1.5,-,1.5)2 5 +
and
4.23 1.5 AT (A‘2 2t—<r+5>2> — 5.007114 x 1072 + - - -
( ) ;( ) (1.5)2 (1.5,-,1.5)2 5 +

Hence, equation (4.17) is verified by (4.19), (4.21), (4.22) and (4.23).

5. CONCLUSION

We have developed the certain formulas for finding the value of infinite se-
ries by using numerical and closed form solutions of fractional order forward
Fibonacci difference equation. In our example, we have applied fractional or-
der Fibonacci forward difference operators with several variables on geometric
functions.
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