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ON FUZZY SOFT WEAK BAIRE SPACES
E. POONGOTHAI! AND S. DIVYAPRIYA

ABSTRACT. The aim of this paper is to introduce and study the concept of fuzzy
soft weak Baire spaces are introduced, and their characterizations and proper-
ties are investigated in this work. Several examples are given to illustrate the
concepts introduced in this paper.

1. INTRODUCTION

The concept of fuzzy set where launched by Lotfi A. Zadeh in 1965 [12]. C.L.
Chang [2] used fuzzy sets and defined by fuzzy topological space also C.L.
Chang found the way for the Massive extension of the countless fuzzy topolog-
ical concepts. In classical topology, the concept of o-boundary sets was defined
by J. Martinez and W.W. Mc Govern [7]. The concept of fuzzy soft set fss, for
short is introduced and studied [3-6, 8] a more generalized concept which is a
combination of fuzzy set and fss.

In this paper the idea of fuzzy soft o-boundary set used fuzzy soft topological
spaces.

2. PRELIMINARIES

Definition 2.1. [3] The fss F,, € F'S(U, E) is said to be null fss and it is denoted
by ¢, if for all e € E, F(e) is the null fss 0 of U, where 0(z) = 0 for all x € U.
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Definition 2.2. [3] Let Fix € FS(U,E) and Fg(e) = 1 all e € E, where 1(z) = 1
for all x € U. Then Fg is called absolute fss. It is denoted by E.

Definition 2.3. [3] A fss I, is said to be a fuzzy soft subset of a fss G over a
common universe U if A C B and Fa(e) C Gp(e) forall e € A, ie., if ug, (v) <
pg, (x) for all x € U and for all e € E and denoted by FACGp.

Definition 2.4. [3] Two fsss F4 and G over a common universe U are said to be
fuzzy soft equal if F4 is a fuzzy soft subset of G and Gp is a fuzzy soft subset of
Fy.

Definition 2.5. [3] The union of two fsss 'y and G g over the common universe U
is the fss Hc, defined by Ho(e) = pgy, = pgp, Upg, foralle € E, where C = AUB.
Here we write Ho = FA\7GB.

Definition 2.6. [3] Let F'4 and G g be two fsss. Then the intersection of F4 and G g
is a fss He, defined by H(e) = ug,, = p%, Npug, forall e € E, where C = AN B.
Here we write Ho = FAAGp.

Lemma 2.1. [1] For a family A = {\,} of fuzzy sets of a fuzzy space X, \/(cl(\,)) <
c(V(Aa)). In case A is a finite set, \/(cl(A\)) = cl(V (X)) . Also \/(int(A,)) <
int(\V/(Aa))-

Definition 2.7. [11] Let F'y € FS(U, E) be a fss. Then the complement of Fly,
denoted by F'§, defined by

1—ps  ifec A
Fe)=q_
l,ife¢g A

Definition 2.8. [10] Let v be the collection of fsss over U. Then 1) is called a fuzzy
soft topology on U if 1) satisfies the following axioms:
(i) ®, E belong to 1.
(i7) The union of any number of fsss in i belongs to ).
(ii1) The intersection of any two fsss 1) belongs to 1.
The triplet (U, E, ) is called a fuzzy soft topological space over U. The members

of 1 are called fuzzy soft open sets in U and complements of them are called fuzzy
soft closed sets in U.

Definition 2.9. [9] The union of all fuzzy soft open subsets of F'4 over (U, E, 1) is
called the interior of F, and is denoted by int/*(F,).
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Theorem 2.1. [9] int/*(FyAGp) = int/(Fy)Aint/*(Gp).

Definition 2.10. [9] Let Fy € FS(U, F) be a fss. Then the intersection of all closed
sets, each containing F, is called the closure of F4 and is denoted by cl/*(F,).

Remark 2.1. [9]

(1) For any fss F4 in a fuzzy soft topological space (U, E, ), it is easy to see
that ((Fy))¢ = int’*(F$) and (int/*(F))¢ = cl’/*(F{).

(2) For any fuzzy soft F4 subset of a fuzzy soft topological space (U, E, ), we
define the fuzzy soft subspace topology. v on Fa by Kp € g, if Kp =
F4AG g for some G g € ).

(3) For any fuzzy soft Hc in F4 fuzzy soft subspace of a fuzzy soft topological
space, we denote to the interior and closure of H¢ in F4 by mtlfmi (He) and
clif;" (Hc), respectively.

3. FUZZY SOFT 0-BOUNDARY SET
Definition 3.1. A fss F4 in a FSTS (U, E, ) is called a fs o-boundary set if Fy =
Vi (Gp,), where Gp, = cl/*(Fa,) N(1 — Fa,) and (Fa,)’s are fuzzy soft regular
open sets (fsro, for short) in (U, E, ).

Example 1. Let U = {x, 29,23} The fuzzy sets Fp, Gg, Hg are defined on U as
follows. Let

0.6 03 0.3 04 05 0.6 04 06 0.5
Fp=104 04 03|, Gg=1]05 06 07|, Hg= 105 05 06
04 03 0.5 0.5 0.5 0.6 0.7 0.7 0.8

Then v = {0, Fg,Gg, Hg, 1} is clearly fst on (U, E, ). The fs o-boundary set in
(U,E, ) are Gp, \| G, \| Gp, = 1 — F, implies 1 — Fg is a fs o-boundary set in
(U, E, ).

Proposition 3.1. If F4 is a fs o-boundary set in a FSTS (U, E, 1)), then F4 is a fs
F,-set in (U, E, ).

Proof. Let F4 be a fs o-boundary set in a FSTS (U, E,v). Then Fy = \/;2,(Gp,)
where Gp, = cl’*(Fa,) AN(1 — Fa,) and (F4,) s are fsro sets in (U, E, ). Since
(Fa,)’s are fsro sets in (U, E, ). (1 — F4,) is a fuzzy soft regular closed set (fsrcs,
for short) in (U, £, ¢). This implies that (1 — Fy,) is a fsrcs in (U, E, 7)) and hence
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cd’(1 — Fa,) = (1 — Fy,) in (U, E,%). Then Gp, = cl/*(Fa,) \cl/*(1 — Fa,) is
a fscs in (U, E,¢). Thus F4 = /=, (Gp,), where (Gp,)’ s are fscs in (U, E, ¢),
implies that F is a fs F,-set in (U, £, ). O

Proposition 3.2. If Gp = cl/*(Fa) N(1 — Fa), where F, is a fsro sets in a FSTS
(U, E, ), then Gp is a fuzzy soft pre-closed set (fspcs, for short) in (U, E, ).

Proof Let F4 be a fsro sets in (U, E,v), then int/*[cl/*(Fa)] = F4
in (U E,). Now, Gp = cl/*(FA) N(1 — F4) = cl/s(int’s[cl’s(Fa)]) N(1 —
int!*[cl/*(Fp)]) = cl/*(int?s[cl/ 5 (Fa)]) \ cl/*[int?s(1—=F4)] > cl/*[(int/*[cl7*(F4)])]
= cl’sint/*[cl’*(F4) N(1 = Fa)] = cl’*(Gp). Thus cl/*int’*(Gg) < Ggin (U, E, )
implies that G is a fspes in (U, E, ). O

Proposition 3.3. If G = cl/*(Fa) \(1 — F), where Fy4 is a fsro sets in (U, E,v),
then int/*(Gp) = Fa Nint/*(1 — F4) in (U, E,1)).

Proof. Suppose that Gz = Cl(F4) \(1—F4). Then int/*(Gg) = int’*cl/*(Fa) N(1—
Fa) = int!5cl?s(Fa) Nint?*(1 — Fa) = int/scl/*(Fa) N[1 — cl/*(F4)] = Fa \[1 —
cl’s(Fy)], Since F4 is a fsro sets in (U, E,v), int/*cl/*(F4) = F4. Then
int!*(Gp) = Fa NI — clf*(Fa)] = Fa A[int’*(1 — F4)] in (U, E, ). 0

Proposition 3.4. If Gg = cl(Fa) \(1 — F4), where F, is a fsro sets in (U, E, ),
then cl/*(Gg) < fsbd (F4) where fsbd (Fy) is the fs boundary of F in (U, E,1)).

Proof. Suppose that Gp = CL(F4) \(1 — F4), where F, is a fsro sets in
(U, E, ). Then cl/*(Gg) = cl’*[cl’*(Fa) N(1 — Fa)] < cl/scl/*(FA) N(1 — F4) =
cl’s(Fa) \cl?*(1 — Fy4). This implies that cl/*(Gp) < [cl/*(Fa) Ncl*(1 — F4)] =
fsbd (Fa). Thus cl/*(Gp) < fsbd (Fa) in (U, E, ). O

Proposition 3.5. If fsbd (F4) is a fuzzy soft nowhere dense set (fsnds, for short),
forafsroset Fain (U, E,1), then Gg = CL/*(F4) N(1—F4) is afsndsin (U, E, ).

Proof. Let F4 be a fsro set in (U, E, 1) such that int/*cl/*[fsbd(F)] = 0. Sup-
pose that Gg = CL/*(Fa) A(1 — Fa) in (U, E,v). Then by proposition 3.4,
cl(Gg) < fsbd (Fy), in (U, E,v). Then int/*cl/*[cl(Gp)] < int/*cl’*|fsbd(F4)]
in (U, E,) and hence int/*cl’*(Gg) < int/scl’*[fsbd(F4)] in (U, E,1). Since
int/scl/*[fsbd(Fa)] = 0, int’*cl/*(Gg) < 01in (U, E,+). That is., int/*cl/*(Gp)
0in (U, E,+) and hence G is a fsnds in (U, E, ).

(I
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Proposition 3.6. If F4 is a fs o-boundary set in a FSTS (U, E, 1), then Fy =
V2, (Gpg,), where (Gp,)’s are fspcs in (U, E, ).

Proof. Let F4 be a fs o-boundary set in (U, E,v). Then Fy = \/2,(Gp,), where
Gp, = CLI*(Fa,) N(1 — Fy4,)and (Fa,)’s are fsro set in (U, E, ). By proposition
3.2, (Gg,)’s are fpcs in (U, E,¢), and hence Fy = \/.2,(Gp,), where(Gp,)’s are
fspesin (U, E, ). O

Definition 3.2. Afss 'y in a Fsts (U, E, ) is called a fsp F,-setif Fx = \/;2,(GBg,),
where G,’s are fspcs in (U, E, ).

Proposition 3.7. If F4 is a fs o-boundary set in a FSTS (U, E, ), then F4 is a fsp
F,-setin (U, E, ).

Proof. The proof follows from definition 3.2 and proposition 3.6. d

Definition 3.3. A fs set Hg in a FSTS in (U, E, 1) is called a fuzzy soft co-o-
boundary set, if Hg = N\;-,(Hg,) where Hg, = int’*(1 — Fa,)\/ Fa, and (Fa,)’s
are fso sets in (U, E, ).

Proposition 3.8. If Hg is a fs co-o-boundary set in (U, E,1), then 1 — Hg is a fs
o-boundary set in (U, E, ).

Proof. Let Hy be a fs co-o-boundary set in (U, E,+). Then Hg = AZ,(Hg,),
where Hp, = int/*(1 — Fa,)\/ Fa, and (F4,)’s are fsro sets in (U, E,1). Now
1—Hp =1-A\2,(Hg,) =\ ,(1=Hg,),in (U, E, ). Also 1—Hp, = 1—[int/*(1—
Fa) V(Fs)] = [L—int/*(1—Fa )] A(1—Fa,) = {1—[1—cl’*(F, )]} A1~ Fy,) and
hence 1—Hp, = cl’*(F4,) N(1—F4,). Let Gg, = 1—Hp,, then 1—Hp = /2 (Gp,)
where G, = cl/*(F4,) N(1 — Fy4,) and (F,)’s are fsros in (U, E, ). Thus 1 — Hg
is a fs o-boundary set in (U, E, ¢). O

4. Fuzzy SOFT WEAK BAIRE SPACES

Definition 4.1. A FSTS (U, E, ) is called a fswbs if int/*[\/:°,(Gg,)] = 0,where
Gp, = cl*(Fa,) N(1 — Fa,) and (Fa,)’s are fsro set in (U, E,1)).
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Example 2. Let U = {x1, x5, x3}. The fuzzy sets F, Gg, Hg, are defined on U as
follows. Let

0.6 08 0.7 04 07 0.7 06 05 0.7
Fg=105 03 0.7 Gg= 103 06 05 Hp =106 04 06
0.5 03 04 0.6 0.5 0.8 0.5 03 04

Then, ¥ = {0, Fg,Gg, Hg, 1} is clearly fst on (U, E, V). Now consider the fs o-
boundary set in (U, E, ) are (1 — Gg\/ Hg)1 — Fr. Now we prove

Imf(\/HB) = GB’l\/GBQ\/CJB3
i=1
= int(1—Gp\/ Hp)
= 0.

Hence (U, E, 1) is a fswbs.

Proposition 4.1. Let (U, E, ) be a fsts. Then, the following are equivalent;

(@) (U, E, ) is a fuzzy soft weak Baire space (fswbs, for short).
(i) int/*(F4) = 0, for each fs o-boundary set F4 in (U, E, ).
(#73) cl/*(Hg) = 1, for each fs co-a-boundary set Hg in (U, E, ).

Proof.

(i) = (u7) Let F4 be a fuzzy o-boundary setin (U, E, ). Then F4 = \/;°,(Gg,),
where G, = cl/*(F4,) N(1 — Fa,) and (F4,)’s are fsro set in (U, E,1). Then
int’*(Fya) = int’*[\/;2,(Gg,)] = 0, since (U, E, ) is a fswbs. Thus, for the fs -
boundary set Fy in (U, E, 1)), int/*(F4) = 0in (U, E, ).

(17) = (iii) Let Hg be a fs co-o-boundary set in (U, E, 1), then by proposition
3.8, 1 — Hp is a fuzzy soft o-boundary set in (U, E, ). Then, by hypothesis,
int/*(1— Hg) = 0in (U, E, ). Now cl/*(Hg) = 1 —[1—cl/*(Hg)] = 1 - [int/*(1—
Hg)] = 1 —0 = 1. Thus cl/*(Hg) = 1, for the fs co-o-boundary set Hy in
(U.E, ).

(i1i) = (i) Let Hg be a fs co-o-boundary set in (U, E,v). Then 1 — Hp is
a fs o-boundary set in (U, E,¢) and hence 1 — Hg = \/;~,(Gp,) where Gp, =
cl’*(Fy4,) N(1 — F4,) and (F4,)’s are fsro sets in (U, E,1). Then int/*(1 — Hg) =
int/*[\/:2,(Gg,)]. Now, by hypothesis c//*(Hg) = 1 in (U, F, ). Since int/*(1 —
Hg) =1—cl/*(Hg) = 1-1 =0, int’*[\/;2,(Gp,)] = 0, where Gp, = cl/*(Fa,) AN(1—
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F4,) and (F4,)’s are fsro sets in (U, E,1). This implies that (U, E, ) is a fswbs.
O

Proposition 4.2. If (U, E,v) is a fswbs, then for any fsro set F, in (U, E, ),
[Fa Nint/5(1 — Fy)] =0, in (U, E, ).

Proof Let (U ,E,¢) be a fswbs. Then nt/*[\/;2,(Gp,)] = 0, where
Gp, = c/*(Fa,) N(1 — Fa,) and (F4,)s are fuzzy soft regular open sets
in (U, E,¢). By lemma 2.1, \/i°, int/*(Gp,) < int’*[\/;2,(Gg,)] in (U, E, ).
Then \/2,int/*(Gp,) < 0 in (U,E,¢). That is., /2, int/*(Gp,) = 0 in
(U, E,v). This implies that int/*(Gp,) = 0 in (U, E, ). Then from proposition
3.3, [Fa, Nint/*(1 — F4,)] = 0, in (U, E,+). Thus, if F4 is a fsro set in (U, E, ),
then Fy \int’*(1 — F4) = 01in (U, E, ). O
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