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AN M/G/1 FEEDBACK RETRIAL QUEUE WITH NON PREEMPTIVE
CUSTOMERS AND NON-PRIORITY CUSTOMERS

L. FRANCIS RAJ AND K. GEETHAPRIYA!

ABSTRACT. We develop the retrial queuing system with non-preemptive pri-
ority customer.A batch of customer arriving in the system in which the non-
preemptive customer do not form any queue. A customer in first class find
the server free and he completes his service leaves the system. A customer
in second class waits a period of time until the customer in-service and obeys
FCFS discipline. The joint probability generating functions are derived using
the supplementary variable technique. In this model we obtain the steady state
behaviour and average waiting time, finally some examples are presented to
the effect of the system.

1. INTRODUCTION

In recent years there have been significant contributions to the retrial queu-
ing system Choi and Park investigated an M; N;; retrial queue with two types of
customers in which the service time distribution for both type of customers are
the same .For example , in telecommunication transfer protocol , for transaction
different layer service for different customers. Priority classes control may ap-
pears in header of IP package, (or) in ATM cell , priority control is also widely
used in production practice, transportations, management , etc.
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In this paper we have studied single server retrial queuing system with non-
preemptive priority queuing system with a single server serving two queues.
Here we derive time dependent probability generating function for both priority
units in terms of Laplace transforms. We also derive the average queue size and
average waiting time in the queue for both priority and non priority under the
non preemptive priority.

Definition:

When the priority discipline is non preemptive in nature,a job in service is
allowed to complete its service normally even if a job of higher priority enters
the queue while its service is going on. In the preemptive case, the service is to
the ongoing job will be preempted by the new arrival of higher priority.

Mathematical description of our model:

We consider a single server retrial queuing system with types of customers
is considered in this paper .Type I non preemptive priority customers arrive in
batches of size X’ with probability and type II non priority arrive in batches of
size ‘y’ with probability z where z,y,z = 1,2... according to two independent
Poisson process with rate \;, \; can be identified as priority and non priority
customers in the system.

The server must serve all the priority units present in the system before
taking up non priority for service .If no priority present in the system at the time
of starting service of a non priority unit. We assume that the server follows a
non preemptive priority rule.If one (or) more priority arrive during the service
time of a non priority rule, the current service of a non priority is not stopped
and a priority will be taken up for service only after the current service of a non
priority unit is complete.

The supplementary variable technique is used for the analysis and the vari-
able considered being the residual service time for both non preemptive priority
and non priority follows arbitrary distributions.

The Joint Distribution Of Queue Sizes:

We define the following random variables.

M; (t) = number of customers in the non preemptive priority type at time t.
M, (t) = number of customers in the non priority type at time t.

Y(t) = residual service time of the customer in the service at time t.
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¢ (t) = 0, when the server is idle at time t; 1, when server services the non
preemptive priority customer at time t; 2, when server services the non priority
customer at time t.

Then, the stochastic process Y(t) = (£(t), M; (t),Mz(1),X(1); t= 0) is the Mar-
kovian process with state space {0,1,2} denote by ({,M;,M,,Y) the limiting ran-
dom variables of (£(t), M, (t),M,(1),Y(t) ).

We define the related probabilities:
Qy = P{{=0,M, =i} wherei=10,1,2......

Pza:y(x)dx :p{f =z,Mi=x,My=y,X € ([L’,QS’-‘-CZSE}
and their Laplace —Stieltjes transform of the service time distribution function.
Let 3.(s) = [2 e~**dB,(x)dz where 8,(x) =z = 1,2 3, = (-1)73,)(0).
The service time (3, has a general distribution with probability of degree of
freedom /. (x) and mean f3..

z = 1,2, where z = 1 is related to the non preemptive priority customers &
z = 2 is related to the non priority customers

The Laplace Stieltjes transform is

8
D ray(S) = / e Popy()de, 2z =1,2,2,y=0,1,2....
0
Also,
8
P ey (0) = / Daay(x)dr = p{& =2, My =2, My =y}
0

is the steady —state probability that there are x customers in the non- preemptive
priority , y customers in the non priority customers in the retrial group of z- type
customer.

A non-preemptive priority customer has received service departs the system
with probability 1 — ¢; (or)
Return to the group for add service with probabilityd;.

A non priority customer has received service leaved the system with probabil-
ity 1 — d, (or)
Rejoins the retrial type with probability ¢,
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The following system of difference equation :

(1.1) (M + X4+YV)Qy = (1—01)p10y(0) 401104 (0)+(1—02) paoy (0) +02p20,—1(0),

ploy(ﬂU) =—(M + )\2)p10y($) + /\1/31($)Qy + )\2p10y—1($) + 5151($)p10y(0)

(1.2)
+ (1 = 01)B1(2)p11y(0) + 5281(2)p21y—1(0) + (1 — 62)B1(7)pa1,(0)
- p/lxy(‘r)
(13) = _()‘1 + AZ)plxy(x) + Allpx71y<x) + )\Zplxyfl(w) + 51b1 (x)plxy(o)
+ (1 = 01)B1(2)pra+1y(0) + 0282(2)pag41y—1(0) + (1 = 02) B2(2)Pra+14(0)
(1.4) _p,20y($) = — (A1 + A2)paoy(7) + A2 Ba(z)Qy
. + (y + 1)052(z)9y+1+>\2p20y—1($)
(15) _pIsz(a:) = _()\1 + >\2)p2zy(x) + )\1p2x—1y(x) + )\2p2xy—1<'r)
(16) _p/2xy2<x> = _<)‘1 + )\2)p2:pyz<x> + >\1p2zflzy(x) + >\2p2xyz72<x)

Here v = 1,2,...,j = 0,1,2...p;,=0for zy < 0,z = 1,2... and x = 0. By
taking Laplace transform (1.2)-(1.5) we obtain

{5 = (M1 + A2) }p * 10y (8) + Aap * 10y-1(5)
(1.7) = P1oy(0) — M B * (5)qy — 018 * 1(8)P10y(0) — (1 — 61) 3 * 1p11,-(0)
— 028 % 1(8)p21y—1(0) — (1 — 02) 8 * 1(5)p21,(0)

{(s = (M 4+ A2)}p * 12y (8) + AP * 15-14(8) + Aop * 12y-1(8)
(]-8) = plzy(o) - 51/8 * 1(S>plmy(0) - (1 - 51)5 * l(s)plerly(O)
— 028 % 1(8)p * 2511y-1(0) — (1 — 92) B * 1(5)P2s+14(0)

{s = (A1 + X2) yp * 20y(8) 4 Xap * 204—1(5)

(1.9
= pzoy(o) — X2 * (S)Qy —(y+1)vBa * (S)Qy+1

(110) {8 — ()\1 + /\2>}p * QIy(S) + )\1]7 * 217—1y(3) + )\2]7 * 2zy—1(3) = p2my(0)

(1.11)  {s— (M + X2)}p * 2py(s) + A 2wyz — 1(5) + Aop * 9uyz(8) = Dazy(0)
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We introduce the following generating function for complete z with |z| < 1,
8
2) = Z qy="2;
P*zx(s, z9) = pry )29¥, 2 =1,2;

PZZEOZQ szmy 2272—12

Multiplying equations (1.1) & (1.10) by z,¢¥ and summing over all y,

()\1 + )\Q)R(Zz) + UZQRI(ZQ)

(1.12)
= (1 - 81)P10(0, Zs) + (1 — &, + 85) P Zo(0, Zs)

{8 = (M + X2) + MaZo} P 10(S, Z5)
(1.13) = (1 =018 *1(s)p10(0, Z2) — M B * 1(s)R(z2)
— (1 =01)B*1(8)p11(0, Z2) — (1 — 01 + 6222) 3 * 1(5)p21(0, Z2)

{8 — (M +X2) + XaZ2} P 1,(S, Z2) + MP*1,(S, Z3) + M P 1,-1(5, Z2)
(1.14) = (1—018*1(5)p12(0, Z2)618 * 1(5)p1541(0, Z3)
— (1 =01 + 9222) B * 1(5)p2s+1(0, Z2)

{8 = (A + X2) + XaZ3} P*50(S, Z5)

(1.15)
= Pog(0, Z3) — X3 * o(8)R(22) — vA18 % 2(s) R'(22)

(116) {S — ()\1 + )\2) ‘|— )\QZQ}P*Ql(S, ZQ) + )\1P2x_1(8, ZQ) = pgx(O, 22)

Define the generating functions:
P*.(s,21,29) and p.(0, z1, 22) for z=1,2...
POxy = p{Y(t) = 07 Ml(t) = Z, M2<t) - y}
d
Piay(2) = - piY (1) = 1,6(t) <z, Ma(t) = =, Ma(t) = y}

Payf) = T (1) = 2,6(0) < 2, Ma(0) = 2, Ma0) = )
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And corresponding partial generating functions:

21,2’2 E E 21" 29 pOxy7

=0 y=0

3 21722 E E 21 zZ2 plxy
=0 y=0

S 2172’2 E g 21" 29 pry
=0 y=0

Since, M, (t) = 0if Y(¢) = 0 then py,, = 0 for x = 1.

The generating function, py(z1, 22) = po(0, z2). That is, does not depend on
variable z;. Also, Py*(0, 21, 29) = E(ZM', ZM2,;¢ = Z), which is the joint gen-
erating function of (M, M) when the server services the z-type customer.

Multiplying equations (1.13)-(1.16) by z;* and summing over all x, we obtain

{S = A (1 = z1) + A2(1 — 29) }p17(s, 21, 22)

={1 =018 1(s) = (1 = 61)B *1(s)/21p1(0, 21, 22)
(1.17) — (1 = 02 + d929) 8 * 1(5)/21p2(0, 21, 22)

+ (1 =081)8*1(8)/21p10(0, 29) + (1 — 9 + d229)3

*1(8)/2121p20(0, 22) — A1 B * 1(s) R(21)

{S - )\1(1 —z1) + )\2(1 - 22)}192*(3; 21, 22) +p1*(s, 21, 22)
(1.18) = p2(0, 21, 22) — A28 ¥ 2(5)R(22) + p1(0, 21, 22)
— MB *1(5)R(22) — v % 1(s)R'(22)

By choosing s = A\j(1 — z1) — —Ag(1 — 29) into (1.17) and (1.18), we eliminate
P*l(S, 21,22) & P*Q(S,Zl,ZQ) from (117), (118)

{Z1 = (1 =614 0122)71(21, 22) } P1(0, 21, 22)
(1.19) = Y1(21, 22)(1 — 03 + 0222) P2(0, 21, 22)
—|— )\121R(22) — 1 — 51P10(0, ZQ) — (1 — 52 —|— 5222)P20(0, ZQ)

(120) PQ(O, ZLZQ) = ’72(21, ZQ){)\QR(ZQ) + VR,(ZQ)}
Hwere, 72(21,22) = 5 * Z(/\l(l — Zl) + /\2(1 — 22)), Z = 1, 2.
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Now, consider the functions
h(Zl, ZQ) = Zl — (1 — 51 + (5122)’}/1(21, 2’2).

It follows that for each z, with |z5| < 1, there is a unique solution Z; = ¢(z9)
of the equation h(z1, z2) = 0 in the unit circle

h(p(z2), 22) = p(22) — (1 = 1 + d1p(22))71(p(22), 22) = 0.

We conclude that z; = ¢(z2) is analytic on |23] < 1 and is continuous at
z9 = 1 and ¢(1) = 1. By substituting z; = ¢(z2) into (1.19), (1.20) P4(0, 21, 22)
is eliminated and we get

(1 — (51 + 6122)P2(0, 21, ZQ) + )\1%0(22)R(22)

(1.21)
= (1 —91)p10(0, z2) + (1 — 01 + 9122)p20(0, 22)

(1.22) P5(0, 21, 29) = v1((22), 22){aQ(22) + vR'(22)}.
From (1.21) and (1.22), we obtain
P10(0, 22) + (1 — 61 + 0122)p20(0, 22)
(1.23) = {\1@(22) + (1 = 2 + d222) Aav2(p(22), 22) } R(22)
+ (1 — 83 4 0922)vya(p(22), 22) R (22).

By equating (1.12) and (1.13), we obtain the difference equation

, B 1
(1.24) R(z) = v{((1—02+49222) v2 (¢ (22) , 22) —z2}

# [A(1 = Q(z2)) + Ao{l — (1 — 02 + d222)v2(p(22), 22)] R(22),

1 [ 1
(125 =)= C'e‘”’”p[‘i/l (1021 092) 72 (3 (x) %) —x
* {1 (1 = Q) + Aol — (1 = 02 + 222)72(p(2), ) } }dx],

where ¢ = (1 — p; — pa), p(z) = h(z)v2 = k2 in equation (1.25).

An M/G/1 retrial queue with non-preemptive priority subscribers is

Po(z3) = (1 — py1 — ps) * exp% / ’ M—Mh% JL @j ;)A_sz(h(x), z)
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Pi(z1, z9,2) = {1 — Ah(22) + Ao — Aaka(h(z2), 22) (ka(21, 22) — 22)
- ()\1 — Az14Ag — )\2162(21, 22)k2( ( ), 22) - 22}
{ka(h(22), 22) — 22)(21 — —k1(21,22))}

Cpo(z0)[1 = By (m)]e” M-zt deze)e

(1.26)

)\1 —/\1h (ZQ) —I—/\Q —)\2 Z9
Py(z1, 29,2) = .
(1.27) e ka(h(z,), 7y) — 72)

7()\17)\1,214»)\27)\222):[

po(22)[1 — f1(x)]
e
We find that P;(z1, 22, z) and Ps(z1, 29, x) depend upon z as follows :

(128) Pl(zl, ZQ,ZL’) = Pl(zl, 29, ) [1 — 61( )] )\121 + )\2 )\222)1’

(1.29)  Py(z1,22,7) = Pa(21,22,0) * [1 = Ba(w)]e” A1 — Ar21 + Ay — Apza)7.

For the generating functions py(zs3), P1(z1, 22, %), P2(21, 22, ) these equations
give

d
ty2s pc(i)(zz)

8
O M)po(20) + / p(0, 2, 7)1 (2)de
(1.30) 72 0

8
+/0 p2(0, 29, ) Bo(x)dx

Op1(21, 2, X)

(131) o = ()\1 — )\12’1 + )\2 - )\22’2 + ﬁl(ﬂj‘)) * P(Zl, 29, ZL‘)
1.32 apQ(ZhZQaX)
(1.32)  or = (A1 — Aiz1 + A2 — Aaza + Fa(x)) * P(z21, 29, 7)

8

Z1P2 21722, / p1 21,22, pl(O 29, X )Bl(x)dx
(1.33) o
+/ P2(21, 22, 2) — p2(0, 22, ) Ba(x)dx + e121po(22)
0
dpo(z

(1.34) Py(z1, 22,0) = eapo(22) +v Po 2).

dZQ
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From (1.28), (1.33), (1.28) and(1.29) we have
Ko(z1,29)Po(21, 22,0) = [21 — K1(21, 22)]. P1(21, 22, T)

dpo(2,)
dZ2 ’

(1.35)

+ (e1 — €121+ 2)po(22) + v22

Eliminating P5(z1, z2,0) from (1.35) and (1.34) we get

dpo(7,)

v|Ko(21,22) — 2 =[e; — €121+ es — esKo(21, 2 .
(1.36) [Kal21,20) = 2] =5 =5 = len = 121+ €2 = €2K5(21, 22)po(22)
+ [21 o Kl(Zl,ZQ)]P1(21,227O),

Consider equation z; — K (21, z2) = 0, rewritten as
(1.37) 21— (s4+e —e1z1) =0,

where s = ey — ez if p; < 1 then has a unique root z,(s), in the unit disk
|z1| = 1&]|z9| = 1 is continuous in the closed disk |z| = 1. The normalizing
condition is po(1) + p1(1,1) 4+ p2(1,1) = 1. We obtain
1—09){(1— (01 + A1 B1)}— (1=02){(1— (01 + 2X\1 1)}
(1=00){ (1= (01 + A1 B1)} +A1 Bi(1—02) .
The probability that the server is idle &P;*(0,1,1) + P*(0,1,1)
(L 0){L = (01 + MiB1) + XofBo)}— (1= d){1 — (&1 + 2\ 31)
(1= 00){1 = (61 4+ MiB1) + A2Bo) b+ A1 Bi(1—02) '
The probability that the server is busy.

o

Numerical Example: (Non Preemptive Priority)

Assume that, we have two classes, k = 1,2, exponential service with rates p; =
t2 = 10 customers/min, \; = 4, A\, = 3. When no priorities are applied we have
that

E(W,) = E(W,) = E(W) = —— = 14 sec.
When non preemptive priorites are applied we have
EW,Y = P _ 7 sec,
(W) u(1-p)
E(W,2) = P = 23.32 sec.

~ p(l=pl) (1=pl—p2)
Conclusion:
In this paper we studied the server provides two types of service, namely prior-
ity and non priority under non-preemptive priority groups are found by using
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the supplementary variable technique, the average waiting time for the priority
and non-priority are obtained.The above model finds different layers service for
different customers.

REFERENCES

[1] B.D. CHOI, Y.W. LEE,M/G/1 Retrial queuing system with two types of calls and finite capac-
ity, Queuing Systems, 19 (1995), 215-229.

[2] R. KALYANARAMAN, A feedback retrial queuing system with two types of arrivals, In-
ternational Journal of Stochastic Analysis, 2012 (2012), Article ID 673642, 20 pages.
https://doi.org/10.1155/2012/673642

[3]1 Y. WAN LEE, M/G/1 Feedback Retrial queue with two types of customers, Bull. Korean Math.
Soc., bf42(4) (2005), 875-887.

[4] B.D CHoI, K.K. PARK The M/G/1 retrial queue with Bernoulli schedule, Queuing Systems,
7 (1990), 219-227.

[5] G.I. FALIN ,J.R. ARTALEJO, M. MARTIN On the singleserver retrial queue with priority
customers, Queueing System 14 (1993), 439-455.

[6] D. MILLER, Computation of steady state probability of M/M/1 priority queue, Operation
research, 29(5) (1981), 945-948.

PG & RESEARCH DEPARTMENT OF MATHEMATICS,
VOORHEES COLLEGE, VELLORE
Email address: francisraj73@yahoo.co.in

DEPARTMENT OF MATHEMATICS,
D.K.M COLLEGE FOR WOMEN (AUTONOMOUS), VELLORE — 632 001.
Email address: geethasaipriya@gmail.com



