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TIME INDEPEDENT BEHAVIOUR OF BULK BISERIAL QUEUING
SUBSYSTEMS CONNECTED TO A COMMON SERVER

DEEPAK GUPTA AND RENU GUPTA!

ABSTRACT. In the present paper we study a network queue model comprising
of two hetrogeneous biserial queuing subsystems centrally connected with a
single server. Arrival takes place in batches of fixed size according to poission
process the and service is provided individualy under first come first served
rule. Queue characteristics for the model have been computed using generating
function technique and laws of calculus. The model is well demonstrated with
the help of an numerical example.

1. INTRODUCTION

The models equipped with bulk input or bulk service proffers the influential
structure for evaluating the performance measures of the system and are of great
significance in diverse areas. Maggu [1] studied the queues with two servers in
biseries. Biserial queues with batch arrival were examined by Mohammad and
others [2]. Kumar et al [3] extended the work with parallel queues and analysed
the transient behaviour. Further many other analysts worked on these models
and gave the significant results. Gupta et al [4, 5] developed waiting line models
characterised with both parallel and biserial queues connected with another
server. Serial and non serial parallel servers with balking and reneging effect
were discussed by Gupta M. et al [6]. Gupta et al [7] investigated biserial servers
under fuzzy environment. Threshold effect on fuzzy queue having arrival in
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batches was explored by Mittal et al [8]. Also the biserial bulk queue model
was designed by Mittal et al [9]. Agrawal et al [10] used biserial tri-cum model
to compute various queue characteristics. Parallel queue network model with
static batch arrival was developed by Gupta et al[11]. The study of Gupta et
al [12] has been protracted in the present article by replacing parallel queue
system with that of biserial queuing subsystem.

2. MODEL FORMULATION

The queue network model under consideration comprises of two queuing sub-
systems S1 and S3 each being centrally connected with a single server S2. The
subsystem S1 consists of two biserial servers S11 & S12 and the subsystem S3
comprises of biserial servers S31 & S32.

2.1. Assumptions and Notations. The arriving unit demanding services join
the servers Si; & S}, in batches of fixed size 5, & 3, with mean arrival rates \; &
\q respectively under poisson assumptions and join the queues ); & ), formed
in front of servers S;; & S;,. The mean service rates at the service channels S,
Sia, S, S31, S30 for convenience have been assumed as ju1, o, 3, pg and ps
respectively.

2.2. Description.

e Customers arriving with mean arrival rate \; are served at S; and there-
after customer may either join S, with the transition probability 715 or
may join S3 with the probability 73 such that 715 + 773 = 1.

e Those approaching at S, with mean rate )\, after being served there,
either will move to S;; with the probability 75; or join S; with the prob-
ability 73 such that 751 + 793 = 1.

e After approaching the service at Ss, the customer will either join Ss;
with the probability 734 or join S3, with the probability 735 in accordance
with the requirement of the services in such a way that that the total
probability i.e. 734 + 735 = 1.

e Thereafter being served at Ss;, the customer may either moves to Ss,
with probability 7,5 or may exit from the system with probability 744
such that 744 + 745 = 1.
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e Similarly the customers after availing services at S3;» may either move to
S3; with transition probability 754 or may leave the system with proba-
blllty T55 such that Toa + T55 = 1.

The formulation of the model with nomenclature, all the transition states and
corresponding probabilities has been well demonstrated pictorially in figure 1.
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FIGURE 1. BISERIAL QUEUE NETWORK MODEL

3. PRACTICAL ASPECT

The queue network model under consideration is applicable in diverse area of
physical word like administrative setup, office management, games club, bank-
ing system, computer networks, and many other similar situations. For example,
consider a supermarket having three different sections namely food section, au-
ditorium and beverages section, where auditorium is centrally linked to both
food section and beverages section. The food section consists of two sections,
Indian and Chinese food section. Similarly beverages section is having soft drink
and cold drink sections. Customers approaching to food section after taking In-
dian food may directly go to auditorium to watch movie or may take Chinese
food and then enters into the auditorium. Similarly, the customer taking Chi-
nese food may take Indian food and then move to the auditorium or may directly
move to auditorium without having Indian food. After watching movie, a cus-
tomer either go to soft drink section or wish to go hot drink section. After having
soft drink, a customer either may have hot drink and then leaves the mall or may
directly exit from the mall and vice versa.
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4. EQUATIONS FORMATION

Define P, n,.nsnins(t) = The probability that there are nj, n, n3, ny, and n;
units at any time t waiting in queues, where n; > (;,ny > 55, n3,1n4,n5 > 0. The
difference equations in Steady- State form obtained are as follows:

W hen n; > ﬁl,DQ > ,32,113, ny,ns > 0

(A 4+ Ao+ + po + s + fa + 145) Py ng s nans

= /\1Pn1—61,n2,n37n4,n5
+ APy o —Boins maims T H1T12 P00 4+1,00—105m4,n5
+ 11130 41 m2 ms—1mams T H2T21 Pny—1n541,m3,m4,m5
+ MQTQanl,n2+1,n3—1,n4,n5 + N37—34Pn1,n2,n3+1,n4*1,n5
+ M37_35Pn1,n2,n3+1,n4,n5—1 + M4T44P"17”27”37”4+17n5
+ /J,47'45Pn1,n2,n3,n4+1,n571 + N5T54Pn1,n2,n37n4*17”5+1

+ 15755 Py na ns nans+1-

Similarly considering all other possible combinations formed by utilizing the
conditions imposed on nq,ny,n3,n4 and ns; we obtain in total 72 difference
equations in steady state form and the system of equations is solved by applying
generating function technique. Generating function is defined as:

o0 o o o [e.e]
G(m,y,z,s,t) = Z Z Z Z Z P"17n2,n3,n4,n5 (:C"lynzz"?’s"‘*t%),

n1=0n9=0 n3=0n4=0n5=0

Also partial generating function is defined as:

o
_ n1
Gz nsnans (z) = § Py nansnans®

n1=0
oo
Ghg,nans (T, Y) = Z Gaynanans ()Y
no=0
o
Goains (1,9,2) = > Gy ns (,9) 2™
n3=0

G (,,2,8) = Y Gyny (1,9, 2)s™

na=0

G(l‘,y, Z7S7t) = Z Gns(xaya sz)tns'

n5=0
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On solving the difference equations with the help of (2) and (3); the finally
obtained equation is as follows:

(A1 4+ A2+ p1 + p2 +ps + pa+ ps) G(,y, 2, 8, 1)

— 11G(y, 2, 8, t) — p2G(x, 2, s, t)

— m3G(2,y,5,t) — aG(r,y, 2, t) — psG(,y, 2, 5)
= M2 G(z,y, 2, 5,t) + Ay C(z,y, 2,5, 1)

+u1712y[G(:p,y, z,8,t)] — Gy, 2, s, 1)
. “1713Z[G(9:,y,z, s,t) — Gy, 2,5,1)]
+ “27—2133[G(x,y, z,8,t) — G(x,2,s,1)]
. ”2723Z[G(a:, Yy, z,8,t) — G(z,2,5,1)]
| HaTsas [G(z,y, 2,5 t) — G(x,y,s,1)]
+ %%t[(}(x,y, z,8,t) — G(z,y,5,1)]
HaTae G(z,y,2,8,t) — G(x,y, z,t)]
4 AT Gy s ) — Gy, 20 t)]
+ @[G(x,y,z, s,t) — G(z,y,2,5)]
“52-55 G(z,y,z,s,t) — G(z,y, 2, 5)].

Considering G(y, z, s,t) = G1; G(x, z, 5,t) = Ga; G(x,y, 5,t) = G3; G(x,y, 2,t) =
Gy4;G(z,y, z,s) = G5 and further simplifying, we get:

G(z,y, z,s,t)

Gy {1 — 22— maz} Gy {1 - me —med Gy {1 — mue  mat)

470G (1= T~ 280 4y {1 e e

)\1(1—:651)+)\2(1—y62)+u1{1—%—%}+u2{1—%—%}

{1 20— 2} {1 = 5 2t} g {1

4.1. The Solution. For z = y = z = s = ¢t = 1, the equation reduces to (2)
indeterminate form. Taking limit z — 1,y — 1,z — 1,s — 1,t — 1 ; one by one
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keeping the values of other variables fixed as one under the assumptions:

1;77’17”27 ng, N4, Ny 7£ 0
0; otherwise

G(z,y,z,8,t,) = {
Tig+ Tig = To1 + To3 = 1
T34 + T35 = Taa + Tas = Tsa + T55 = L.
The following results are obtained:
— M B1+ 1 — peTor = Gy — peTa1 G
— Xofly — pT12 + p2 = —pT12G1 + paGo
— H1Ti3 — HaTe3 + p3 = —p1T13G1 — paTezGa + 113G
— paTaa + pua — 5754 = —p3T3aGs + paGa — psT5aGs
— [13T35 — HaTas + fi5 = —paTssGs — paTasGa + psGs.

Eliminating G, G, G3, G4, G5, we obtain:
B A B1 A+ Ao BaTan

=t pa (1 = T12712)
Gy—1-— AMPiTi2 + Ao

po (1 — T127o1)
Gy=1— 713 (A1 S1 + Aaflator) + To3 (M 1712 + A2fB2)

p3 (1 — Ti2711)
G =1-— { T34 + T35T54 } {7'13 (A1B1 + AafaTar) + Tz (A1 S1T12 + )\252)}
pa (1 — T45754) (1 — 712721)
(

G- — 1 { T34T45 + T35 1 [7'13 (A1B1 + Xofa7i1) + Toz (A1 Bi710 + /\252)]
5 — — .

p5 (1 — Tu5754) (1 — T12701)
The solution of the model in the steady state form by using the results ob-
tained above is given as:

Py mamsimams = (L—p1) (1 —p2) (1 — p3) (1 — pa) (1 — ps) pi" p3° p5° py* p5°.

Here,
m=1-G = A1 814282721

)/:L1B(1—T12;\'2}B)
-1 — — MfiTiat+Asfs
P2 = 1 =Gy ,uzgl—nszl)
—1—-G,= 13 A1 B1+A2B82721)+123 (A1 81712+ X252)
P3 3 w3 (1—T12721)

— 1 _ __ | 1344735754 T13(A1 814282721 )+723( A1 B1m2+A2)
P4 1 G4 pa(1—Ta5754) (1—712721)

—1— (G- = | mamastTss 713 (A1 B14+X2B2721)+723(A1 81 +A282)
Ps 5 s (1—745754) (I—712721)
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The necessary conditions for the existence of the solution in steady state is
that py, p2, p3, pa, ps < 1.

5. PERFORMANCE MEASURES

5.1. Mean Queue Length. The average number of customers waiting in the
queue at any time t in the system given by mean queue length is:

o0 o0 (o] oo oo
L=322 230> (mtmtngtna+n5) Py
n1=0n2=0n3=0n4=0ns5=0
o (o] o [o.¢]

o0
/ EE E E 11 Pny ng ns nams
'I’L2 =0

n3=0n4=0n5=0

oo o o o X

+ Z Z Z Z Z n2P”17n2,n37n4,n5

n1=0n2=0mn3=0n4=0ns=0
o0

- Z Z Z Z Z n3Pn1,n2,n3,n4,n5

n1=0n2=0n3=0n4=0n5=0

0o o0 o0 0o o0
LD IDID DB DL TS

n1=0n2=0n3=0n4=0n5=0

00O 00 00 00 00
22,22 2 P

n1=0n2=0n3=0n4=0 n5=0

8
8
8
8

Substituting the values and on further simplification, we get:
L:L1+L2+L3+L4+L5

_ _p1 P2 P3 P4 P5
L 17p1+1p2+1p3+1p4+1p5

AMBi1+A282721 + A B1T1i2+A2082
p1(1—=712721)—(A181+A282721) p1(1=712721) = (A1 S1712+A282)
+ T13(A1814+X2B2721)+723 (A1 B1T12+A262)
I = w3 (1=712721) —T13(A1 81+ A2 B82721)+ 123 (A1 81 T12+ A2 52)
- + [T34+735T54] [T13( A1 B1+X2 82721 )+ 7123 (A1 81712+ A2 62)]
pa(1=745754) (1=T12721) — [T34+735754] [T13 (A1 B1+A2 82721 )+ 723 (A1 B1T12+ A2 52)]
[134745+735][T13 (A1 81+ A2B82721)+T23 (A1 81712+ A2 582)]
15 (1—=Ta5754) (1—=T12721 ) —[T34Ta5+735] [T13 (A1 B1+ A2 82721 ) +723 (A1 B1T12+A232)]

5.2. Expected Waiting time.

L
W:X’ where A = \; + Ay
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5.3. Variance of Queue.
V(n1+n2+n3+n4+n5)

_ _p P2 p3 P4 p5
ST T W T T e T ey

6. ALGORITHM

The step by step procedure to determine the various performance measures
of the model.
(1) Obtain the values of mean arrival rates \;, \s.
(2) Obtain the values of mean service rates jiq, fi2, i3, fla, fi5-
(3) Obtain the values of batch sizes (31, 5.
(4) Obtain the values of the transition probabilities

T12,T13, 721, T23, T34, T35, T44, T45, Ts4, T55-
(5) Calculate the values of
B AB1 + AofBaTor

231 (1 - 7'127'21) ’
B A BiTi2 + A2 B
2 (1 - 712721)
T3 (AMB1+ AofaTor) + Tog (M1 1712 + A2 f52)
M3 (1 - 7'127'21)
G =1-— [ T34 + T35T54 ] [7'13 (M B1 4+ A2famar) + Tog (M1 fi712 + /\252)]
22 (1 - 7'45754) (1 - 7'127'21)
Gi—1— { T34T45 + T35 } {7'13 (A1B1 + A2BaTor) + 7o (
ps (1 — Ta5Tsa) (1 — T12721)
(6) Calculate p; =1 —G1,p2=1—Go,p3=1—G3,ps =1—Gy4,p5 =1 —G5.
(7) Check if py, p2, p3, pa, p5s < 1. If yes, then go to step 8. Else write steady
state conditions are not satisfied.
(8) The solution in steady state form is:

G =1

Gy=1

Gy =1

MBiTi2 + )\252)}

ny n2 N3 n4 N5

Py ingingnans = (1= p1) (1= p2) (1= p3) (1= pa) (1 = ps) p1" p3° ps* pi* 5
(9) Calculate mean queue length
P1 P2 P3 P4 Ps
L= + + + +
l—pr 1=p2 1—=ps 1—ps 1—ps
(10) Calculate mean arrival rate of the system A\ = A\; + \s.
(11) Calculate the average waiting time of customers, W = £

>
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(12) Calculate the variance of queue length

Variance = 1 + P2 5 + Ps + P4 ]

o) Um0 U p)

7. NUMERICAL ILLUSTRATION

Given the number of customers, mean arrival rate, mean service rate, batch
sizes and transition probabilities in table 1. Calculate the various performance
measures.

TABLE 1. Numerical Values

Mean Arrival | Mean Service Batch Size | Transition Probabilities
Rate Rate
A =2 =25 b =3 T2 = 0.4,713 = 0.6
A =3 Lo = 27 By =4 91 = 0.7,703 = 0.3
us =19 T34 = 0.8,735 = 0.2
py =20 Ty5 = 0.5,744 = 0.5
s = 18 Tsq = 0.2,755 = 0.8

Using the values from table 1, we have:
CASL A NSy 144
DL (L= o) 25(0.72)
_ AMSiTia+ Ao 144
o (1 —Tam1) 189
(M B1+ Aofaor) Tig + (M f1Ti2 + A2f2) Tos
3 (1 - 7'127'21)
~ 144x06+14.4%x0.3 1296
B 19 x (0.72) ~13.68

B [ T34 + T35T54 } [713 (A1B1 + AofaTor) + Toz (A1 Bi712 + /\252)]
= Ha (1 - 7’45754) (1 - 7’127'21)
~10.88
T 1296
. [ T34T45 + T35 } [7'13 (A1B1 + AofaTor) + Toz (A1 Bi712 + >\2ﬁ2)]
Pe = ps (1 — T457s4) (1—712721)
7776
11.664

=08<«1

P2 =076 <1

=09 <1

=0.841 <1

=0.66 <1
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7.1. Mean Queue Length.
P1 P2 P3 Pa Ps
L= + + + +
l=p1 1—=p2 1—p3s 1—ps 1—ps
08 L 0.76 n 0.95 n 0.84 L 0.66
02 024 0.05 019  0.34

7.2. Expected Waiting Time.

L = 32.52

= L = —32552 = 6.504

>~

where A=)\ + )\

7.3. Variance.
P1 P2 P3 P4 Ps
+ + + +
1—p)® (L=p2)® (L—ps)*> (L—ps)® (1-ps)°
0.8 N 0.76 N 0.95 N 0.84 N 0.66
(0.2)2 " (0.24)2 * (0.05)2 © (0.19)2 " (0.34)2
=62.12

8. PARTICULAR CASES

e If individual arrival is taken into consideration instead of bulk arrival,
the results obtained bears resemblance with that of Gupta et al [5].

e If the queuing subsystem S5 is taken parallel instead of biserial, then the
results obtained in the present manuscript tally with that of Gupta et al
[12].

e If only first biserial queuing subsystem S; is connected with the single
server Ss, and second biserial queueing subsystem is not considered and
the customer is allowed to leave the system from the single server, then
results of the current manuscript resembles with that of Mittal et al [9].

CONCLUSION

The current manuscript analyses a queue model having two heterogeneous
biserial queuing subsystems each being allied to a common server. The steady
state behaviour of the model has been discussed and queue characteristics have
been computed using generating function technique. Numerical illustration and
particular cases accommodate the validity of the solutions obtained. The model
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provides an effective mechanism to the system analysts in order to improve the
efficiency of the system.
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