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INTRODUCTION TO OPEN HUB POLYNOMIAL OF GRAPHS
RAGI PUTHAN VEETTIL! AND T. V. RAMAKRISHNAN

ABSTRACT. In this paper we introduce the open hub polynomial of a connected
graph G. The open hub polynomial of a connected graph G of order n is the
polynomial HoG(z) = 37/, (@) ho(G.i)z" where ho(G, i) denotes the num-
ber of open hub sets of G of cardinality i and ho (G) is the open hub number of
G. We obtain the open hub polynomial of some special classes of graphs. Also
we obtain open hub polynomial of join of two graphs.

1. INTRODUCTION

By a graph G = (V, E') we mean a finite ordered graph with no loops and no
multiple edges. For graph theoretic terminology we refer [1]. All the graphs
considered in this paper are connected ,unless otherwise stated.The concept of
hub set was Introduced by M. Walsh [2] . A subset H of V' is called a hub set
of G if for any two distinct vertices u,v € V — H, either u and v are adjacent or
there exists a u-v path P in G such that all the internal vertices of P are in H.
The minimum cardinality of a hub set of G is called the hub number of GG and is
denoted by h(G). In [3] we have defined the concept of open hub set of a Graph
G as follows.

Definition 1.1. A hub set H of a graph G is called an open hub set if the induced

sub graph , < H > has no isolated vertices.The minimum cardinality of an open
hub set of G is called the open hub number of G and is denoted by ho(G).
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In this paper we introduce the open hub polynomial of a Graph G.

Definition 1.2. The open hub polynomial of a graph G of order n is the polynomial
HoG(z) = Z?:ho(G) ho(G,i)z" where ho(G, 1) denotes the number of open hub
sets of cardinality 1i.

2. MAIN RESULTS

From the very definition of open hub polynomial we obtain the following
result.

Theorem 2.1. Let G be a connected graph of order n,Then
(1) ho(Gyn) =1
(2) ho(G,i)=01ifandonly if i < ho(G) —lori >n+ 1.
(3) If G is any sub graph of G,then deg(HoG(z)) > deg(HoG1(x)).
(4) zero is a root of HoG(x) of multiplicity ho(G) for all graph G.

Now we will find the open hub polynomial of some well known graphs. For
the complete graph K, h(K,) = 0.But ho(G) > 2 fo any graph G. As every two
element sub sets of vertex set of K, is an open hub set we have hp(K,) = 2.
Hence Ho K, (z) = (1 + )" — 1 — nx.

Theorem 2.2. The open hub polynomial of the star graph Ky ,,n > 3 is
HoKy,(z) = z[(1 +2)" —1].

Proof. Let u be the central vertex of K ,, and uy, us....u,, are the pendent vertices.
Clearly, ho(K:,,) = 2. For 2 < ¢ < n, every open hub set of cardinality ¢ must
include the central vertex u,hence the number of open hub sets of cardinality i
is (")), 2 <i<mn,sothat HoKy,(z) = z[(1 + z)" — 1] O

Theorem  2.3. The open  hub  polynomial of K,, Iis
HoKyy(z) = z(x + 2)[(1 +2)" — 1].

Proof. Let {vy,va},{u1,us,...,u,} are the bipartition of vertex set of K5 ,,. Clearly,
ho(Ks,) = 2. For 2 < i < n there are (,",) open hub sets of cardinality i
,which contains v; but not v, (ifl) open hub sets of cardinality i, which con-
tains v, but not vy, (,",) open hub sets of cardinality i,which contain boh v; and
ve. The sets, {vi,uy,ug,...,up}, {vo,ur,us, ..., upk, {v1,v2,u1,u2,,...,Up—1},
{v1,v9, U1, Uy, .., Up_o,Un}, {V1,V2,us,...,u,} are the open hub set of cardi-
nality n + 1.
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Hence HoK,,(x) = 2(7)2* 4+ (2(3) + (1))2* + 2(5) + 5)a* + -+ (2(," ) +

n—1

(2))a™ + (1) + a4 272 = 2z + 2)[(1+ 2)" — 1], O

Next we find the open hub polynomial of the double star graph . A double
star graph S,,,, is a tree obtained from the graph K, with two vertices u and v
by attaching m pendedant edges in u and n pendant edges in v.

Theorem 2.4. The open hub polynomial of the double star S,,, 1is
HoSpn(x) = 22(1 + a)™ .

Proof Let U = {uy,ug,...,un} ,V = {v,v9,...,v,} and {u,v} be the vertices
of S,,, such that u and v are adjacent, every vertices in U are adjacent to u
and every vertices in V' are adjacent to v. Clearly the open hub number of
Smn is two and {u,v} is the only open hub set of cardinality 2. For 3 < i <
m-+n+2,every open hub set must contain both the vertices u and v. An open hub

set of cardinality i must contin ¢ — 2 vertices from {uy, us, . .., Up, V1, Vo, ..., Uy}
Hence there are ("'%") such open hub sets. Hence Hp S, n(z) = 2*(1+z)™*™. O

Next we find the open hub polynomial of some graph construction. A lollipop
graph L, ) is the graph obtained by joining the complete graph K, to a path
graph P, with a bridge.

Theorem 2.5. The open hub polynomial of the lollipop graph L1y is
HoLmy(z) = 2[(1+2)™ — 1] + 2™ .

Proof. Let vy, vq, ....v,, be the vertices of the complete graph and let v, is adjacent
to v. Clearly, ho(L 1)) = 2. Then {vy,v}, {v1,v2}, ..., {vi, v} are the open hub
sets of cardinality two. For 3 < r < m — 2,as every open hub set must contain v,
number of open hub sets, which contains v, of cardinality r is equal to number

of sub sets of {vg, v3, ..., v, } havig cardinality  — 2 and the number of open hub
sets,which does not contain v, of cardinality r is equal to number of sub sets of
{vg,v3, ..., v, } havig cardinality » — 1. For r = m — 1,number of open hub sets
which contain both v and v, is equal to number of sub sets of {vy, vs, ..., v,,} of
cardinality m-3.

Also {vy,va, ..., Um—1}, {1, V2, . ., U2, Um }, - .., {V2, U3, ..., vy } are open hub
sets. The sets {vy, v, ..., v}, {V, 01,03, ..., 0} ..., {v,v1,09,..., 0,1} are the

open hub sets of cardinality m. Hence Ho Ly 1)(z) = z[(1+z)™ —1]+2™'. O
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Theorem 2.6. The open hub polynomial of the lollipop graph Ly, n # 1,2 is,
HoLgny(x) = (n—1)a" + (%)xnﬁ-l + (14 2)a™2 4 3,

Proof. Let vy, vy, v3 be the vertices of the complete graph K3 and uq, us, ..., u,
be the vertices of the path graph P,. Let v; is adjacent u;. Then ho(L,)) = n.
Then a hub set of cardinality n is a sub set of V(F,) U {v;} of cardinality n.
Among these n + 1 hub sets only {vy, uy,ug, ..., uy—2,u,} and {vy, us, us, ..., u,}
are not open hub sets. All sub sets of V(L)) of cardinality n + 1 is a hub
set. Let v be a vertex of degree 2 in L3,). Let the open neighbourhood of v
is, N(v) = {v/,v"}. Then V(L)) — {¢',v"} is not an open hub set. Number
of such hub sets = number of vertices of degree 2. Again V(L(s,)) — {v, un—1}
where v € {vy,v9,v3, U1, U, ..., Uy _4,U, 2} is also not an open hub set. Hence
horammit = ("3°) —(n+1) —n = % Any sub set of cardinality (n+2)
which contains the vertex u,, is an open hub set.Hence the result follows. 0

Remark 2.1.
(1) The open hub polynomial of L1y is HoLz1)(x) = 4a® + 32° + 2%
(2) The open hub polynomial of L2y is HoL32)(x) = 2% + 4a® + 4a* + 2.

The Dutch windmill graph DF* is the graph obtained by selecting one vertex
in each of m triangles and identifying them.

Theorem 2.7. The open hub polynomial of the Dutch wind mill graph DY is
HoD3(z) = z[(1 4 2)?™ — 1] + ma®™ 2 + 2*™, m > 2.

Proof. Let v be the central vertex and vy, va, . . ., v9,, are the other vertices of D}’
so that vy, _jvv,; forms a triangle for 1 < ¢ < m. For2 <i < 2m — 1,7 # 2m — 2,
every open hub set must contain the vertex v and every sub sets containing v
must be an open hub set. Therefore number of open hub sets of cardinality i is

equal to number of sub sets of {vy, vy, ..., vy, } of cardinality i — 1. For i = 2m —2
there are (251@3) open hub sets which contains v and there are m open hub
sets which doesnot conains v, {vy,vs,...,Vn_3,Un_2}, {1,029, ..., Vpn_4,Un_1,0n}
v {vs, 04, -1, v, }. For i = 2m there are (,2",) open hubsets which con-
tains v and one open hub set {vy, v, ..., vy, } Which does not contains v.
Therefore Ho Dy (x) = z[(1 + 2)*™ — 1] + ma®™=2 + 22™ m > 2. O

The (m,n)— tadpole graph 7,, ,,is the graph obtained by identifying a vertex
v of the cycle graph C,, with an end vertex of the path graph P, ;. Here we
find the open hub polynomial of the tadpole graph T} ,,_;.
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Theorem 2.8. The open hub polynomial of the tadpole graph Ty, _1,n # 2,3 is
HoTypn-1(x) = (2n —3)a™ + (%)xn—&-l + (0 2)a" 2 4 g,

Proof. Let vy, vq, v3, v4 are the vertices of the cycle C, and let uy, us, . . ., u,, are the
vertices of the path graph P,. Let v, is identified with u,. Clearly ho(7y,-1) =
n. Then the subsets of V(F,) of cardinality n — 1, which contains both u,
and u,_,union with {v;},7 = 1,3 are open hub sets of cardinality n. The set
{uy,us,...,u,} is also an open hub set. Hence ho(Ty,—1,n) = 2n — 3. Any
subset of V(T},_1) of cardinality n + 1 is a hub set. Among these hub sets,
a set which contains w, but not contains u,_; is not an open hub set. Now
{v1,v9,v3} UV(P,) — {ug_1,up1}, & = 2,3,...,n — 3,n — 1 are not open hub
sets. The sets {vy,vs,u,...,u,} and {ve, uy,us,...,u,} are also not open hub
sets. Hence ho(Ty, 1,n+1) = ("5%) = (n+1) — (n — 1) = ©#246_ Any subset of
V(T4 ,—1) of cardinality n + 2 which contains u,,_; is an open hub set. Hence the

result. U

Remark 2.2.
(1) The open hub polynomial of T} ; is
HoTyq(x) = 322 + 62 + 42 + 2°.
(2) The open hub polynomial of Ty is HoTyo(x) = 32° + 8z + 52° + 2.

3. OPEN HUB POLYNOMIAL OF JOIN OF TWO GRAPHS

Now we find the open hub polynomial of join of two graphs. The join of
two graphs G, and G, is the graph with vertex set V(G;) U V(G2) and edge set
E(Gl) U E(Gg) U {U’U/U € V(Gl), v E V(GQ)}

Theorem 3.1. Let G; and G, be two connected graphs of order n, and ns re-
spectively and let G = G; + Go.Then open hub polynomial of G is HoG(x) =
[(1+z)™ —1][(1 4+ 2)" — 1]+ HoG1(z) + HoGa(x) .

Proof. If H is an open hub set of GG; for j = 1,2 of cardinality i then H is also an
open hub set of G of cardinality i. Also for every H; C V(G;) and Hy, C V(Gs),
H,UH, is an open hub set of G of cardinality ¢ = i;+i,, where i, is the cardinality
of H; for j = 1,2. Thus HoG(z) = [(1 + )™ — 1|[(1 + z)" — 1] + HoG1(z) +
HoGs(x). d
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