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OSCILLATION CRITERIA FOR HIGHER ORDER NONLINEAR NEUTRAL
DELAY GENERALIZED o—DIFFERENCE EQUATIONS

P. VENKATA MOHAN REDDY! AND M. MARIA SUSAI MANUEL

ABSTRACT. In the present study, we find oscillation results for the higher order
nonlinear neutral delay generalized a—difference equation of the form

Aatey (alR)AZG (k) + a(k) f(w(k = pt)) = 0
where z(k) = z(k) + p(k)z(7(k)).

1. INTRODUCTION

The difference equations are based on the operator A given in the form

of Au(k) =u(k+1) —u(k), k€ N=1{0,1,2,3,---}. The generalized a— differ-

ence operator A, is defined as A, g)u(k:) = u(k 4+ ¢) — au(k), and its inverse

defined as if A,y)v(k) = u(k), then A pulk) =v(k)— a[%]v( j) where o > 1 and
[

k € Ny(j), j =k — [%] ¢. The most general form is given in [3] by

[k—koz—j—ﬁ] .

_ u(ko + 7+ 1l k—kg
Ajpu(k) = > % +al T Tu(ko + ),
« £

r=0

forall k € Ny(j), j = k — ko — [552] L.
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In recent years, there is an increasing interest in finding sufficient conditions
which ensure that all solutions or all the bounded solutions of difference equa-
tion of neutral type are oscillatory and asymptotic behavior of solutions involv-
ing operators A and A, has been studied and many research articles was avail-
able in the literature, see for example [1,5-11]. But, a similar study on the
oscillation of difference equations involving the operator A, is rare. Hence
we are motivated to present the oscillation of solutions of higher-order nonlin-
ear a—difference equation of the form

(1.1) Auio @(kmg;;;z(k)) 4 k) fa(k — pl)) =0, k> ko,

where m > 2 is an integer and z(k) = x(k) + p(k)x(7(k)). Here, a(k), q(k) are
sequence of positive real number, p(k) is a bounded sequence for k& > ko, 7(k) is

a sequence of integers with lim 7(n) = oo and p is a positive integer also f(x)

S f()

is a continuous real valued function such that —= > L > 0 for z # 0 and L is
X
a constant.
Throughout this paper we use the following notations.

(@ N={0,1,2,3,...}, N(a) ={a,a+ 1,a+2,...},
(b) Ny(a) ={a,a+{,a+2¢,...}.
(¢) [«] upper integer part of z, m;(k) = [“=5i-1=t].

2. PRELIMINARIES

In this section, we present some lemmas, which will be useful in proving our
main results.

Lemma 2.1. [4] Let u(k) and v(k) be any two functions. Then, for all k € [ky, o0)

Aa{u(k)o(k)} = u(k + ) Aa@v(k) +u(k + Ov(k) (e = 1) + v(k) Aa@u(k) .
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Lemma 2.2. [4] Let u(k) be defined on [0,00) and ko € [0,00). Then, for all
k€ [ko,00), j =k — ko — [=2[¢and 0 < m < n—1.

m — (k — ko — J')g_m) [E20d fm—i] A :
Aa(f)u(k) = Z (Z _ m)w(l_m) « ¢ Aa([)u(k(] + J)

k*kEO*j —ndm _ s _ p\(n=m=1) A p .
. (k—ko—j—rl—=1), Aa(g)u(/fo +j+rl)
pa (n—m — 1)ln=m—iq= [ mtmn]

where k™ = k(k — 0)(k —20) ... (k — (n — 1)0).

Lemma 2.3. Let 1 < m < n — 1 and u(k) be defined on Ny(ky). Then,
(1) lim inf Aff, u(k) > 0 implies lim Aia([)u(/{:) =00,0<i<m-—1
k—o0 k—o0 }
(2) limsup A, u(k) < 0 implies klim Aypu(k) = —00, 0 <i <m — L.
—00

k—o0

Proof. lil£n inf A, u(k) > 0 implies that there exists a large k; € Ny(ko) such that
—00
A&e)u(k) >c¢>0forall k > k. Since

. Bkl . mou(kys + 7+ 1l)
Aa([)lu(k) = Oé[ ‘ —IAa(Z)lu(kl + ]) + Z ( )l’k1k+g+r2+l'|
«

r=0

k—k .
it follows that A7 'u(k) > a(TqAZE)lu(kl +j) + ¢(E2=1), and hence

limi_ oo AZ”(Z)lu(k) = o0o. The rest of the proof is by induction.
Case (2) can be treated similarly. OJ

Lemma 2.4. Let u(k) be defined on Ni(ko), and u(k) > 0 with A}, (k) is of
constant sign on Ny(kq) and not zero. Then, there exists an integer m, 0 < m <n
with n +m odd for Ay, (k) < 0 or n+ m even for A}, (k) > 0 and such that
m > 1 implies

Al pu(k) > 0 for all large k € Ny(ko),1 <i <m — 1.
and m < n — 1 implies
(=)™ AL pyu(k) > 0 for all ke Ny(kg),m <i<n-—1.
for all large n € Ny(ky) and n > N.

Proof. There are two possible cases.
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Case 1.

(2.1)

(2.2)

(2.3)

Case 2.

P. VENKATA MOHAN REDDY AND M. MARIA SUSAI MANUEL

Alpu(k) < 0 on Ny(ko). First, we shall prove that A ju(k) > 0 on
Ny(ko). If not, then there exists some k; > ko in Ny(kg) such that
Anpu(k) < 0. Since Alju(k) > 0 is decreasing and not constant
on Ny(ky), there exists k; > k; such that Ag@u(k) < AZ(};u(kz) <
Ag&iu(lﬁ) < Oforall & > k», But, from Lemma 2.3, we find limy,_,, u(k) =
—oo which is a contradiction to u(k) > 0. Thus, Az(ﬁu(k) > 0 on Ny(ko)
and there exists a smallest integer m, 0 < m < n — 1 with n+m odd and

(—1)™ AL yu(k) > 0 on Ny(ko),m <i <n—1.
Next, let m > 1 and
AT u(k) < 0 on Ny(ko),
then once again form Lemma 2.3 it follows that
AT ptu(k) < 0 on Ny(ko).
Inequalities (2.1)-(2.3) can be unified to
(=1 DHAL pu(k) > 0 on Ny(ko),m —2 <i<n-—1,

which is a contradiction to the definition of m. So, (2.2) fails and
Agl(z)lu(k) > (0 for all &k > k. From (2.1), AZ‘(;)lu(k) is non-decreasing
and hence lim Allu(k) > 0. If m > 2, we find from Lemma 2.3 that
Jim. Alpu(k) = 0o, 1 <i < m — 2. Thus, A} ,u(k) > 0 for all large
k> ko, 1<i<m-—1.

A% pu(k) > 0 on N(k). Let ks > &y be such that Al ju(ks) > 0,
then since Ag&iu(k) is nondecreasing and not identically constant, there
exists some k; > ks such that AZ(‘E;u(l@) > (O for all &k > k4. Thus,
]}Lrgo AZ(_@;U(]C) > 0 and from Lemma 2.3 limy, o0 Ay u(k) = 00, 1 <4 <
n — 2 and so A;(z)u(k) > 0 for all large & in Ny(ko), 1 < i < n — 1. This
proves the Lemma for m = n. In case A ju(k) < 0 for all k € Ny(ko),
we find from Lemma 2.3 that AZ(’gu(l{) > 0 for all k£ € Ny(kg). The rest
of the proof is the same as in Case 1.

g
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Lemma 2.5. Let u(k) be defined on N, (ko), and u(k) > 0 with Aju(k) < 0 on
Nae) (ko) and not identically equal to zero. Then, there exist a large integer k, in
Nao) (ko) such that for all k € Ny (k1)

k—ky _j)énil) (’“ kl —j+L

-n n—1 n—2
(n — 1)1 laptu(2r=k)

u(k) > ¢

where ugn) =u(u—~0)(u—20)--(u— (n—1)¢). Note if further {u,} is increasing,
then

1 k—7j (n=1) TR R n—
uh) = (n — 1)le=1) (2n—2 )g oA k) forall k> 277

Proof. Lemma 2.4 follow that (—1)""AJ ,u(k) > 0 and A} ,u(k) > 0 for all
large k in Ny(ky), say, for all k& > ky > ko, 1 < i < m — 1. Using these
inequalities, we obtain

AT tu(k + rh)
_AZ(_gu(k) = OOAZ(KQ )+ Z ré+l"|

>

Aru(k+rl) 1
a(f) n—1 (1

> A" 2u(k + 1l
Al Bu(k) = a” A} Bu(c0) — Z a0l )

[]~=

al

[e=]

r=

— OéI_TZZ»Z-I
k
1 o (kO A a2k + e 1
o Lyt ffie( ) > A u(2%k) s (k)Y
e r=0 Q[T—‘ 21020
(n—m—1)
Zl(é)u(k) Z (k)é n—lu(2n—m—1k)‘

(n —m — 1)!€n7mflanfmfl a(l)
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next we get
e Am ulky + ¢
m k—ky 1+ +7rl)
Argtulk) = al AT u(k 4 5) + Z kl ey

m (k) k}l—&-j—i—rﬁ)(n m— 1)An 1 (2n =1 4 j + rl))

v

r=0 (n—m — 1)%”*’”*104(%% m]

(k= k=)™
(n —m)len—m)

Letting m = 1 in the above inequality, we have

(k= ky = 5)g" " promosee
ulk) 2 = =i [

By replacement k = 2" 2k the proof of the lemma is completed. O

kklj

Z Oé( +m— n—lAn 1 (2n m— 1k’)

nwAn 1 (2n Qk)

Lemma 2.6. Assume that
I’kl k+g+r€+l'|

Zak1+j+r£) -

r=0

and let {z(k)} be a positive solution of equation (1.1) . Then there exists k; > ky
such that z(k) > 0, Ay 2(k) > 0, Al 2(k) > 0and Ay, 2(k) < 0 for all k > ki

Proof. Since {z(k)} is a positive solution of equation (1.1), there exists k& > kg
such that (k) > 0 and z(7(n)) > 0 for all k£ > k;. Then by the definition of z(k),
we have z(k) > 0 for all k£ > k;. Also from the equation (1.1), we have

N (a(/c)A;';;)lz(n)) = —q(k)f(z(k — pt)) < 0 for all k > k.

Therefore, a(k)Ay2(k) is decreasing and of one sign for all £ > k;. Since
{a(k)} is positive, we have either A7/ '2(k) < 0 or A7/, '2(k) > 0 eventually. We
shall prove that Ag(z)lz(k:) > 0. If not, then there exists a constant ¢ < 0 such
that a(k)Al,'2(k) < ¢ < 0 for all & > ki, which implies

m1 (k) I‘kl k+g+rtz+r|

A2 (k) — ol T T A2 (1) <cz

a(6)

k’1+j—|—7"€)

Letting k£ — oo in the last inequality, we see that AO”Z“(;)Qz(k) — —oo. That is
ATpz(k) < 0 eventually. Now A7, %2(k) < 0 eventually implies A7 Pz(k) <
0 eventually. Continuing this process, we get z(k) < 0 eventually which is a
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contradiction. Hence Agl(z)lz(k) > 0 eventually. Moreover {a(k)} is positive and
increasing and A (a(k)AZ@fz(k)) < 0 forall k > k;, we have A7, z(k) < 0 for

Lemma 2.7. [2] The first order generalized a—difference inequality

Asy(k) +p(k)y(k — pt) <0

eventually has no positive solution if

k—(k—pt)—j—£
7

r=0
or
k=(k—pt)—j
: 1
lim sup plk—pl+j+rl)>—.
k—o0 TZ:; ( ) af

3. OSCILLATION RESULTS

In this section, we present a few sufficient conditions for the oscillation of
all solutions of equation (1.1). Throughout this section we use the following
assumptions

o "kl—k+ej+rl+é“

a(ky+j+rl)’

P(k) = min{g(k), ¢(7(k))}, Q(k) = LP(k),and n(k) = )
Theorem 3.1. Assume that n(k) = oco. If
S~ P(k+j+rt
Z (k+J )

- =
j+'r2+£7k—‘ ?
r=0 a” ¢

then every solution of equation (1.1) is oscillatory.

Proof. Let {x(k)} be a non-oscillatory solution of equation (1.1). We may assume
without loss of generality that {x(k)} is a positive solution of equation (1.1).
Then there exists a k; > kg such that z(k) > 0, z(7(k)) > 0 and z(k — pf) > 0
for all £ > k;. Then from Lemma 2.3, we have z(k) > 0, Aypz(k) > 0,
Al z(k) > 0and A%, 2(k) < 0 forall & > .
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Now, using condition £ ( ) > L in equation (1.1), we see that

Bago (alk) AL 2(k)) = =q(k)f(x(k = p0) < —La(k)r(k— pl) < 0¥ k > ky.
Therefore, a(k)AZl(;)lz(k;) is decreasing. Also from the last inequality, we have

Aagey (alR)AZG (k) + La(k)a(hk — pt) + pAagey (a(r(k) AT (r(k))
+ Lq(7(k))px(t(k — pl) <0, ¥V k > k.
That is,
Ao <a(k)A (z)1 (kf)>

(3.1) + LP(k)2(k — pb) + pAage) (a(T(k))Ag@;z(T(m)) <0.
Now summing the last inequality from k; to k — ¢, we obtain

a(k) AL (k) — ol T k) A% (k)

I i(f) Pl +j+r0)z2(ki +j + 10 — pl)

|‘k17k+j+r€+é
(6%

+ pa(r(k) AT 2 (r(k)) — pal 7 la(r (k) AT (7 (k) < 0

P(kl—i—j—l—M) (k1+]+7’£—p€)
L Z |' k+£j+rl+€'|
(0]

< al T a(k) AT 2 (k) — a(k) AT 2(k) — palr(k) AL 2(r(k))
+ pa(¥b(7(k1m§;;z(¢(kl) <0 forall k > k.

Since Ayz(k) > 0 and z(k) > 0 there exists a constant ¢ > 0 such that
2(k — pl) > cfor all k > k; and using this and the monotonicity of a(k)A. ) z(k)
in the last inequity and letting £ — oo, we get

m(k
Li:) klﬂJﬂ@ 2k +j+ 10— pl) < 00
a k+]+r£+é-| 1 J P
r=0

which contradicts (3.1). Thus the proof is complete. O
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Theorem 3.2. Assume that n(k) = oo and let 7(k) = k + 7. If either
(3.2)

pl—j5—¢

(k=200 4 PO QR —p) £ i1l B[ pt
14 pt

lim inf v 2
o0 e a"m_k 2pzZr Hﬂa(k‘—i—j Ll — 2P€) AaP

or
pt—j
_ (k4410 —200 VO 4§+ 10 — pt
(3.3) hmsupz (k+j kiwﬂfﬁ)z Qk+ pl) > )\5P7
ﬁwa(k—i-j—i—rﬁ—Qpﬁ) @

k—oo T o [m—

where A € (0,1) and 8 = (1+p)(m—1)¢™"", then the solution {x(k)} for equation
(1.1) is oscillatory.

Proof. Now assume {z(k)} is a non-oscillatory solution of equation (1.1). We can
consider without loss of generality that there exists k; > ko such that z(k) > 0,
x(r(k)) > 0 and z(k — p¢) > 0 for all k > k;. Now proceeding as in the previous
theorem, we obtain (3.1). That is,

Aoy (alR)ALG (k) + LP(k)2(k = pb) + pDaey (alr (k) Al 2(7(K))) < 0.

Now, since Agl(z)lz(k) > 0, Al z(k) < 0, using Lemma 2.5 there exist ky > k;
such that

Aoy (alk) AL (1))

Q(k> k — pg - j (m=1) hoploitl | am—1
Tyt \ a2, ol T A (k= p0)

+pAo (a(7<k))A3;)1z(T(k))) <0, forall k > ky > 272,

Put u(k) = a(k)Al 2(k). Then u(k) > 0 and A,u(k) < 0 and the last in-
equality becomes

Aoy (u(k) + pu(r(k)))

k—pl—j+20 _
AQk)al =l (e — pr — i
) — <
3.4 + (m — )i ol = pb) u(k — pf) <0,
m—1
for all k > ky, for every A\, where 0 < \ = — < 1.

2
Now put w(k) = u(k) + pu(r(k)). Then w(k) > 0. Since u(k) is decreasing and
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having 7(k) = k + 7 > k, we have

(3.5) w(k) < (14 p)u(k).

Using (3.5) in (3.4), we notice that w(k) is a positive solution of

AQ(k)al = ] ((k —pt )"
(m — 1)lgm-1 (14 p)a(n — pl)

for all k£ > k,. Now there are two possibilities either (3.2) or (3.3) holds.
Case(i). If (3.2) holds, then by using the Lemma 2.7 we obtain the inequality
(3.6) which has no positive solution, and that is again a contradiction.
Case(ii). If the condition (3.3) holds, by Lemma 2.7 we confirm that the in-
equality (3.6) has no positive solution, which intern is also a contradiction.

(3.6) Aa(g)w(k) +

This completes the proof. O

Theorem 3.3. Assume that n(k) = oo and k — pl < 7(k) < k. If either

pl—j—¢

(k410 —2p0) " VQk + j + vl — pl) B ( pl )P‘f“

(3.7) liminf
k—o0

e | m— a(k +j5+rl —2pl) ar \1+pl
or
= (k+j+r0—2p0)" VQk+j+rl—pl) B
: +J)+rt— +J)+rt—
(3.8) lim sup Z J k_2pl+rlp+e £ J P —
k—oo [T, a(m_ﬁ—l a(k: —|—j 47l — 2p€) «

where 3 = (1+p)(m — 1)/¢™1, then every solution of equation (1.1) is oscillatory.

Proof. Similar to the proof of Theorem 3.2, we consider {z(k)} is a non-oscillatory
solution of equation (1.1). Then assume {z(k)} is a positive solution of equation
(1.1). It follows that there is an integer k; > ky such that z(k) > 0, z(7(k)) > 0
and xz(k — p¢) > 0 for all k£ > k;. Now proceeding as in the previous theorem,
we obtain

Aoy (u(k) + pu(r(k)))

AQ(R)al =l [ ( — pr — oY
L7 a(k = pl)

(3.9) ) u(k — pf) <0,

Put w(k) = u(k) + pu(r(k)). Then w(k) > 0. Since u(k) is decreasing, we have

(3.10) w(k) = u(k) + pu(r(k)) < (1+p)u(r(k)) for (k) < k.
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using (3.10) in (3.9), we get
(3.11D)

Aa(g)w(k:) +

)\Q(/{:)a[kipé‘;jﬂ _m“ <(k‘ _ ,OE . j)§m_1)

(m—1)em= \ (1 +p)a(n — pl) ) w(r (k= pt)) <0,

for all £ > k;.Thus {w(k)} is a positive solution of the inequality (3.11). Now,
we have to consider two cases namely:

Case(i). If (3.7) holds, then by using Lemma 2.7, we obtain the inequality
(3.11), which has no positive solution, a contradiction.

Case(ii). If the condition (3.8) holds, Lemma 2.7 confirms that the inequality
(3.11) has no positive solution, which is again a contradiction.

This completes the proof. O

Theorem 3.4. Assume that n(k) < oo and k — pl < 7(k) < k. If either (3.7)
or when 771 (k — pl) is nondecreasing with (3.8) holds and for sufficiently large
k1 > ko
k—kg—j—t
- Ao (ky + j +10)Q(ko + j + 10) (ko + j 4+ 7{ — pl)] >
—0 (m — 2)!€m—2a(w_m1
(14 pla~[ %]

3.12 — =
(3.12) da(ko+ 5 +rl+0)6(ko + j+1L) >

then every solution {x(k)} of equation (1.1) is oscillatory.

Proof Let {x(k)} be a non-oscillatory and be a positive solution for equation
(1.1). Then there exists an integer k; > ko such that z(k) > 0, z(7(k)) > 0 and
x(k — pl) > 0 for all & > k. From equation (1.1) we see that
Ao (a(k;)AZ@fz(k)) < 0 for all & > k. Since {a(k)} is positive, A7, 2(k)
is of one sign for all & > k.

Case(i): Suppose A&;)lz(k:) > 0 eventually, the proof for this case is similar to
Case (i) of Theorem 3.3 and hence we omit the details.

Case(ii): Suppose Agl(z)lz(k) < 0 eventually, then by Lemma 2.4, we have
Alpz(k) > 0 and Aq2(k) > 0. Now define w(k) by

a(k) Ay #(k)

wik) = AZZ)zz(k)

forall k > ky > k.
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Then w(k) < 0 and

Auo) (a(k>AZEZ)1Z(k)) a(k+ OAT 2 (k + 0)

Agpyw(k) = -~ ATz (k
ot Ay #(k) AT 2k + AL (k) O %)
alk +OA™ L2 (k4 ¢
+(1-a) ( m);““) E0 o atl & > ky.
Avy #(k+10)

Since a(k)A7 ' (k) is decreasing and A7,z (k) is increasing, we have

Aoy (atR)AZ ) w20+ 1)
(3.13)  Aypw(k) < Ag@fz(k) ) + (1 — )w(k + 7).

Using the decreasing nature of a(k)AZ(z)lz(k:) we have
(I(kﬁg)A;rL(z)lZ(l{?{;) < CL(]C)AZL(Z;Z(]{?) for all ]Cg > k > kQ.

Dividing the last inequality by a(k3;) and then summing it from k to k3 — ¢, we
obtain

k3 *’73*‘ ( k—kg+j+4re -|
6% £

m—2 ks ® m—2 m—1
An2a(ks) — al M AT (k) < a(k) AL 2(k)  alk+j+r0)

Letting [ — oo, we obtain

0 < al “TIAT 22 (k) + a(k) AT 2(k)S (k)

a(K)A™ 2 (K)o (k
or —1< (%) () (k) )—w(@ﬁgk)goforallkgzkzkg.

a(kg’e_kTAZ@?z(k) ol

Define v(k) by

a(r (k) AT (7 (k)

AZ}(—)QZ(I@)

(3.14) v(k) = for all k3 > k > k.

We obtain v(k) < 0 and
v(k)S(K)

ol #7 ]

—-1< <Oforall ks > k > ks.
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From (3.14), we get

Aa(@( (T (k))Am )Z( (k») a(7(k+£))Agz(£)1 (7 (k+0)
Aynv(k) = 2 B )2
w0v(k) AT (h) + (1 )
a(r (kM))A’ZJ(ﬁ e+ 0)
ATk + AL (k) Avip #(k)
Aa alT(k Am—lz (k ,
(3.15) < (e)( (T(R) A #(7( ))) P+ 0) e

AZI(Z)Qz(k) a(t(k + 1))
Combining (3.13) and (3.15), we obtain
Dot (aWAT =) w2 40
qu’(;fz(k) a(k + )

Aage) (a(T(k))AZZ)IZ(T(’f))> Pkt
N0 Patrte+0))

Aa(f)w(k) + pAa(Z)v(k) S

+p

Using (3.1) in the last inequality, we have
—LP(k)z(k —pt)  w?(k+10) v (k + ()

Agyw(k) + pAgpyv(k) < — —p
@l v (k) A2 (k) ak+0)  Talr(k+0))
(3.16) + (1 —a)wlk+£4)+ p(l —a)v(k+1).
Now from Lemma 2.5 we obtain
(3.17) k— of AO‘( S k= pl— )" DA 2k — pl

Since A7)'2(k) < 0and k — p¢ < k, we have
(3.18) AZ’(;)Qz(k:) < A?@fz(l{: — pl).
Combining the inequalities (3.16), (3.17) and (3.18), we obtain

“AQ(k)al
(m — 2)1m=2

Aaiow(k) + pAagy(k) < (k — pt — j)im2

Cwik+0) (k40
ak+0)  Pak+o)

(3.19) —(a—Nw(k+ ) —pla—1v(k+ 7).
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Multiplying (3.19) by §(k) and summation is taken on the resulting inequality
from ks to k — ¢, we obtain

ma (k)

(F2)w(ks) + wlke +j+rl+10)

r=0 a<k2 ‘|‘j Tf)a(w—l
k—kg ma(k)
+ pd(k)v(k) pogI_T-l 5(ko)v(ky) + p

S(kyw(k) — al 7

v(ky +j+ 7l +0)
= a(ky +j + r)al FHTE

+’”““Z(k ko4 j4+rl+0)5(ky +§ +10)

alky+j+rl+ 1) a(i’“ﬁ”’f ]

ma (k)

vi(ko+J+ 10+ 0)5(ky + 5+ 1l)
P Z alky +j+rl+0) [

ma (k)

+(a—1) w(ke +5+rl+0)0(ke+ j+ L)

+(a—1) v(ka +7+1rl+0)5(ka+j+ 1) <O.

Since {a(k)} is increasing, and {J(k)} decreasing, and on completion of square
yields

O TAQUes + j + 1) (ks +  + 1€ — p0)™ D5y + j + 1)
ko —k+rl—pl+L
r=0 (m —2)m—2q ‘ ]

( ko—ktrl+jt+e
7

B (I1+pa
da(ky +7+1rl+0)0(ke+j+1l+10)

+5(kyw(k) + po(k)o(k) < al T (((ka)w(ks) + po(ka)v(ks))

When we take limit supremum as £ — oo in the last inequality, we arrive at a
contradiction to (3.12). This complete the proof. g
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Theorem 3.5. let §(k) < oo and let (k) > k. If either (3.2) holds or 7' (k — p{)
is non-decreasing with (3.3) holds and for sufficiently large ki > kg

k—kg—j—¢

’ A(7 (ks + j + r0)Qko + j + 70) (ko + j + 1€ — pt)™ 2
= (m — 2)lem=2q [ 7= —m]

k27k+r2+j+£“

B (L+pa ™7 B
da(r(ko +j+ e+ 0)o(r(ko+jrrl+ )| 0

where 0 < A < 1 is a constant, then every solution {x(k)} of equation (1.1) is
oscillatory.

Proof. Consider {x(k)} is a non-oscillatory solution of equation (1.1). We shall
prove the case when {x(k)} is positive as the case for {z(k)} negative is similar.
Since {z(k)} is positive there exists an integer k; > ko such that z(k) > 0,
xz(r(k)) > 0 and xz(k — pf) > 0 for all £ > k;. From equation (1.1), we see
that {a(k)AZ"”(;)lz(k)} is decreasing for all £ > k;. Then there are two cases for
A7) 2(k), namely, either A7 '2(k) > 0 eventually or A7/ '2(k) < 0 eventually.
Case(i). Suppose Agl(;)lz(k:) > 0 for all £ > ky, the proof is similar to that of case
(i) of Theorem 3.2 and hence the details are omitted.

Case(ii). Suppose Agl(;)lz(k) < 0 for all £ > ki, Then by Lemma 2.4, we have
AT z(k) > 0 and Ag2(k) > 0. Now define (k) by

a(7 (k) A% 2(7(k))

k)= — forall k > ky > K.
Aa(@)zz(k)

Then ~(k) < 0 for all k£ > k,. Since a(k)A;”(;)lz(lc) is decreasing we have
a(T(kg))AZ'(Z)IZ(T(k’g)) < a(T(k))Ag(z)lz(T(k)) for all k3 > k > ks.
Divide the last inequality by a(7(k3)) and sum if from & to k3 — ¢, we obtain

k‘37k:-|
¢

A 22(1(ks)) — ol 7T AT 22(7 (k)

kg—k—j—¢

7 OCI'T(kfk3+j+e+r£)"|
< a7 (k) Af) 2(7(k))

L

—~ a(r(k+j+rl)

Letting k3 — oo, we obtain

kg3—k
e

(3.20) 0 < al T IAM22(7 (k) < a(r(k) AT 22 (r (K)o (r (k).
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Since A;’L(;)lz(k) < 0and A’;l(;)lz(k) is decreasing and for 7(k) > k, we have

(3.21) AZ”(;)QZ(T(I{:)) < Azq“(zfz(k:).
Combining the inequalities (3.20), (3.21) and (3.18), we have
—-1< W < 0forall & > k».
« £
Similarly defining w(k) by
a(k)A% ' 2 (k)
w(k) = — for all k& > ks,
Aa(f (k)
we get
—-1< % < 0 for all & > k.
o 4

Based on the proof of Theorem 3.4 we obtain (3.19). Multiplying (3.19) by
d(7(k)) and then sum it form k, to k — ¢, we get

ma (k)

2—‘5(7'0{72))11}(]{72) + wiky +j+rit

o |’k2+j+ﬁ7k+r2‘|

S(r(k)w(k) — al

= a(r(ky +j +r0))
+ po(r(k))u(r(k)) — pal 7 16(r(ka) v (ky)

+p
= alr(ky +j +r0))al

’”i(’“ w? (ks + j + 10+ 0) 5((ks + j +r0))
(

T(ky +j+rl+10)) [

(ke +j+rl+ 1)

k2+j+£7k+rl‘|
7

r=0

A "%’ QUks + j + 10) (ks + 70 — pO)" 2 8(r (kg + j + 10))
(m — 2)1gm=2

|' ko —pl-&-f—k-&-r(f _m‘l

I mi(é Vike+j+rl+10) 6(1(ka+J+1L))
Y T(ky+j+rl+10) [
ma (k)

+(a=1) Y wlky+j+rl+ 05(r(ky + j + L))

r=0

m

+ (a—1) (ke +j+rl+0)0(t(ke +j+1l)) <0

N
—~

=
N2

ﬁ
Il
=)
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Since {a(k)} increasing, and {J(k)} decreasing and by the completion of square,

we arrive at

o(k)w(k) + po(k)o(k)

" AQky + j + 1) (ke + 5 + 70 — p0)S"D5(r (g + j + 70)
+ Z ko —k+rl—pl+L
=0 (m — 2)!€m—2a( ]
(14 p)a- 2851

Cda(r(ky+ G+ 10+ 0)5(r(ka+j+ 1L+ 1))

k—ko

< al T (S (ko) yw(ka) + po(7(ka))v(ka)) -

By taking limit as k¥ — oo in the last inequality and arrive at a result which is

contrary to (3.12). That completes the proof. O
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