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ABSTRACT. The manuscript is devoted to investigation of generalized contrac-
tive and expansive mappings in G-metric spaces. We define the (m, p)-expansive
and (m, p)-contractive mappings in generalized metric spaces, which are exten-
sions of (m, p)-expansive and (m, p)-contractive mappings in metric spaces re-
cently introduced by the forth named author in [16] and [17]. Some of basic
properties of these classes of mappings are given.

1. INTRODUCTION AND PRELIMINARIES

The concept of a generalized metric (or G-metric) space is a generalization of
usual metric spaces and it is introduced by Mustafa and Sims [7], [8] and [9] in
the year 2004. For more results on (G-metric spaces and fixed points results, we
refer the interested reader to [4,9-12,15,18].

Definition 1.1. [8] Let X be a non-empty set and let G : X x X x X — R, be a
function satisfying the following conditions:

1) G(z,y,2) =0ifx =y =z

(2) 0 < G(x,z,y) forall z,y € X with x # .

3) G(z,z,y) < G(x,y,2) forall x,y,z € X with y # z.
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@) G(z,y,2) =G(x,z,y) = Gy, z,x) = --- (symmetry in all three variables)
(5) G(z,y,2) < G(z,a,a)+G(a,y, z) forall z,y,z,a € X, (rectangle inequal-
ity).

Then the function G is called a generalized metric or a G-metric on X and (X, G)
is called a G-metric space.

The study of expansive and contractive mappings in generalized metric space
is a very interesting research area in fixed point theory.

Let S be a self mapping on a G-metric (X,G) space. Then S is called G-
expansive if there exists a constant o > 1 such that for all (z,y,2) € X3, we
have
G(Sz, Sy, Sz) > aG(x,y, z)
(see [11]). S is said to be weakly G-expansive mapping if for all (z,y, z) € X3,
G(Sz,Sy,Sz) > G(x,y, 2).

A self mapping S of G-metric space (X, () is said to be G-contractive if there
exists a constant 3 € (0, 1) such that for all (x,y, z) € X3, we have

G(Sz, Sy, Sz) < pG(x,y, 2).
S is said to be weakly G-contractive if for all (z,y, z) € A3,
G(Sz, Sy, Sz) < G(x,y, 2).
Definition 1.2. [6] Let (X, G) be a G-metric space. We say that (x,,),, is
(i) a G-Cauchy sequence if, for any € > 0 there exists ny € N such that
V(n,m, 1) €N*: n,m,l>ng = G(Tn, Tm, 1) < €.

(i) a G-convergent sequence to x € X if, for an € > 0 there exists ng € N such
that

YV (n,m) e N*:n,m>ny = G(Tn, Tm, ) <.
(iii) (X, G) is said to be complete if every G-Cauchy sequence in X is G-convergent
in X.

Definition 1.3. [7] Let (X, G) be a G-metric space. A mapping S : X — X is said
to be G-continuous if (Smn)n is G-convergent to Sx whenever (x,,),, is G-convergent
to .
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In recent work T. Bermudez et. al. introduced and studied the concept of
(m, ¢)-isometric maps on metric spaces.

Definition 1.4. [5] Let (E,d) be a metric space. Amap S : E — FE is called an
(m, q)-isometry, (m € Nand q € (0,00)) if, forall z,y € E

> <7Z)d(5m‘kx, S Ey) T =0,

0<k<m

Very recently, in papers [16] and [17],the author introduced and studied a
classes of mappings acting on a metric space, called (m, p)-expansive and (m, p)-
hyperexpansive. Given a map S on a metric space (X, d) into itself, set

0W(d, S;z,y) = Y _ (—1>k(m)d(s’fx,s’fy)p,\m,yex,

k
0<k<m
where m € N and p € (0,00). The map S is said to be (m, p)-expansive if
eW(d, $;x,y) < 0.
When
@,(f)(d,S;a:,y) <0 forke{l,--- ,m},

we say that S is (m, p)-hyperexpansive. Moreover if @Sﬁ)(d, S;x,y) > 0, we say
that S is (m, p)-contractive and if S is (k, p)-contractive for all positive integer

k < m, the map S is (m, p)-hypercontractive. If @%)(d, S;x,y) = 0 for all z,y,
the map S is said to be an (m, p)-isometry.

2. (m, p)-EXPANSIVE AND (m, p)-CONTRACTIVE MAPPINGS IN G- METRIC SPACE

In the following, let (X', G) be a G-metric space, S : X — X be amap, m € N
and p € (0, 00). We define the quantity for all (z,y, z) € X3 by

PO(S: 2y, 2) = 1 k<m)G Sk Sy S )P,
(S;,y,2) ngzgm( ) (. )Gl y,S"z)

The concept of (m, p)-isometric mappings on G-metric spaces was introduced
and studied by A.M.Ahmadi in [2].

Definition 2.1. [2] S : X — X is an (m, p)-G-isometric mapping if and only if
S satisfies
Pi(S;x,y,2) =0 ¥ (2,y,2) € X,
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Remark 2.1. Observe that if S is a self map of a G-metric space (X, G) then
() Sisan (1, p)-G-isometric if G(Sz, Sy, Sz) = G(z,y,2) V (z,y,2) € X3,
(ii) S is an (2, p)-G-isometric if

G(S%z, S%y, Szz)p — 2G(Sz, Sy, Sz)p + G(z,y, z)p =0 V(z,y,2) € &>

Some properties of (2, 1)-G-isometric mappings have been proved in [13].
The following definition describes the families of maps we will study in this
paper.
Definition 2.2. Let (X, G) be a G-metric space and let S : X — X be a map. We
say that:
(i) Sis (m,p)-G-expansive ifPT(,f)(S;x,y,z) <0 V(zr,y,2) € X3
(ii) S is (m, p)-G-hyperexpansive i]‘P,gp)(S;x,y, 2) <0V k=1, ,mand
(z,y,2) € X%
(iii) S is completely p-G-hyperexpansive if 73,53’ )(S;x,y,z) <0V ke Nand
(z,y,2) € X3.

Definition 2.3. Let (X, G) be a G-metric space and let S : X — X be a map. We
say that
(i) S is (m,p)-G-contractive ifP,(fZ)(S; r,y,2) >0 V(z,y,2) € X3
(ii) S is (m,p)-G-hypercontractive U‘P,Ep)(S;x,y,z) >0 Vk=12,---,m
and (z,y, z) € X3;
(iii) S is completely p-G-hypercontractive if S is (k,p)-G-contractive for all
ke N.

Remark 2.2. (i) For any p € (0,00), (1, p)-G-expansive mappings S coincides
with weakly expansive; that is,

G(Sz,Sy,Sz) > G(x,y,2) foral (z,y,2) € &>

(ii) For any p € (0,00), (1,p)-G-contractive mappings coincide with weakly
contractive; that is,

G(Sx,Sy,S2) < G(z,y,2) fordl (z,y,2) € x>

(iii) The case of (m, p)-G-isometries is the intersection of the class of (m, p)-G-
expansive maps and the class of (m, p)-G-contractive maps.

We consider the following examples of (m, p)-G-expansive mapping and (m, p)-
G-contractive mapping which are not (m, p)-G-isometric mapping.
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Example 1. Let X = [0, 00) be equipped with the G-metric defined as follows:
G(%Z/az):|x_y|+|x_z‘+‘3/_z‘ v (Z',y,2>€)€3-

Define S : X — X by Sx = 3x. Then by straightforward calculation, one can
show that

PR = 3 (06t sty sty
0<k<m
p
= Z (—=1)mk <7:> <|Skx — SFy| +|S*x — SF2| + | Sty — Skz|>
0<k<m
p
m
= 2 ot (P @) (le - le =)
0<k<m

p
- (1—3p)m(|x—y|+\x—zl+]y—z!) :

Hence, S is a (m, p)-G-expansive map for positive odd integer m and a (m, p)-G-
contractive map for positive even integer m.

Example 2. X = [0,1] and G(x,y,z2) = |z — y| + |y — 2| + |z — x| be a G-metric
1 1

on X. Define the map S as follows Sz = 3% + Zx2. Clearly SX C X, and S is

contractive on X, since

G(Sz, Sy, Sz)
11,1 1, 1 1, 1 1, 1 1, 1 1,
= |2x+4x 59~ 1Y |—|—2x+4x 57 17 |+\22+4z 5Y 4y|

IN

1 1 1 1 1 1
gle =yl + Zle —ylle +yl + Jlo —2[ + Zlo = zlle + 2| + Slz = y[ + 7] —ylle + 4]
1 1 1 1 1 1
< §|$—y|+§|$—y|+§|$—z|+§|$—2|+§|Z—y|+§|z—y|
=lz—yl+lz—z[+ly -2l
Thus S is a weakly contractive mapping on X.

The following example shows that, in general, the G-expansiveness of a map
S does not necessarily imply the (m, p)-G-expansiveness of S for m > 2.

Example 3. Consider the usual G-metric G(z,y,z) = |z —y|+ |z — 2| + |y — 2| on
R. Let S : (R,G) — (R, G) defined by Sx = 3z + 2. Then by a straightforward
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calculation, one can show that

G(Sx,Sy,Sz) = |Sx— Sy|+ |Sz — Sz|+ |Sy — Sz|)
= 3(le—yl+lz—2l+ly—2l) = Glz,y.2)

and
G(S%z, Sy, S*2)P — 2G(Sz, Sy, S2)P + G(x,y, 2)P
= 32pG($7 Y, Z)p - 23pG(‘T7 Y, Z>p + G(l’, Y, Z)p = (31) - ]‘)QG(xu Y, Z)p > 0.

Now we conclude that S is (1, p)-G-expansive but it fails to be an (2, p)-G-expansive.
However; S is (2, p)-G-contractive but it is not (1, p)-G-contractive.

In same way, we have the similar example.

Example 4. Let (X, G) be a G-metric space. The map dg : X x X — R, defined
by

da(z,y) = <G(w,y,y)p + G(y7y,$)p) V (z,y) € X% p>0

is a metric on X. Let S is a self map of the G-metric space (X,G)). If S is a
(m, p)-G-expansive (resp. (m, p)-G-contractive), then S is a (m, p)-expansive (resp.
(m, p)-contractive in (X, dg).)

Remark 2.3.
P,(,’Z)(S;x,y,z) <0<+ 777(75;’)(5; Sz, Sy, S"2) <0, ¥V (x,9,2) € X%, VneN,.

Remark 2.4.

(i) A self mapping S for a G-metric space (X, G) is (m, p)-G-hyperexpansive if
S is (k, p)-G-expansive for all positive integers k < m, and S is completely
p-G-hyperexpansive if it is (m, p)-G-expansive for all positive integers m.

(ii) A self mapping S for a G-metric space (X, G) is (m, p)-G-hypercontractive
if S is (k,p)-G-contractive for all positive integers k < m, and S is com-
pletely p-G-hypercontractive if it is (m, p)-G-contractive for all positive in-
tegers m.

We let the difference operator ¥ : N — R given by the formula

V() = U(t) — Ut + 1).
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Observe that the relations
VU =¥, VWU =vVvV"lv

inductively define V" for all n € N.

(1) A real map ¥ on N is said to be completely monotone if (V"W)(¢) > 0
forallt > 0and n > 1.

(2) A real map V¥ on N is said to be completely alternating if (V"*W)(¢) < 0
forallt > 0and n > 1.

Proposition 2.1. Let S be a self map of a G-metric space (X,G) and p € (0, oo).
The following statements hold:

(1) S is an completely- p-G-hyperexpansive if and only if, the map ¥, , . :
N — R defined by ¥, ,, .(n) = G(S"z, S"y, S"z)" for every (z,y,z) € X,
is completely alternating.

(ii) S is completely-p-G-hypercontractive if and only if, the map V¥, , ,: N —
R defined by ¥, , .(n) = G(S"z, Sy, S"z)pfor every (z,y,2z) € X3, is
completely monotone.

Proof. By [3, Proposition 1.1, Proposition 1.2] we know thatamap ® : N — R
is completely alternating if and only if Z (—1)* (Z) d(m+k) <0 Vmnce

0<k<n

N and it is completely monotone if and only if Z (—1)F (Z)(I)(m + k) >
0<k<n

0 V m,n € N. By Choosing & = ¥, , ., thus, the statements (i) and (ii)

to be proved follow immediately. O

Proposition 2.2. For a self map S of a G-metric space (X,G), and (z,y, z) € X3,
the following identity holds:

2.1 PP(S z,y, 2) = 73,(5),1(5; Y, 2) — 73,(77;),1(5; Sz, Sy, Sz).
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Proof. We can use the standard binomial formula () = (m]’l) + (7;_’11) to prove
the needed formula. Indeed

PL(S; 2.y, 2)
- ¥ (-1)’?(?)@(5%,5’“%5%)”
0<k<m
= G(z,v, z)p + Z (—1)k (Z)G(Skx, Sky, Skz)p + (-1)"G(S™z, S™y, sz)p
1<k<m—1
= G(m,y, z)er Z (—1)’“{ (mk— 1) + (7:__11) }G(S’%, Sky, Skz)p +
1<k<m—1

+(-1)"G(S™x, S™y, S™z)"
U

Theorem 2.1. Let S be a self map of a G-metric space (X,G). If S is (m,p)-
G-expansive map for some m > 2 and it is (2, p)-G-hyperexpansive , then S is
(m — 1, p)-G-expansive.

Proof. Since S is a (2, p)-G-hyperexpansive map it follows that for all (z,y, 2) €
X3
G(z,y,2)" — G(Sz, Sy Sz)" <0
and
G(z,y,2)" —2G(Sz, Sy, 52)" + G(S*z, Sy, $%2)" <0

or equivalently

G(S%, S2y, S2z)p — G(Sx, Sy, Sz)p < G(Sx, Sy, Sz)p — G(Sx, Sy, Sz)p.

Now, we prove that (G(S”“x, Sntly, SnH2)P — G(Smx, SMy, S”z)p> is con-
n>0
vergent. In fact, observe that this real sequence is monotonically non-increasing

and bounded, so that it is convergent. Then there exists a positive constant K
such that

G(S”+1x, Sn—l—ly, Sn+12)p _ G(S”I7 S”y’ Snz)p — K as n — oo.
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Under the assumption Pq(ff)(S;m,y,z) < 0 for all (z,y,2) € A3 and m > 2 it
follows by using (2.1) that

Pli(e,y,2) < PRy (S; S, 5y, S2),
By repeating the process we get
PP (Six,y,2) < PP (S Sz, Sy, S"2), n > 1.
Now to prove this desired result, it suffices to show that
P,(,f),l(T; T'z, T"y,T"z) = 0 asn — co.

Here we note that

P (S5,9,2) = Pilo(S; 2.y, 2) — Pl y(S; S, Sy, S2),
and therefore

PY (S 5", Sy, 57z)

_ Z (_1)j (m]— 2) |:G(Sn+j$, Sn—l—jy’ Sn+j2)p . G(Sn+1+jl’, Sn+1+jy7 Sn-i—l-i—jz)p )

0<j<m—2
Letting n — oo in the preceding equality leads to
(m—2
Pﬁf),l(S; Stx, S"y, S"z) — Z (—1) (m ' )K = 0.
0<j<m—2 J
From which we deduce that P,(,’f)_l(T; r,y,2) < 0 for all (z,y,2) € X3. Conse-
quently, S is an (m, p)-G-expansive map and the proof is complete. O
The following example shows that Theorem 2.1 is not necessarily true if S is not

(2, p)-hyperexpansive.

Example 5. Let X = R (the real line) and define the map G : X* — R, as
follows:

N 1 1 1
ﬂm&wzzm—ﬂ+zm—ﬂ+ZW—ﬂ(m&ﬂeX?

Define S : X — X by Sx = 3+ 2x. Then by a straightforward calculation, we show
that S is a (5, p)-G-expansive but it fails to be a (4, p)-G-expansive.
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Proposition 2.3. Let S be a self maps of a G-metric space (X,G). Assume that S
satisfies
G(SZSE, S2y, S2z) = G(S:c, Sy, Sz) forall (x,y,z) € X°.
Then the following properties hold
(i) S is (m,p)-G-expansive for positive integer m if and only if S is weakly
expansive.

(ii) S is (m,p)-G-contractive for positive integer m if and only if,S is weakly
contractive.

Proof. Under the assumption on 3, it follows that G (S*z, S*y, S*z) = G(Sz, Sy, Sz)
fork=1,2,--- ,mand (z,y,2) € X3. Thus, we have

PL(S;2,y,2) = G(2,y,2)" — G(Sx,5y,82)", ¥V (2,y,2) € X°.

It is clear from the foregoing that a sufficient and necessary condition for the
sufficient condition for S to be (m, p)-G-expansive (resp. (m, p)-G-contractive)
is that S is weakly expansive (resp. weakly contractive). O

Proposition 2.4. Let S be a self map of a G-metric space (X, G). The following
properties hold

(1) If S is weakly expansive map for which S? = 0 then, S is (m,p)-G-
expansive.

(2) If S is (m,p)-G- contractive map for which S? = 0 then , S is weakly
contractive.

Proof. It we assume that S? = 0, we get for all (z,y, z) € X
73,(5’)(5; Ty, 2) = G(x,y, z)p — mG(Sx, Sy, Sz)p < G(x, v, z)p — G(Tx, Ty,Tz)p.
(1) If S is weakly expansive, then
G(z,y,z) —mG(Sz,Sy,Sz) <0 = PW(S: 2.y, 2) <0.

Thus, we have S is (m, p)-G-expansion.
(2) If Pr(,’f)(S; x,y,z) > 0, it follows that

PPz y, 2) = G(m,y,z)p—mG(Sm, Sy,Sz)p >0= G(m,y,z)p > G((Sx, Sy,Sz)p.

Thus, we have S is weakly contractive.
O
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In the following two theorems, we generalize [16, Proposition 2.8]

Theorem 2.2. Let S be a bijective self map of G-metric space (X, G). If S is (m, p)-
G-expansive map, then the following statements hold

(1) Ifmiseven, then S7!is (m, p)-G-expansive (resp. G-contractive) map.

(ii) If m is odd , then S~! is (m, p)-G-contractive (resp. G-expansive) map.

Proof Under the assumption that P (S; z,y, z) < 0 (resp. >0) V(z,y,2) €
X3 we have by a computation stemming essentially from the formula

m m
<k;) = (m_k),fork—o,l,--- ,m,

PO(S™ 2,y,2) = (—1)"PP(S; Sz, STy, ST 2).

m

Therefore for even integer m we have P¥ (S~ z,y,2z) < 0 (resp. > 0).

Hence, S~ is (m,p)-G-expansive (resp. G-contractive ), and for odd integer
m PE(SY: z,y,2) > 0 (resp. > 0) forall (z,y,2) € X® Hence, S~ is
(m, p)-G-contractive (resp. G-contractive ). O

Theorem 2.3. Let S be a bijective self map of G-metric space (X, G). If S'is (m, p)-
G-contractive map,then the following statements hold

(i) If m is even , then S~' is (m, p)-G-contractive map.
(ii) If m is odd, then S™' is (m, p)-G-expansive map.

Proof. The proof is similar to the proof of the theorem above, hence we omit it
here. U

Proposition 2.5. Let S be a map of a G-metric space (X,G). If S is bijective
(2, p)-G-expansive map, then S is (1, p)-G-isometric or G-isometric.

Proof. Since S is a (2, p)-G-expansive, we have
G(SQx, S2y, ng)p — G(S:L‘, Sy, Sz)p < G(Sx, Sy, Sz)p — G(Sx, Sy, Sz)p.
So, it must be the case that

G(Sk”x, Skt Sk+2z)p — G(Sk+1x, Sktly SkHz)p
< G(Skﬂx, Sktly, Sk“z)p — G(Skx, Sky, Skz)p, k> 0.
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Hence
G(S"x, S™y, S"z))p < Z (G(Skx, Sky, Skz)p — G(Sk_lx, Sk=1y. Sk_lz)p) + G(x,y, z)p
1<k<n
< n(G(SI,Sy,Sz)p—G(:E,y, z)p) +G(x,y,z)p
< nG(Sx, Sy, Sz)p +(1-— n)G’(w, Y, z)p,

which gives,

G(Sz, Sy, 527 » L=

G(x,y,z)p Y (z,y,2) € X3

Taking the limit as n — oo, we see that

(2.2) G(Sx, Sy, Sz)p > G(x,y, z)p, Va,y,z) € x?

which implies that S is (1, p)-G-expansive or weakly expansive. Moreover, since
S is a bijective (2, p)-G-expansive, then by application of Theorem 2.2, S~ is
(2, p)-G-expansive. Thus, we have

G(S’lu, S’lv,S’lw)p > G(u,v,w)p V (u,v,w) € X°.
Thus, we deduce that,
(2.3)
G(S‘lsx, S_lSy7S_1Sz)p = G(:B,y, z)p > G(Sx,Sy, Sz)p, Y (z,y,2) € XP
Since S satisfies conditions (2.2) and (2.3), then we have
G(Sx, Sy, Sz)p = G(:U,y,z)p Y (2,9,2),€ X3

This means that S is a (1, p)-G-isometric or equivalently an G-isometric map.
This completes the proof of the proposition. g

It is known (see [5]) that a self map S of a metric space (X, d) is power
bounded map if

sup{ d(T"z,T"y), n=1,2,..} < oo forall z,y € X.

In the following definition we extend this notion to a self map of a G-metric
space as follows
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Definition 2.4. Let S be a self map for a G-metric space (X, G) . We say that S is
G-power bounded if

sup{ G(S”x, S™y, S"z), n=12..1}<oo foral (z,y,z) € &>

The following theorem gives a sufficient condition for an (m, p)-G-expansive
map (resp.(m, p)-G-contractive) to be (m, p)-G-hyperexpansive (resp. resp. (m, p)-
G-hypercontractive).

Theorem 2.4. Let S be a self map of G metric space (X, G). The following state-
ments hold.

(1) If S is (m,p)-G-expansive and G-power bounded, then S is (m,p)-
G-hyperexpansive.

(2) If S is (m,p)-G-contractive and G-power bounded, then S is (m,p)-G-
hypercontractive.

Proof.
(1) It is obvious from the fact that S is (m, p)-G-expansive and (2.1) that

PE L (Ssa,y,2) < PP (S; S, Sy, Sz) < ... <PE (T, T, Ty, T"z).
Using (2.1),we obtain we have
PP (S; "z, S™y, §72)

_ Z (_1)k (mk_ 2) {G(Smk% SnJrky’SnJrkz)P _ G(Sn+1+k$’ grtltky Sn+1+kz)p _

0<k<m-—2 h g

-~

=Qn (wyyvz)

The condition that S is G-power bounded gives for all (z,y,2) € A3
the sequence (Q,(z,y,2)), C R is bounded, therefore has convergent
subsequence (Q,, (z,y, z))r>o whose limit is [ € R. We conclude that

{G(S””jx,S”’“Jrjy,S””jz)p—G(S"’“Hﬂx,S”’“+1+jy, S””sz)p — 1 as k — oo.
So we get that
PP (S, Sz, Sy, S 2) — 0 as k — oo.

This proves that Pff)_l(S; z,y,z) < 0 and we can apply Definition 2.2
to obtain that S is (m — 1,p)-G-expansive map. Regarding that S is
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(m—1, p)-G-expansive and GG-power bounded, in similar way we can get
777(75’),2@, y,2) < 0 for (x,y,2) € X3. Analogously, we can conclude that

P;Ep)(S;x,y,z)SO for 1<k<m and(z,y,z2)€ X’

Hence, S is (m, p)-G-hyperexpansive.
(2) Regarding that S is an (m, p)-contractive together (2.1), we observe that

Pr(f)_l(s;x,yz) > 737(5)_1(5; Sx,Sy,Sz) > > 737(7};)_1(5; S™x, S™y, S"z).
Tanking into account (2.1),we have
PE (S5 8™, Sy, S"x) = P (S S, Sy, S72)~PE (S5 S e, Sy, S z),
and by a routine calculation, one can verify that
P (S; 5™, S™y, 5" z)

_ Z (_1)]’ (m — 2) |:G(Sn+jx, SnJrjy7 SnJrjz)P . G(SnJrlJrjl', Sn+1+jy, Sn+1+jz)P )

0<j<m-2 J
Following the line of the proof of the statement (1) one can easily get
737(5)_1(5; S Sy, S™z) — 0 as k — 0.

This implies that, PT(,{’)_I(x, y,z) > 0 and so that, S is (m—1, p)-contractive.
By repeating this process, we reach the following inequalities
P,Ep)(S;x,y,x) > 0for k =1,2,--- ,m and (x,y,2) € X* which shows
that S is an (m, p)-G-hypercontractive.

g

The following theorem gives a characterization of (3,p)-G-isometric map-
pings. Our inspiration cames form [14].

Theorem 2.5. Let S be a self mapping for a G-metric space (X,G). Then S is an
(3, p)-G-isometric mapping if and only if S satisfies

(24) G(Sn[E, Snya Snz)p = G(flf, Y, Z)p + an(fL’,y7 Z) + HQQQ(JZ,y, Z)

where

1
QQ(ZE,y,Z) = 5 <G(SQ$752y, 522)1) - 2G(SZE, Syﬂgz)p + G($7y72)p)
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and

1( — G(S%z, 8%y, S%2)? + 4G(Sz, Sy, Sz)? — 3G (x,y, z)p).

Ql(xaya Z) = 9

Proof. We prove the if part of the theorem. Assume that S satisfies (2.4). For
n = 3 we obtain

G(S%z, %y, $%2)"
= G(2,9,2)" +3Qi(z,y,2) + 9Q2(z,y, 2)
)"+

(
( 2 < — G(S%x, Sy, S?2)P 4 4G (Sz, Sy, Sz)P — 3G(x, Y, z)p)

I
D)

I? y?z

J
2
= G( ) — 3G(S%r, Sy, S*2)P — 3G(Sz, Sy, Sz)P.

+

<G(S x, 5%y, $%2)P — 2G(Sxz, Sy, Sz)P + G(z,y, z)p)

Hence, we have
G(ng, S3y, S3z)p — 3G(S%z, S*y, S*2)? + 3G(Sx, Sy, Sz)P — G(x,y, z)p =0,

and so that, S is an (3, p)-G-isometry.

We prove the only if part. Assume that S is an (3, p)-G-isometry. We prove (2.4)
by mathematical induction. For n = 1 it is true. Assume that (2.4) is true for n
and prove it for n + 1. Indeed, for all (z,y, z) € X we have

G(sn-{—l Sn—i—ly’ Sn—l—lZ)P
= G(S"Sz,8"Sy,S"Sz)"
= G(Sz,S8y,52)" +nQ:(Sz, Sy, Sz) +n’Qa(Sz, Sy, Sz)
G(

7’L2

—l—? <G(S3x, Sy, S32)P — 2G(S%w, SY, S*)P + G(Sx, Sy, Sz)p>

2 _
_ (n 2 n)G(S3x, S3y, $32)" — (n® — 2n) (S, Sy, 522)"

(n2—3n—|—2
+ -

5 )G(Sx, Sy, Sz)p.

Sx, Sy, Sz) g( — G(S%z, 8%y, S°2)P + 4G(S%x, S%y, S*2)P — 3G(Sx, Sy, Sz)p)
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Now, using the fact that S is an (3, p)-G-isometry we can obtained
Sn+1 Sn+1 Sn+1 )
( — 2n)G(52x, S2y, SQz)p
n2
+ (ﬂ) G(Sa:, Sy, Sz)p

2
2 - 2
(Y asnsr (H sy
n
_l’_

) ( x y,z)p + 3G(S%z, S*y, S*2)P — 3G(Sz, Sy, Sz)p)

2

(G(%ya 2)" + Qi(a,y, 2) +Qz(x,y,z)) + (n 2_n>G(x,y,z)p

= G(z,y,2)" + (n+ 1D)Qi(z,y,2) + (n+1)°Qa2(z, y, 2).

_ <”2;" (G(x y,2)" +2Q1(z,y, 2 )+4Q2(ff=yvz)>
)

U

Proposition 2.6. Let (X}, Gy) be a G-metric space for k = 1,2, ---n and let Sy be a
self mapping for a the G-metric space (Xy, Gi),k =1,--- ,nbe. Put X = H Xy

1<k<n
the product space endowed with the product G-metric defined by

G((zr)1<n, (Yk)1<n, 28)1<0) = ( Z Gk(wk,yk,zk)p) , p>0.

1<k<n

Define the map S = S1 X Sy X -+- X Sy : (X,G) — (X, G) as follows
Sx = (Slel,SQZEQ,' s ,Snﬁlfn) (Il,' B ,In) € X",

the following statements hold.
(1) Ifeach Sy is an (m, p)-G-isometric mapping, then S is an (m, p)-G-isometric
mapping.
(ii) Ifeach Sy is an (m, p)-G-expansive mapping, then S is an (m, p)-G-expansive
mapping.
(iii) If each Sy is an (m,p)-G-contractive mapping, then S is an (m,p)-G-
contractive.
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(iv) If Sk is (mg, p)-G-hyperexpansive mapping for 1 < k < n, then S is an
(m, p)-G-expansive where m = min(my, - - - , my,.

(V) If Ty is (my, p)-G-hypercontractive mapping for 1 < k < n, then S is an
(m, p)-G-contractive where m = min(my, - - - , m,.

Proof. Let v = (w4)1<k<d, ¥ = (Yr)1<k<q @0d 2 = (2x)1<r<q € X. We have that

PR = 3 (/7)o .y

0<j<m J
= ) (—1)”( >( > <Gk(5ixk,5,iyk,5,ﬁzk)p)>
0<j<m J 1<k<d
S ( 3 <—1>J( .)G<Tgxk,T,5yk,ngk>P)
1<h<n \0<j<m J
- Z Pg)(5k7$k7yk7zk)
1<k<n

The statements (i), (ii) and (iii) follows immediately.

(iv) If Sy, is (my, p)-G-hyperexpansive for k = 1, - - | n, it follows that Sy is (m, p)-
G-expansive mapping and hence S is (m, p)-G-expansive by statement (ii).

(v) If Sg is (my,p)-G-hypercontractive for £k = 1,--- ,n, it follows that Sj is
(m, p)-G-contractive mapping and hence S is (m, p)-G-contractive by statement
(iii). O

Recall that an bounded operator S : H — H (H is a Hilbert space) is called
an m-isometric if S satisfies

)k m) SHhgk — (),
e (;
In [1], it was proved that if S is an m-isometric operator , then S is injective ant
its range is closed.

In the following theorem, we generalize the above-mentioned results accord-
ing to (m, p)-G-isometric mapping in compete G-metric space.

Theorem 2.6. Let S be a self mapping of a complete G-metric space (X,G). If
S is G-continuous (m, p)-G-isometric mapping. Then S is injective and R(S) (the
range of S) is G-closed in X.
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Proof. Firstly, we prove that S is injective. Let x,y € X such that Sz = Sy.
Assume that x # y. Since S is an (m, p)-G-isometric mapping and S*x = S*y for
k=1,---,m it follows that

PR(S2,y,2) =0 Gz,9,2)" + 3 (-1)f (7;3>G(Skx, S*z, 5F2)" = 0.
1<k<m
By taking = = z we obtain

G(z,y.2)"+ ) (—1)’f<”;) G(S*e, S*e, SFz)" = 0.

1<k<m

=0

So, it must be the case that ¢ (m, y,z) = 0. By the second condition of G-metric,
we get a contradiction. Hence, x = y and S is injective map.

We prove that R(S) is G-closed. Let (z,,), be a sequence in X" such that T'z,, —
y in (X,G). Since S is G-continuous we have S*z,, — S*y in (X, G) for k =

1,---,m.. Under the assumption that S is an (m, p)-G-isometric, we get

G(mn,xm,xl)p =— Z (—1)F (m>G(Ska:n,Skxm,Skxl) for all n,m,l > 0.

k
1<k<m

It is well know that (S*z,,),, are Cauchy sequences in (X, G) for k =1,2,--- ,m.
We obtain that (z,), is a Cauchy sequence in (X, G). Due to the completeness
of (X, ), there exists © € X’ such that (z,), is G-convergent to x. On the other
hand, using the fact that S is GG-continuous, which yields that Sx,, — Sz as
n — oo. This implies that y = Sz, which yields that R(.S) is G-closed. O
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