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ON STRICT-HONEST AND SUPER-HONEST N-SUBGROUPS
NAVALAKHI HAZARIKA' AND NARAYAN NAYAK

ABSTRACT. Extending the notion of honesty, complete-honest and strict-honest
N-subgroups are introduced in near-ring groups and various characteristics of
these N-subgroups are investigated. The torsion and complete-closure exhibit
the super-honesty character of certain N-subgroups of E. Also the relation be-
tween strict-honest, complete-honest, complete-closed and super-honest char-
acters of N-subgroups are established.

1. INTRODUCTION

The concept of honest subgroups was introduced by Abian and Rinehart in
[1]. Further the concepts honest submodules, isolated submodules are studied
by Fay and Joebert [8]. Further honest submodules were conferred by Jara[6]
with respect to a collcection of submodules. Again the notion of super-honest
submodules was studied by Joubert and Schoeman [7] and Cheng [2]. Saikia
and Hazarika[3] extended the concept of super-honesty in modules to nearing
groups. The honest and super-honest character provides a new ore domain.
In this paper we define the structures complete-closed, complete-honest and
strict-honest structures in near ring and investigate their various characteristics.
Torsion and closed character of an N-subgroup exhibit the relation with strict-
honest, complete-honest and super-honest N-subgroups.
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2. PRELIMINARIES

All basic concepts used in this paper are available in Pilz [4]. Throughout the
paper we consider N a zero symmetric right near-ring with unity 1 and F a left
N-group.

Definition 2.1. N-subgroups A, B of E are such that A C B then A is essential in
B when any non-zero N-subgroup C of E contained in B has a nonzero intersec-
tion with A. In such cases B is an essential extension of A. If B = E we say that A
is an essential N-subgroup of E.

Definition 2.2. An N-subgroup M of E is called essentially closed if whenever C
is an N-subgroup of E such that M is essential in C' then C' = M.

Definition 2.3. The set (B : a) is defined as (B : a) = {n € N| na € B}.

Proposition 2.1. If B is an N-subgroup of E and a € FE then (B : a) is an
N-subgroup of N.

Corollary 2.1. If B is an N-subgroup of N and a € N then (B : a) is an N-
subgroup of N.

Definition 2.4. N-subgroup B of N-group E is called c-closed or complete-closed
N-subgroup of E, if forany x € E, (B : z) = N, then x € B.

Example 1. We consider the near-ring N = {0,1,2,3,4,5} under the addition
module 6 and multiplication defined in the following table:

O oo oo olo
N A ONDNOIR
N RN ONDNOIN
O oo oo olw
N RO NDNON
U A WM R O|u

ua A W N O

Then (V, +,.) is a near-ring. If A = {0, 3} then A is N-subgroup of yN. Since
(A:e) =N and for e = 0 and 3. So A is c-closed.

Definition 2.5. Complete-Torsion or c-torsion of N-group E is the subset {e €
E | (0:e)= N} and is denoted by “T(E).
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Definition 2.6. If “T(E) = 0, E is called c-Torsion free N-group.

Example 2. We consider the near-ring N = {0,1,2,3,4,5,6, 7} under the addition
module 7 and multiplication defined in the following table:

o1 234567
0/0 000000 O
1111111111
2012 2222222
3/3 3333333
414 4 4 4 4 4 4 4
5/55555555
6/6 6 666 6 6 6
717 7777777

Here (0 : e) = N only for e = 0. So “T(E) = 0, E is c-torsion free N-group.
Proposition 2.2. If N is distributively generated, then “T(E) is N-subgroup of E.

Proof. Let e, e € “T(E) = (0:¢;) = N fori = 1,2 i.e ne; = 0,ne, = 0 for all
n € N. Since N is distributively generated, n(e; — e3) = 0. So e; — ey € “T(E).
Again let e € “T(E), so ne = 0 for all n € N. Now for a € N, na € N and we
get (na)e = 0 foralln € N = n(ae) = 0foralln € N. Sofora € N,ae € °T(E).
Thus “T(E) is N-subgroup of E. O

Definition 2.7. Complete-closure of M in E is the subset {e € E| (M :¢e) = N}
and we denote it by CI(M). So M is c-closed if “Cl(M) = M.

Lemma 2.1. If N is distributively generated then for any left N-group E and any
N-subgroup M C E we have “CI1(M) is an N-subgroup of E.

Proof Letey, ey € “CI(M), then (M : e;) = N and (M : e;) = N i.e ne;,nes € M
for alln € N. As N is distributively generated, n(e; + e;) € M. Then (e; +¢e3) €
CClUM). Let x € CI(M) and n, € N, then for all n € N,nz € M. We have
n(niz) = (nny)z € M , so we have nyx € “CI(M) for any n; € N. Thus “CI(M)
is an N-subgroup of E. O

Definition 2.8. The set of torsion elements of E, Ty(E) ={e € E| (0,e) # 0}
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Definition 2.9. If T y(E) = E, E is called torsion N-group.

Example 3. N = {0, a, b, ¢} is the Klein’s four group with multiplication

0 abc
0/0 0 OO
ajla a a a
b|0O 0 0 O
cla a a a

Then (N,+,.) is a near-ring. In yN, Tx(yN) = yN . So yN is torsion
N-group.

Definition 2.10. If T'y(E) = 0, E is called torsion free N-group.

Example 4. N = {0, a,b, c} is the Klein’s four group with multiplication

0 abc
0/0 00O
ajla a a a
b|b b b b
clc c cc

Then (N, +,.) is a near-ring. In yN, Tn(yN) = 0. So yN is torsion free
N-group.

Definition 2.11. [5] An N-subgroup (ideal) M is called super-honest in E if z €
E\ M forn € Nynx € M = n = 0. If Bis an N-subgroup (ideal) of N then B
is called a super-honest N-subgroup (ideal) of N if B is super-honest N-subgroup
(ideal) of N considered N as N-group yN.

3. STRICT-HONEST AND C-HONEST N-SUBGROUPS AND THEIR CHARACTERSTICS

In this section we characterize complete-honest, strict-honest N-subgroups
with complete-closed and torsion structures.
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Definition 3.1. Let K C FE be an N-subgroup of an N-group E. We say K is
complete-honest or c-honest N-subgroup of E, if for some x € E,Vn € N,nx € K,
and 3n € N, such that nx # 0, then x € K.

Example 5. Let N = Z; is a set with operations ’+’ as addition modulo 6 and .’
defined by following table:

W o W o W oo
= N W h U1 O
= N W b U1 O
W O W O W oW
ua N W N~ O~
u N W N~ Olun

ua A W N O

Then (Zs, +, . ) is a near-ring. If A = {0, 3} then A is N-subgroup of y N. For
e=0and3,Vn € N,ne € Aand ne # 0 forn =1, 3, 5. So A is c-honest.

Definition 3.2. Let K C FE be an N-subgroup of an N-group E. We say K is
strict-honest N-subgroup of E, if for any x € E,n € N, nx(# 0) € K then
r e K.

Remark 3.1. K is c-closed in E implies K is c-honest in E. But if K is c-honest
in E, then K may not be c-closed in E. And K is strict-honest in E implies K is
c-honest in E. But if K is c-honest in F, then K may not be strict-honest in E.

Example 6. We consider the near-ring N = {0, a, b, ¢, z, y} under the addition and
multiplication defined as Example 1.1 [9]. If A = {0,a} then A is N-subgroup of
~NN. Forany n € N, ne(# 0) € A for e = a. So A is strict-honest. Similarly
{0,b} and {0, ¢} are also strict-honest N-subgroups of yN.

Lemma 3.1. For N-subgroups H and M of E, we get the following statements.

(a) If H is strict-honest in M and M is strict-honest in E then H is strict-honest
in E.

(b) M is strict-honest in E if and only if M /H is strict-honest in FE/H, where
H is ideal of F.

(c) If H isideal of E and H, M/H are strict-honest in E/H, then M is strict-
honest in E.
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Proof. (a) We consider e € E,n € N such that ne(# 0) € H. Then ne € M [since
H C M] hence e € M as M is strict-honestin . Bute € M, nec H =>ec H
as H is strict-honest in M. Soe € F,n € N such thatne € H = e € H gives H
is strict-honest in F.

(b) We consider e € £, n € N such that n(e+ H)(# 0) € M/H. Then ne(# 0) €
M, hencee € M. Wegete+ H € M/H. So M/H is strict-honest in £//H.

(c) Lete € E, n € N be such that ne(# 0) € M. If ne € H thene € H C M.
If ne # H, then (0 #)n(e + H) € M/H , hence (e + H) € M/H and we get e
€ M. O

Remark 3.2. The same results follow for c-closed N-subgroups also.

Lemma 3.2. Let M C E be an N-subgroup then For m € (“CI(M)\ M) if have
Nm N M = 0we get M is c-honest in E.

Proof. For any m € (CIl(M)\ M) and Nm N M = 0, to show M is c-honest in
E.letforalln € N and e € E, ne € M and for some n € N, nxz(# 0). To show
e € M. If possible e ¢ M, bute € “CI(M) . Then Nen M = 0 is a contradiction,
since for alln € N, ne € M . So e € M, which implies M is c-honestin £. [

Lemma 3.3. Let M C E be an N-subgroup then For m € (CI(M)\ M), if M is
strict-honest in E, we have Nm N M = 0.

Proof. We consider M is strict-honest in E and m € (“CI(M) \ M). If possible
P(#0) € NmNM = P € Nmand p € M = P = nym for some n; € N
and p € M. Asm € “CI(M) foralln € N, nm € M, sonym € M. As M is
strict-honest in £ and nym € M , m ¢ M we must get nym = 0. i.e. P =0, a
contradiction. d

Lemma 3.4. Let M C E be an N-subgroup. If M is strict-honest in E then for
m € (CI(M)\ M) we get Ann(m) = N.

Proof Let z € “CI(M). So for all n € N,nx € M, then nz = 0 [ since M is
strict-honest in F, x ¢ M ]i.e. n € Ann(x)i.e. N = Ann(x). O
Lemma 3.5. Let M C E be an strict-honest N-subgroup, then “CI(M) = M U
°T(E).

Proof. Let x € “CI(M). Since M C “CI(M) As “CI(M) = {e € E| (M :e) =
N} and M is N-subgroup of E . So if v € M done. If z ¢ M as x € “CI(M),
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foralln € N,0=mnz € M [ Since M is strict-honest in E] = x € “T(FE). Thus
re MUCT(E).

Conversely, let z € M UCT(E) = if z € M then # € “CI(M) is obvious.
r € “T(E) = foralln € Nynx =0 € M = z € “Cl(M). So “CI(M)
M UCT(E)

O
Corollary 3.1. Let M C E be an strict-honest N-subgroup such that “T(E) C M,
then it is c-closed. In particular, if E is torsion free then an N-subgroup M C E'is
c-closed if it is strict-honest.

Proof. By Lemma 3.5 if M C F is strict-honest then “CI(M) = M U°T(E) =
[as “T(E) C M]. So M is c-closed. In particular F is torsion free = “T(E) =
Then we get M C F is strict-honest which implies “CI(M) = M UT(E) = M
Thus M is c-closed in E. O

M
0.

Corollary 3.2. Let M C E be an N-subgroup such that “T(E) C M, then M
is c-honest N-subgroup iff it is c-closed. In particular, if E is torsion free then an
N-subgroup M C E'is c-honest iff it is c-closed.

Proof. Since M strict-honest=- M c-honest and M is c-closed = M c-honest. [J

Corollary 3.3. Any strict-honest N-subgroup M C FE satisfies either M C “T(E)
or “T(E) C M, if N is distributively generated.

Proof. Since M is strict-honest in E, so “CI(M) = M U°T(E). “Cl(M) and
“T(E) are subgroups. Hence either M C “T(FE) or “T(E) C M, as union of
two subgroups is subgroup if one contain the other. O

Corollary 3.4. (# 0)M C FE is strict-honest and if M is c-torsion free then E is
c-torsion free and (# 0)M C E is c-closed where N is distributively generated.

Proof. Since (# 0)M C F is strict-honest so by corollary 3.3 either M C “T(E)
or “T'(E) C M. First to show “T(E) = 0, if M is c-torsion free. Let x(# 0) €
“T(E) =foralln € N, nz = 0. Now if z € M, for all n € N, nx = 0 only for
x = 0 [since M is c-torsion free], a contradiction. Again let (# 0)x ¢ M, so we
get M C “T(E). For this condition for any y € M = y € “T(E) = ny = 0 for
alln € N. But as M is c- torsionfree, ny = 0 for all n € N only for y = 0, a
contradiction. So x = 0 which implies F is c-torsion free. Next to show M C F
is c-closed. Let # € E, such that for all n € N, nz € M. Now E is c-torsion-free,
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so (0 : ) = N only for x = 0, which gives for all n € N, nz = 0 € M for
x =0 € M. Again M is strict-honest in E so M is c-honest in E , so for all
neN,nx(#0)e M =zeM= MC Eis c-closed. O

Lemma 3.6. Let { M, : A € A} be a family of strict-honest N-subgroups of E, then
NaM y is strict-honest.

Proof Let e € E , n € N be such that ne(# 0) € NyM,, Therefore ne €
My,VA = e € M, [ since M, strict-honest, VA ] = e¢ € N\ M. O

The intersection of all strict-honest N-subgroups of F is the smallest strict-
honest N-subgroup of E. We denote it by S. If S C FE, then E has proper
strict-honest N-subgroups, otherwise FE is the only strict-honest N-subgroup of
E itself.

Lemma 3.7. If E and E' are N-groups, fis a N-homomorphism from E to E', then
for each strict-honest N-subgroup B of E', f~'(B') is a strict-honest N-subgroup
of E.

Proof. Let for some n € N, v € E, nx(# 0) € f~Y(B). Then f(nz) = nf(z)(#
0) € B, f(z) € B'. Since B’ is strict-honest in £', it follows that = € f~' (B').
Hence f~! B’ is strict-honest in E. O

Corollary 3.5. If S is the smallest strict-honest N-subgroup of an N-group E, then
for each N-endomorphism f of E, f~(S) D S D f(S).

Proof. Since f~!(S) is a strict-honest N-subgroup of E, f~1(S) O S. Hence
P> f(P). O

4. RELATIONS OF STRICT-HONEST AND SUPER-HONEST N-SUBGROUPS

In this section we study the relation between strict-honest N-subgroups and
super-honest N-subgroups with help of the structure essentially closed N-subgroups.

Lemma 4.1. If M is super-honest in E then M is strict-honest in E.

Proof. To show M is strict-honest in E. So for somen € N and e € E. 0 # ne €
M to show e € M. If possible e ¢ M. Then n = 0 [ since M is super-honest in
E7], a contradiction as 0 # ne. O
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Lemma 4.2. If M is an N-subgroup of E such that “T(E) C M, then M is an
essential N-subgroup of “CI(M).

Proof. Let A be N-subgroup of “Cl(M). We assume ANM = 0. Let m € A, then
m € “CI(M) implies nm € M, for all n € N. Also nm € A VYn € N, implies
nm € M N A = 0. This gives nm = 0 for all n € N. Thus m € “T(E) C M. So
m € AN M = m = 0. This gives A = 0. Thus M is an essential N-subgroup of
CClUM). O

Lemma 4.3. Let M be an N-subgroup of E. Then M is essentially closed N-
subgroup of E satisfying “T(E) C M implies M is c-closed.

Proof. If M is a essentially closed N-subgroup of E such that “T'(E) C M, then
by above we get M is c-closed. O

Theorem 4.1. If M is an ideal of an N-group E then M is super-honest in E if
and only if M is essentially closed in E ,“T(E) C M and °“T(E/M) > Tn(E/M).

Proof. M is a super-honest N-subgroup of E implies M is essentially closed [4].
Againa € Ty(E) = (0:a) #0 = 2(#0) € (0:a)soxa =0. Ifa € M
then it is done. If « ¢ M ie. a € E\ M then x = 0 [ since M is super-
honest in £ ]. Hence contradiction to z # 0. So a € M. Thus T'nx(E) C M.
And so “T(E) C M, because “T(E) C Tn(E). Now Tn(E/M) = 0. Since
Ty(E) ={a€FE | (0:a)#0}.So Ty(E/M) ={ac E/M | (0:a)#0}.
Leta € Tn(E/M),a ¢ M = (0:a) #0=3 x(#0)suchthatz € (0:a) =
ra=0=xa+M =M = za € M where a ¢ M = x = 0, since M is super-
honest in E. Therefore Va € E/M, (0: a) = 0 and so Tx(E/M) =0 = M. So
°T(E/M) > Tn(E/M)holds as 7 € Ty(E/M) = M = x € M = nz € M for
alne N=x+M=M=0forallne N=7¢e“T(E/M).

Next consider a € F \ M with na € M for some n € N. If n # 0, then
ni=na+MeM=0=nec(0:a)=acTy(E/M).Soac T(E/M). Thus
(na) = 0, foralln € N. i.e. na € M foralln € N. Soa € “CI(M) = M [ by
Lemma 4.3], a contradiction . O

Corollary 4.1. If M is an ideal of an N-group E then M is super-honest in E if
and only if M c-closed and “T(E /M) D Tn(E/M).

Corollary 4.2. If M is an c-closed ideal of E and “T(E/M) D Tx(E/M) then M
is strict-honest in E.
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Theorem 4.2. Let M C E be an strict-honest ideal such that “T(E) C M and
“T(E/M) D> Tn(E/M), then M is super-honest in E.

Proof. As M C F is strict-honest ideal such that “T(E) C M, so it is c-closed
[by Corollary 3.1] and again “T'(E/M) D Tx(E/M), so M is super-honest in E
[by Corollary 4.1]. O
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