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ON MONOGENICITY OF RELATIVE CUBIC-POWER PURE EXTENSIONS
M. SAHMOUDI' AND A. SOULLAMI

ABSTRACT. Let K be a number field and L = K («) where « satisfies the monic
irreducible polynomial P(X) = X" — 8 in Og[X] (Of is the ring of integer of
K). In this paper we characterize the monogeneity of L over K by a simple and
efficient version of Dedekind’s criterion. As illustration, we construct an integral
basis of a family of number field of degree equal to 2 - 3" for a positive integer
n. As a consequence, we obtain a straightforward computation of discriminant

DL/K-

1. INTRODUCTION

Let R be a Dedekind ring of characteristic zero and K its fraction field. Let
L/K be a finite separable extension of degree n.

If R is a principal ideal domain, every finitely generated torsion-free R-module
has integral basis; so, any fractional ideal in a number field has an integral basis.

The problem of monogeneity (more generally existence of an integral basis)
is a classical topic of algebraic number theory. It was originally examined by
Dedekind [5] and since many number theorists have been attracted (c.f. [1-3,
8-10,13,15,17,20] and others). Indeed, Testing whether L/K has a relative
monogenic integral basis (RMIB for short) is a hard open problem, worse still,
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we don’t even know if the integral closure O, of R in L is necessarily a free R-
module despite that every fractional ideals of L is finitely generated and torsion-
free R-module. In the best case, we say that L./ K is monogenic or « is a PBG
of L/K, or equivalently, {1, a, o2, ..., a" '} for some « of Oy, is a basis for
Oy, over R which is denoted more briefly by O, = R|a].

The authors of [7,14], have given examples of quadratic extensions of imagi-
nary quadratic number fields for which there exists no relative integral basis and
by using a theorem of Artin, [21] gives necessary and sufficient conditions for
certain quadratic extensions of imaginary quadratic fields to have relative inte-
gral bases. Hereafter, [3,17], studies monogeneity in general quadratic cases.

For cubic relative extension, [20] give relative integral basis (RIB) for L/K
when L is a normal closure of K. This RIB simplifies and completes the one given
by [11] (1986), but for relative extensions of degree greater than 4, there is few
results on RMIB or RIB and almost published works deal with decomposable
extensions (which are composite of two pure subfields).

Throughout this article, we let Discg(P) and Dy /x denote the discriminants
over R, respectively, of the polynomial P(X) and the number field L over K.

In this note, we study relative monogeneity of L. = K(«) over its subfield
where « is a root of a monic irreducible polynomial of the form

P(X)= X" — B8 € Og[X], n € N*,

This allow to construct an integral basis for a family of extensions L/Q, such
that [L,Q] = 2 - 3" (n € N*), and compute the discriminant of L/K. As a conse-
quence, we compute the discriminant Dy, o given by the tower formula:

(1.1 Drjg = Nrjo(Drk).(Dryg)™ M,

where Ng /g denote the norm from K to Q (see [16, Corollary 10. 2] and [6]).
The following result allows us to explicite necessary and sufficient conditions
for a relative extension to admit a power integral basis:

Let R be a Dedekind ring, K its fraction field and v be a valuation on K.
Let L be a finite separable extension over K and o« € (O be an algebraic
integer over R such that L = K(«). Let P = Irrd(a, R) € R[X] be the monic
irreducible polynomial of . Let P = ay + a1 X + ... + a, X" € K[X]. We put
ve(P) = inf{v(a;) | 0 < i < n}, then v is a valuation on K[X] called the
Gauss valuation on K[X] relative to v. Let p be a non zero prime ideal in R
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and k := R/p its residual field. Let P be the image in k[X] of P and assume
that P = II/_, P is the primary decomposition of P in k[X] with P, € R[X]
a monic lift of the irreducible polynomial P, for 1 < i < r. Let V; € R[X] be
the remainder of Euclidean division of P by P,. Let v, be the p-adic discrete
valuation associated to p.

Then, by Dedekind Criterium (see [18], [12] or [19]), the element « is PBG
of L over R, if and only if gcd (P;, T) = 1 foralli = 1,--- ,r such that [; > 2.
So, the latest condition can be changed by the simplest one vg(V;) = 1 for all
1=1,---,rsuch that [; > 2.

2. MONOGENEITY OF RELATIVE CUBIC-POWER PURE EXTENSION - LOCAL CASE

Since we are going to apply the Dedekind Criterium recalled in introduction,
we begin by formulate our first main result in case of discrete valuation ring as
part of simplifying the general case.

Theorem 2.1. Let R be a discrete valuation ring with maximal ideal p = 7R and
finite residual field k. Let L be a finite separable extension of K, the quotient
field of R. Let o € L be a primitive element of L which be integral over R and
P(X) = X3 — B its monic irreducible polynomial in R[X]. Let v, = v, be the
p — adic discrete valuation associated to p. We denote by c;, the characteristic and
m the cardinality of the finite residual field k. Then

(1) Ifv,(B) > 1 then ais PBG of L = K if and only if v,(5) = 1.

(2) If v:(B) = 0, then the following properties hold:

(@) If ¢y, = 3, then a is PBG of L/ K if and only if

(2.1) vt =1)=1if f>n

'r+171

(2.2) v (8™

Where r is the smallest positif integer such that n —rf < f.
(b) If ¢ # 3, then ais PBG of L/ K.

—)=1lif f<nandn—rf<f

Proof. (1) First we note that P = X modulo p, then the remainder of the
Euclidean division of P by X is (X ) = /. So, a is a PBG if and only if

UW(B) =1L
(2) We assume that v,(3) = 0.
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(a) Since ¢;, = 3, we have m = 3/ for some integer f. Now by reducing
P modulo the unique prime ideal 7R which lies above 3R, yields:
P(X) = X" - B mod(TR)
(2.3) an gt
=X = mod(rR) (Since f™ = B modulo .)
Hence, we need only consider two cases: f > n and f < n,
e If f > n, the formula (2.3) can be written as:

P(X) = 73n—33'fm0d(7rR)

N —3f—n

— (X—ﬁ )311 mod(nR).

Let us denote by R;, the remainder of the Euclidean division

f-n f-n f-n 3"
of Pby X — 3 ". Then, R, = P(¥ ") = (53 > 5=
B3 — B. 1t follows immediately that a is PBG if and only if
v (B —1) = 1.
e If n > f, let r be the smallest positif integer such that n —
rf < f then we have:
PX) = x” — B modnR

3rf

an_rf — B) mod R

—_3n—rf —3f 3t
X" _3 ) mod 7R
3r'f.3n7'rf

—3f—n+rf
) mod TR

Il
s N s

—g(r+1)f—n\ 3"
) mod 7 R.

Then R, = ™" — 3, is the remainder of the Euclidean di-

vision of P by X — 3"""'™". So, a is a PBG if and only if

v- (8™ —B) = 1, which completes the proof, since v,(3) = 0.

(b) For the second case: from 5 € R\ p, it follows that P is a sep-

arable polynomial. Otherwise, if P has a as a double root, then

from P'(X) = 3"X3"~! we get o = 0 which means that 3 € p and
complete the proof in this case.
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We are going in table 1 to schematizes our results:

TABLE 1. monogeneity in local case

vy(B) > 1 ais PBG iff v, (B) =1
Cr 75 3 C = 3
fzn f<n and n—rf<f
v,(8) =0 |ais PBG | «aisa PBG iff aisa PGB iff
(BN —1) =1 v (T —1) =1

Remark 2.1. (1) We can replace the two properties (2.1) and (2.2) with the
following:

r+1_1

vr (8™

where r is the smallest positif integer such that n —rf < f.

—1)=1,

(2) In the case of the characteristic of k equal to 3, we can checks that the
condition v, (™! —1) = 1, is equivalent to: (3 is not a 3-power modulo 7

3. MONOGENEITY OF RELATIVE CUBIC-POWER PURE EXTENSION - DEDEKIND CASE

Let R be a Dedekind ring, K its fraction field, L a finite separable extension
over K and Oy, the integral closure of Rin L. Let « € (O, be an algebraic integer
over R such that L = K(«). Let P € R[X] be the monic minimal polynomial of
a.

The index of « is defined as the module index Indg(a) := [Op : Okla]].
Obviously, « is a PBG of L over K if and only if (Oy), = R,[a], for all non zero
prime ideal p in R if and only if p doesn’t divide the index ideal, Indg(«). Hence,
by using the standard Index formula:

Discgr(P) = Ind%(a).DL/K,
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a is a PBG of L over K if and only if p doesn’t divide the index ideal Indz(«) for
any prime ideal p in Sp;

Sp = {p € specR | p* divides Discg(P) }.

We denote by Spec(R), the set of the prime ideals of a commutative ring R.
Equipped with the Zariski topology, the closed sets of Spec(R) are the sets:

V(3) = {p € Spec(R) | T C p},

where 7 is an ideal in R. Note also that for any ideal J in R and n € N* we have
V(3™) = V(J).

Now, fix a non-zero prime ideal p € Spec (R). We are also interested in the set
of primes q in Oy with p C q —or equivalently p = q NR— and we call that set
for the fibre over p, denoted by Fibr(p).

Theorem 3.1. Let R be a Dedekind ring with finite residual field and K its fraction
field. Assume that char K = 0 and L = K(«) is a finite separable extension of K.
Let P = X*" — 3 € R[X] be the monic minimal polynomial of «. Then

(1) If the q—adic valuation v,(3) > 1 for all primes ideals q € Fibg(3), then a
isa PBG of L over K if and only if [ is square free.

(2) Let Fibr(3) — V(BR) = {p1;...; pn}- Let us denote by (v;)1<i<p the p; — adic
valuation associated to p; and m; the cardinality of the residual field R/p;.
Then ais a PBG of L over K if and only if " 3 is square free" and for all
ie{l;...;h}

wu(BmT =) =1if fi>n

Ui(ﬁm:i+l_1 —1)=1if fi<nandn—r.f; < fi,

where the optimal value of r; is the smallest integer satisfying the inequality
n < (r;+1)f; for alli € {1;....; h} such that f; <n.

Proof. Our proof starts with the observation that the discriminant of P(X) is
Discg(P) = 277°3%~1, then the set Sp = V(B R) U (Fibr(3) — V(BR)) is a
disjoint union, return to the introduction of this section, « is a PBG of L over
K if and only if p doesn’t divide the index ideal Indg(«a) for any prime ideal p
in Sp. So, let p be a prime in Sp. By localization at p, the ring R, is a Discrete
valuation ring. We may then use Theorem 2.1.
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(1) Our condition in the first case implies that Sp = V(5 R). Let p € V(BR),
then by Theorem 2.1, a is a PBG of L over K if and only if v,(5) = 1
which means that 3 is square free and complete the proof in this case.

(2) Letus first note that Sp = V(BR) U{py,...,pn}. Itis clear that charR/p;
3 (the characteristic of the field R/p; is equal to 3 since 3R C p;). Accord-
ing to the second case in Theorem 2.1, we can conclude that p; doesn’t
divide the index ideal Indg(«) if and only if vi(ﬂmzﬁl_l —1) = 1 with
r; = 0if f; > n. On the other hand, if p € V(5R), p doesn’t divide the
index ideal Indg(«) if and only if S is square free.

0

Remark 3.1. Theorem 3.1 is a generalization in relative case of p-power extension
for p = 3, studied in [4] Theorem 4.2.

4. ILLUSTRATION

Let K = Q(v/d) is a quadratic extension of the rational number field and d is
square free, we recall that the ring of integers O of K is Ok = Z]t| such that:

Vd if d=2,3 modulo 4
%3, if d=1 modulo 4.

And the discriminant is given by:

4d, if d=2,3 modulo 4

Do = ,
d, if d=1 modulo 4.

Theorem 4.1. Let K = Q(v/d) be a quadratic extension such that d is square
freed = 0 modulo 3. Let L = K(a) such that o®" = b =+Vd+1 (n € N*),
furthermore we assume that the ideal (v/d + 1) is square free in Ok, then L/K is
monogenic. In this case we note that:

B ={la;a? .. it tasta®; st T
is an integral basis of L/Q.

Proof. First of all we note that v,(b) = 0 where 30,k = p?, it is known that the
cardinality of Ok /p is 3 since the residual degree of p is f = 1 then two cases
arises:
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(1) If n = 1, then by Theorem 3.1, L/K is monogenic if and only if v,(b* —
1) = 1, we have b*—1 = d+2v/d = Vd(v/d+2). Since v3(d) = 1 (d square
free and d = 0 modulo 3) then, v,(Vd) = 1v,(d) = lex/qus(d) = 1.
Since otherwise by property of dominance principle v,(v/d + 2) = 0. So,
we can deduce that v,(b* — 1) = 1.

(2) If n > 2, it follows by Theorem 3.1, that « is a power basis generator if
and only if v,(b*"~! — 1) = 1 we have that

DY (31{;— 1) = v (321 (3]{;— 1) (@“) |

k=1 k=1
by property of dominance principle, it is easy to check that
3n—1 I
k—1y _
WX (j )V =0
k=1
and so,
3n—1 I
B =) =0V (Y (5 )V =1
— 3n—1
Satisfying the conditions of Theorem 3.1, so that L is monogenic, let denote
{1; ;0% ...; " 71} such RMIB. Using [3, Lemma 3.1] it’s obvious that
B ={l;a;0? .. Nt tasta®; ot T
is an integral basis of L over Q of degree 2 - 3". d
Theorem 4.2. Let K = Q(v/d) be a quadratic extension such that d is square free,
3t dand d = 2 modulo 9. Let L = K () such that o =b=+d+1(n=1, 2),

furthermore we assume that the ideal (v/d + 1) is square free in Oy and 3Z is inert
in Ok, then L/K is monogenic. In this case we note that:

B ={la;a? .. it tasta®; st T
is an integral basis of L/Q.

Proof. The ideal 30 = p is prime in Of. We claim that v,(b+ 1) = 0, we have
V(b — 20 — 1) = vy(d — 2) > 1 then v, (b* — 2b) = 0 and v, (b — 2) = 0 (since
vy(b) = 0), therefore v,(b+ 1) = v,(b — 2+ 3) = inf(vy(b — 2),v,(3)) = 0.

By Theorem 3.1 it is known that /K is monogenic if and only if v,(b® — 1) = 1.
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we already have that b* —1 = \/d(b"+b+b°+. . .+1), put h = b"+b5+b7+. . . +1,
expressing h as a polynomial in & = d — 2, we get
h = (b+ 7)o’ + (34b + 70)a” + (194b + 182)cr + (288b + 120) .

~ ~
S ~~ v~
A B C D

we calculate the valuation of every term of A,
e v,(D) =1 since v,(120) = 1 and v,(288b) = 2.
C) = vp(a) +v,(194(b+ 1) —9) = v, () since v,(9) = 2 and v,(194(b+

(
)
e v,(B) = 2vy(a) 4+ vp(34(b + 1) + 36) = 2v,(«x) + 0 since v,(36) = 2 and
vy(34(b+ 1)) = 0.

(

As we assumed that d = 2 modulo 9, v,(«) > 2 which means that 3v,(a) >
20y (a) > vp(a) > vy(D) then v,(A) > v,(B) > v,(C) > vy(D) = 1, as a result we
get v, (b® — 1) = 1, thus L/ K is monogenic.

Let denote {1; o; a?; ...; 3" 1} such RMIB. Using [3, Lemma 3.1] it’s obvious that

B ={1u 042; . agn_l; t; ta;ta2; ...;toz?’n_l}
is an integral basis of L over QQ of degree 2 - 3". 0

Corollary 4.1. With previous conditions in Theorem 4.1 and Theorem 4.2, the
discriminant Dy, q is given by:

323" (1 — d)¥"~1(4d)¥"  if d =2, 3 modulo 4

dL/Q = n n n .

323" (d)3" (1 —d)*" 1, if d =1 modulo 4.
Proof. Since L/K is monogenic we obtain Dy, = (3")*" *" !, then N q(Dy k) =
323" N1k (8) and the norm of v/d + 1 is Ni/g(8) = 1 —d, by discriminant tower
formula (1.1) it follows that:

3231 — d)¥"~1(4d)*" if d=2,3 modulo 4

dL -
/Q 33 ()3 (1 — d)*" ', if d=1 modulo 4.

i

Remark 4.1. The number field L/Q is not seen as composite fields which split
algebraically or arithmetically.
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