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ABSTRACT. In this paper, we study the concepts of subtractive partial I'-subsemimodules
of partial I'-semimodules. Also, we introduce the notion of left austere partial
I'-semimodule and study its characterization.

1. INTRODUCTIOIN

In 1995, M Murali Krishna Rao [3] developed the thory of I'-semirings and
showed that this class is the common extension of semirings and I'-rings. In
2014, M. Siva Mala [4] defined the concept of partial I'-semiring by replacing
the binary addition in I'-semirings to infinitary partial addition and showed that
this class is a common extension of partial semirings introduced by Arbib, manes
[1] and Benson [2] and M. Murali Krishna Rao [3] I'-semirings. Also M. Siva
Mala [5], [6] and [7] studied theory of ideals for the I'-so-rings. In [8], we
introduced the concepts of left (right) partial -semimodules over partial I'-
semirings.

In this paper, we study the concepts of subtractive partial [-subsemimodules
of partial I"-semimodules. Also, we introduce the notion of left austere partial
I'-semimodule and study its characterization.
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2. PRELIMINARIES

In the preliminaries, we recollect the necessary concepts from the literature.
Throughout this paper, we use the following notations.

(1) PM stands for partial monoid.

(2) PI'SR stands for partial I'-semiring.

(3) L(R)PI'I stands for left (right) partial I"-ideal.

(4) SL(R)PII stands for subtractive left (right) partial I"-ideal.
(5) L(R)PI'SM stands for left (right) partial I'-semimodule.
(6) PI'SSM stands for partial I'-subsemimodule.

(7) SPI'SSM stands for subtractive partial I'-subsemimodule.
(8) LA stands for left austere.

A mapping a : A — G from a set A to a nonempty set GG is called a A-family
in G. It is denoted by (a; : | € A), where a; = la,V I € A. A sub family of
(a; : 1 € A) is a family (ay, : k € K) where K C A. The family (¢; : [ € 0) is
called an empty family. Since X(a; : 1 € A) ¢ G for all (a; : Il € A)in G, ¥ is
called an infinitary partial addition. If ¥;cana; € G then (q; : [ € A) is called a
summable family.

Definition 2.1. [2] Let G be a nonempty set and . be an infinitary partial addition
on G. Then the structure (G, X)) is called a PM if it satisfies the following conditions:

M1) If (g, : 1 € A)isin G and A = {k}, then Yicng; = g1 € G.

(M2) If (g1 : L € A)isin G and (A : k € K) is a partition of A, then ¥cag; €
G <<= Yiean,q € GV Ek € K and Eier(Ziea,qi) € G, and Ejepg =
EkeK(ZleAkgl)-

Example 1. [2] Let Pfn(A, B) be the set of all partial functions from a set A
to a set B. Define ¥ on Pfn(A,B) as follows: Let (f; : | € A) be a family
in Pfn(A, B). Then Yieafi € Pfn(A,B) <= for I, k in A such that | # k,
dom(f;) (" dom(fx) = 0 and for any a € A,

unde fined, otherwise.

a(Xifi) = {afl’ if a € dom(f;) for somel € A;

Then (Pfn(A, B),Y) is a PM.
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Definition 2.2. [4] Let (S, %) and (I', ¥*) be two PMs. Then S is called a PI'SR if
there is an operation S xI'xS — S : (a, 1, b) = apb ¥ a, b € S and p € T subject
to the following conditions ¥V a, b, ¢, (a;:l € A) € Sand p,~, (: 1€ A) €T
(S1) ap(byc) = (aub)ye,
(S2) Yieaq € S implies that Yica(apa;) € S and ap[Sieaa)] = Siea(apay),
[Eieaa]pa = Eiea(apa),
(S3) Xj apu € I implies that ¥ica(apub) € S and a(Xj p )b = Siea(apub).

Example 2. [4] Consider the PMs (Pfn(A, B),%) and (Pfn(B,A),%*) as de-
fined in the Example 1. Now define an operation Pfn(A, B) x Pfn(B,A) X
Pfn(A,B) — Pfn(A,B) : (g,u,h) — guh where a(guh) = (((ag)p)h), for
any a € A. Then Pfn(A, B) is a PSR where I' = Pfn(B, A).

In general Pfn(A, B) need not be a I'-semiring, because an arbitrary family
in the PI'SR P fn(A, B) need not be summable. Here I' = Pfn(B, A).

Definition 2.3. [5] Let Sbe a PI'SR, K C S (K # () and Q C T (Q # (). Then
(K, Q) of (S,T) is called a L(R)PI'I of S if the following conditions hold in K:

(I1) ¥ € S and a; € K VI € A implies ¥a; € K,

(12) X € T and py € Q VI € A implies X p; € €, and

(I3) spa € K (apus € K)Vse S, ae€ Kand p € €.

Definition 2.4. [8] Let S be a PI'SR and (N,%’) be a PM. Then N is called a
L(R)PI'SM over S if Jan operation SXxI'xN — N : (s, p,n) — sun (N xI'xS —
N : (n, u, s) — nus) which satisfies the following axioms:
(SM1) if ¥in, € N then Xj(sun;) € N and su(Xjn;) = Xj(suny),b
(SM2) if X5 €I then ¥j(spyn) € N and s(X;)n = Xj(sun)
(Where ¥* is the partial addition in T"),b
(SM3) if Xys; € Sthen Xj(sjun) € N and (3;s;)pun = 3j(s;un)
(where ¥ is the partial addition in S),b
(SM4) (sut)an = su(tan),
(SM5) Ogun = sOrn = suOy = Oy foreveryn, n; € N, p, pu;, o« € I', s, s, t € S.

For the convenience of study the symbol ¥ is used hereafter instead of the
partial additions > in S, ¥* in [' and ¥’ in N irrespective of the context.

Definition 2.5. [8] Let S be a PI'SR, N be a L(R)PI'SM over S and K C N
(K # (). Then K is called a PT'SSM of N if the following holds in K:
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(SSM1) if ¥ja; € Nand a; € KV 1 € A then ¥a; € K, and
(SSM2) ifse€ S, peTl', a € K then sua € K (aus € K).

Definition 2.6. [8] Let N be a LPT'SM over a PI'SR S, K be a PI'SSM of N and
n* € N. Then (K :n*)={a € S| aun* € K Vu €T}

Theorem 2.1. [8] Let N be a LPI'SM over a PI'SR S, K be a PI'SSM of N and
n* € N. Then (K : n*)is a LPI'T of S.

Definition 2.7. [8] If K is a PTSSM of N and C C K (C # () then (K : C) =
({(K:c)|ceC}.

3. SUBTRACTIVE PARTIAL I'-SUBSEMIMODULES

In this section we define SPT'SSM and LAPT'SM.

Definition 3.1. Let N be a LPI'SM over a P'SR S and C C N (C # ()). Then C
is called subtractive subset of N if for any p, ¢ € N, p € C and p + q € C implies
qeC.

Example 3. Let S = {0, ¢y, ¢o, ¢3, ¢4, ¢5}. Define ¥ on S as

T, if 1y =0Vl #k, for somek,
i =1 cy, if (xj =1, Tp = c o7 T; = ¢9, T, = 3 for some j, k) and x; = 0Vl # j, k,
unde fined, otherwise.
Then S is a PM.
Let ' = {0*,1*}. Define ¥* on I as
0%, if iy =0"Vvlie A
Y=< 1% if = 0"Vl #k for some k
unde fined, otherwise.
Then I' is a PM. Define an operation S x I' x S — S as: z0*y =0V x, y € S,
21y =0V z, y € S\{cs} and c51*y = yl*cs = yVy € S. Then S is a PI'SR. Take
N := S. Then N is a LPI'SM over S. Now C' = {0, ¢, 3} is a subtractive subset

of N whereas D = {0, ¢;, cs, ¢4} is not a subtractive subset of N (since c; € D
and ¢y + ¢c3 = ¢4 € D but ¢3 gD
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Theorem 3.1. Let N be a LPI'SM over a PI'SR S, K be a SPI'SSM of N and
CC N (C#0). Then (K : C)isa SLPTI of S.

Proof. Note that (K : C) = ﬂ(K :C) = ﬂ{s €S| suce KV peTl}. By the
ceC ceC
Theorem 2.1, (K : () is a LPI'T of S. So it is enough to prove that (K : C) is

subtractive. Letp, ge Nope (K:(C)andp+qge (K :C). Thenp € (K :¢)
andp+qge (K:c)VeeC. =puce Kand (p+ qQuc e KV pueTl, ceC.
= puc € K and puc + quc € KV u €T, ¢ € C. Since K is a SPI'SSM of N,
qguce KV puel,ceC.=qe(K:¢)VeceC.=qe (K :C). Hence (K : C)
is a SLPI'I of S. O

Theorem 3.2. Let N be a LPI'SM over a PI'SR S. If L, L*, L** are PI'SSMs of N
> L is subtractive and L* C L. Then L(\(L* + L*™) = L* + (L L™).

Proof. Since L* C L, it is trivial to prove that L ((L* + L**) 2 L* + (L L*).
Now take p € L(\(L* + L*). Thenp € Land p € (L*+ L™). = p € L and
p=gq+rwhereqe L* r € L**. = p=q+r € Lwhereq € L*, r € L*.
Since L* C L, q € Land ¢q+r € L. Since L is a SP'SSM of N, r € L.
= p=gq+rwhereq e L*andr € L(L*. = p € L*+ (L()L*). Hence
LN (L*+ L*) C L*+ (L L*). Hence L N(L* 4+ L*™) = L* + (L L*™). O

Theorem 3.3. Let N be a LPI'SM over a PI'SR S and @) be a L(R)PI'I of S. Then
theset L={n € N |QI'n =0} is a SP'SSM of N.

Proof. Let ny € Non; € L, € A. Then QI'n; = 0,1 € A. = QI'(Xny) =
Y (QTny) =0and so Xyn; € L. Let s € S, p € I"'and n € L. Then QI'n = 0. Let
m € QI'(spn). Then m = Eymyu(sun), m; € Q and py € T'. = m = 3 (myys)pun.
Since m; € Q, mys € Q, 1 € A (Since Q is L(R)PI'D). = ¥ (myys)un € QI'n =
0,l € A. = m=Xmyy(sun) = 0. = QI'(sun) = 0 and so sun € L. Hence L is
a PI'SSM of N.

To prove L is subtractive, let p, p* € N such that p € L and p + p* € L. Then
QI'p=0and QT'(p+p*) = 0. = QI'p* = 0 and so n € L. Hence L is a SPT'SSM
of N. O

Definition 3.2. A LPI'SM U over a PI'SR S is called LA if {0} and U are the only
SPI'SSMs of N.

Theorem 3.4. Let S be a commutative PI'SR. If U is a LAPI'SM over S then
0:U)=0:u)VOAueUl.
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Proof. Since (0:U) = ﬂ(O :u), we have (0: U) C (0:u) V0 # u € U. Suppose
uel

if (0:u) € (0:U) for some 0 # u € U. Then (0 : u) € (0 : u*) for some
0#u" €U. Take V={2c€U|(0:u) C(0:2)}. Clearly 0 # u € V and
0 # u* ¢ V. Therefore {0} C V C U. Now we claim that V' is a SPI'SSM of U:
LetY;zpeUsz€V,le A.Then (0:u) C(0:2),leA. = (0:u) C(0:%2)
and so ¥z, € V. Lets € S, u € I'and z € V. Then (0 : ) C (0 : z). To
prove suz € V it is enough to prove that (0 : w) C (0 : spz). For this, let
y€(0:u). Theny € (0:2). = yBz2=0VFel. =yuz=0(for 8 = p). =
sa(ypz) =0V a eTl. = (say)uz =0V a €. = (yas)uz =0V a € T (since S
is commutative). = ya(suz) =0Vael. =y € (0:suz). = (0:u) C (0: suz)
and so suz € V. Hence V is a PI'SSM of U.

Letp, ge UspeVandp+qe V. Then (0:u) C (0:p)and (0:u) C (0:
p+q). Letz € (0:u). Thenxz € (0:p)andz € (0:p+q). = zup = 0 and
zpp+q) =0Vpel. =zag=0Vpel. =2 € (0:¢g)andso (0:u) C (0:q).
= ¢ € V. Hence V is a nontrivial SPI'SSM of U, a contradiction to the fact that
U is LAPI'SM. Hence (0: U) = (0:u) V0 #u e U. O
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