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STRONGLY CONNECTED INTERVAL-VALUED FUZZY GRAPHS

ANN MARY PHILIP, SUNNY JOSEPH KALAYATHANKAL,
AND JOSEPH VARGHESE KUREETHARA1

ABSTRACT. In interval-valued fuzzy graphs (IVFGs) strong paths need not ex-
ist between every two nodes in contrast with fuzzy graphs. Based on this, we
define a particular class of interval - valued fuzzy graphs called strongly con-
nected interval valued fuzzy graphs (SCIVFGs). A connected IVFG in which a
strong path always exists between every two nodes is called a SCIVFG. We prove
several sufficient conditions for an IVFG to be strongly connected. Finally we
show that strong connectedness is preserved under isomorphism and co-weak
isomorphism.

1. INTRODUCTION

In 1975, Rosenfeld [11] developed the concept of fuzzy graphs whose basic
idea was introduced by Kaufmann [4] in 1973. Since then fuzzy graph theory
is witnessing an exponential growth and nowadays research is being done ac-
tively in this area. Various generalizations of fuzzy graph theory are defined and
studied by researchers in this field. Among them IVFGs introduced by Hongmei
and Lianhua [3] in 2009 is a simple and very important generalization of fuzzy
graph theory.

In the crisp graph theory, every arc is of same nature. But in fuzzy graph the-
ory and interval - valued fuzzy graph theory, since different arcs have different
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membership degrees, they differ in their nature. So study of different types of
arcs is a significant topic of research in fuzzy graph theory as well as interval -
valued fuzzy graph theory. The study of arcs in fuzzy graphs was initiated by
Bhutani and Rosenfeld [2]. They defined strong arcs in fuzzy graphs. Later,
Mathew and Sunitha [5] classified strong arcs into α strong arcs and β strong
arcs. They also defined δ arcs. Different types of arcs in IVFGs were studied
by the authors in [10]. In this paper we define a particular class of IVFGs, viz.,
strongly connected IVFGs depending upon the nature of arcs in a path joining
any two nodes of an IVFG.

2. PRELIMINARIES

Graph theoretic terms used in this work are either standard or are explained
as and when they first appear. We consider only simple connected undirected
graphs. Throughout the paper, we take G = (A,B) as an IVFG on the crisp
graph G∗ = (V,E). For all the IVFGs given in examples, nodes can be given any
membership degree without violating the conditions of an IVFG. The concepts
such as path, strongest path, unique strongest path, IVF bridge, IVF cutnode,
weakest arc, weak arc etc. are as defined in [7] , [8] and [10].

Following are some definitions which are necessary for the understanding of
the subsequent results.

Definition 2.1. [1] Let G? = (V, E) be a crisp graph. Then an interval - val-
ued fuzzy graph (IVFG ) G on G? is defined as a pair G = (A,B), where A =

[µ−A(x), µ
+
A(x)] is an interval - valued fuzzy set on V and B = [µ−B(xy), µ

+
B(xy)] is

an interval - valued fuzzy set on E such that µ−B(xy) ≤ min{µ−A(x), µ
−
A(y)} and

µ+
B(xy) ≤ min{µ+

A(x), µ
+
A(y)} for all xy ∈ E.

If µ−B(xy) = min(µ−A(x), µ
−
A(y)) and µB+(xy) = min(µA+(x), µA+(y)) for all x, y ∈

V, then G is called a complete IVFG(CIVFG).

Definition 2.2. [6] The degree of a node u in an IVFG G = (A,B) is defined as
d(u) = [d−(u), d+(u)] where d−(u) =

∑
(u,v)∈E

µ−B(u, v) is called the negative degree

of u ∈ V and d+(u) =
∑

(u,v)∈E

µ+
B(u, v) is called the positive degree of u ∈ V .
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Definition 2.3. [6] The total degree of a node u in an IVFG G = (A,B) is defined
as td(u) = [td−(u), td+(u)] where td−(u) =

∑
(u,v)∈E

µ−B(u, v) + µ−A(u) is called the

negative total degree of u ∈ V and td+(u) =
∑

(u,v)∈E

µ+
B(u, v) + µ+

A(u) is called the

positive total degree of u ∈ V .

Definition 2.4. [6] An IVFG G = (A,B) is said to be a regular IVFG(RIVFG) if
every node has the same degree.

Definition 2.5. [7] An IVFG G is said to be connected if any two nodes are joined
by a path.

Definition 2.6. [7] The maximum of the µ− strength (minimum of the µ−B val-
ues of the arcs in the path) of various paths connecting u and v is called the
µ− strength of connectedness between u and v and is denoted by (µB−)

∞(u, v) or
NCONNG(u, v). The maximum of the µ+ strength(minimum of the µ+

B values of
the arcs in the path) of various paths connecting u and v is called the µ+ strength of
connectedness between u and v and is denoted by (µB+)∞(u, v) or PCONNG(u, v).

Definition 2.7. [10] Two arcs e1 and e2 are said to be comparable if their mem-
bership degrees are such that either µB−(e1) > µB−(e2) and µB+(e1) > µB+(e2) or
µB−(e1) < µB−(e2) and µB+(e1) < µB+(e2). They are said to be equal if their lower
and upper membership degrees are equal.

There are nine different types of arcs in an IVFG [10]. See the table 1 for
various types of arcs (u, v) in an IVFG, G and their requirements to be of that
type.

Definition 2.8. [10] A path comprising only strong arcs is called a strong path.

Definition 2.9. [9] Let G = (A,B) be a connected IVFG. Then G is called an
interval - valued fuzzy tree(IVFT) if it has a spanning subgraph F = (A,C) which
is a tree and µ−B(u, v) < NCONNF (u, v), µ

+
B(u, v) < PCONNF (u, v) for all arcs

(u, v) /∈ F .

Definition 2.10. [10] A path comprising only strong arcs is called a strong path.

Definition 2.11. [9] Let G = (A,B) be a connected IVFG. Then G is called an
interval - valued fuzzy tree(IVFT) if it has a spanning subgraph F = (A,C) which
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is a tree and µ−B(u, v) < NCONNF (u, v), µ
+
B(u, v) < PCONNF (u, v) for all arcs

(u, v) /∈ F .

Name Requirement
α− strong µ−B(u, v) > NCONNG−(u,v)(u, v)

α+ strong µ+
B(u, v) > PCONNG−(u,v)(u, v)

α strong α− strong and α+ strong
β− strong µ−B(u, v) = NCONNG−(u,v)(u, v)

β+ strong µ+
B(u, v) = PCONNG−(u,v)(u, v)

β strong β− strong and β+ strong
αβ strong α− strong and β+ strong
βα strong β− strong and α+ strong

Type I strong α strong or β strong
Type II strong αβ strong or βα strong

Strong arc Type I strong or Type II strong
δ−arc µ−B(u, v) < NCONNG−(u,v)(u, v)

δ+arc µ+
B(u, v) < PCONNG−(u,v)(u, v)

δ arc(weak arc) δ−arc and δ+arc
αδ α−strong and δ+

βδ β−strong and δ+

right feeble αδ or βδ
δα δ− and α+strong

δβ δ− and β+strong

left feeble δα or δβ
feeble arc left feeble or right feeble

TABLE 1. Types of Arcs

Theorem 2.1. [10] Let G = (A,B) be an IVFG and (u, v) be an arc in G. Then
(u, v) is a weak arc if and only if G contains atleast one cycle C whose unique
weakest arc is (u, v) .

Theorem 2.2. [8] A CIVFG does not contain any feeble arcs or weak arcs.
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Theorem 2.3. [9] Let G = (A,B) be a connected IVFG on G∗ = (V,E), where G∗

is not a tree. Then G is an IVFT if and only if G contains only α strong arcs and
weak arcs.

Theorem 2.4. [12] Let G = (A,B) be an IVFG on a graph G∗ = (V,E) such that
G∗ = (V,E) is an odd cycle. Then G is a RIVFG if and only if B = [µ−B, µ

+
B] is a

constant function.

Theorem 2.5. [12] If an IVFG G is both edge regular and totally edge regular,
then B = [µ−B, µ

+
B] is a constant function.

3. STRONGLY CONNECTED IVFGS

Strong arcs in fuzzy graphs were defined and discussed by Bhutani and Rosen-
feld [2]. Analogous to this, strong arcs in IVFGs were defined by the authors
in [10].

In [2], it is proved that every two nodes x and y of a connected fuzzy graph
G, is joined by a strong path. But this is not in general true in the case of IVFGs
which is clear from the following example.

Example 1. In the IVFG G given in Figure 1, we cannot find a strong path
joining the nodes a and c.

d c

ba

[0.1, 0.7]δα

[0.2, 0.3]δ

[0
.2
,0
.8
]α

[0
.8
,0
.9
]α

[0.4, 0.5]αδ

FIGURE 1. Example to show that strong paths need not exist be-
tween every two nodes of an IVFG

In this context, we define strongly connected IVFGs.
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Definition 3.1. A connected IVFG G is said to be strongly connected if there exists
a strong path between every two nodes of G.

Definition 3.2. A path P in a connected IVFG G that contains combination of
strong arcs and feeble arcs is called a partially strong path.

Definition 3.3. A path P in a connected IVFG G that contains feeble arcs alone is
called a feeble path.

Definition 3.4. Suppose that G = (A,B) is a strongly connected IVFG on G∗ =

(V,E). The strong degree of a node v ∈ V denoted by ds(v) is defined as ds(v) =
[d−s (v), d

+
s (v)] where d−s (v) and d+s (v) are respectively the sum of the lower and

upper membership degrees of all strong arcs incident at v.

Definition 3.5. Suppose that G = (A,B) is a strongly connected IVFG on
G∗ = (V,E). The partially strong degree of a node v ∈ V denoted by dp(v) is
defined as dp(v) = [d−p (v), d

+
p (v)] where d−p (v) and d+p (v) are respectively the sum

of the lower and upper membership degrees of all feeble arcs incident at v.

Based on the discussions above, we have the following obvious proposition.

Proposition 3.1. Suppose that G = (A,B) is a connected IVFG. Then there exists
a strong path or partially strong path between any two nodes of G.

By proposition 3.1, we can find either a strong arc or a feeble arc incident
at each node of a non trivial connected IVFG. But if G is strongly connected,
there exists atleast one strong arc incident at each node of G. Hence we have
the following obvious propositions.

Proposition 3.2. Suppose that G = (A,B) is a non trivial connected IVFG on
G∗ = (V,E). Then 0 < ds(v) + dp(v) ≤ d(v) for all nodes v ∈ V.

Proposition 3.3. Suppose thatG = (A,B) is a non trivial SCIVFG onG∗ = (V,E).

Then 0 < ds(v) ≤ d(v) for all nodes v ∈ V.

Now we have another obvious proposition.

Proposition 3.4. Suppose that G = (A,B) is a SCIVFG defined on G∗ = (V,E).

Then the sum of strong degrees of all nodes in V is equal to twice the sum of the
membership degrees of all strong arcs in G.
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Theorem 3.1. Every CIVFG is strongly connected.

Proof. Suppose that G = (A,B) is a CIVFG. Then by Theorem 2.2, G does not
contain any feeble arcs or weak arcs. Hence there exist a strong path joining
every two nodes of G. Hence G is strongly connected. �

Theorem 3.2. Suppose that G = (A,B) is a connected IVFG such that its arcs are
either comparable or equal. Then G is strongly connected.

Proof. Suppose that G = (A,B) is an IVFG such that every two arcs are either
comparable or equal. Then by Theorem 2.3, G contains only combinations of
Type I strong arcs and weak arcs. Let u and v be any two nodes of G. Now there
arises three cases.

Case 1: Arc (u, v) exists and is a Type I strong arc.
In this case, P1 = (u, v) is a strong path between u and v.

Case 2: Arc (u, v) exists and is a weak arc.
Here since (u, v) is a weak arc, by Theorem 2.1, (u, v) is the unique
weakest arc of atleast one cycle in G and let C be one such cycle. Then
P2 = C − (u, v) is a strong path between u and v.

Case 3: Arc (u, v) does not exists Then there exists three possibilities.
(i) Both u and v belongs to a cycle.

(ii) Any one of them belongs to a cycle.
(iii) None of them belongs to a cycle.
We consider the three possibilities one by one and in each case prove the
needed.

(i) Suppose both u and v belongs to a cycle say, C ′ . If C ′ contains a
weak arc, consider that u − v path which does not contain weak
arcs. Obviously, that path contains only α strong arcs and hence it
is a strong path between u and v.

(ii) Suppose that u belongs to a cycle say, C0 and v does not belong to
any cycle. Now consider a u−v path P : u = u1, u2, u3, . . . , un−1, un =

v. Since G is connected, such a path exists. Let the path P be
such that w = ui be the last node of P that belongs to C0 and
ui+1, ui+2 . . . , un−1 does not belong to any cycle. Then using the
above arguments there exist a unique a u − w path containing α

strong arcs alone. Clearly, (ui+1, ui+2), (ui+2, ui+3), . . . , (un−1, un) are
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α strong arcs as they are bridges and hence IVF bridges. This u −
w path together with the arcs (ui+1, ui+2), (ui+2, ui+3) . . . (un−1, un)

form a strong u − v path. Similarly, if v belongs to a cycle and
u does not belong to any cycle, replacing u by v and v by u and
arguing as above we obtain the required result.

(iii) Suppose both u and v does not belong to a cycle. Now consider a
u− v path P : u = u1, u2, u3, . . . , un−1, un = v. Since G is connected
such a path exists. If the internal nodes of the path also does not
belong to any cycle, all the arcs in the paths are bridges and hence
IVF bridges or in otherwords α strong arcs. If some of the inter-
nal nodes belong to a cycle, using the above arguments, we can
conclude that a strong u− v path exists.

Thus in all the above three cases, there exists a strong path joining u and v.
Hence G is strongly connected.

�

Theorem 3.3. IVFTs are strongly connected.

Proof. Suppose that G = (A,B) is an IVFT. Then there arises two cases.

Case 1. The underlying graph G∗ is a tree.
In this case every arc will be an α strong arc and hence the theorem.

Case 2. The underlying graph G∗ is not a tree.
In this case, by Theorem 2.3, G contains only α strong arcs and weak

arcs. Let u and v be any two arbitrary nodes. If arc (u, v) is α strong,
then obviously it is a strong path joining u and v. If arc (u, v) is a weak
arc, then by Theorem 2.1, G contains atleast one cycle C whose unique
weakest arc is (u, v). Then obviously C − (u, v) will be a strong path
joining u and v.

Thus in either cases there is a strong path joining every two nodes. Hence IVFTs
are strongly connected. �

Theorem 3.4. Suppose that G = (A,B) is a RIVFG defined on an odd cycle. Then
G is strongly connected.

Proof. Suppose that G = (A,B) is a RIVFG defined on an odd cycle. Then by
theorem 2.4, B = [µB− , µB+ ] is a constant function. Hence again from theorem,
all the arcs are β strong. Thus G is strongly connected. �
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Theorem 3.5. Suppose that G = (A,B) is a connected IVFG on a graph
G∗ = (V,E) such that G is both edge regular and totally edge regular. Then G

is strongly connected.

Proof. Suppose that G = (A,B) is a connected IVFG on a graph G∗ = (V,E)

such that G is both edge regular and totally edge regular. Then by Theorem 2.5,
B = [µ−B, µ

+
B] is a constant function. Hence, all the arcs which belong to atleast

one cycle are β strong. If there are any arcs which do not belong to any cycles,
obviously they will be α strong. Thus there is a strong path joining every two
nodes. Hence G is strongly connected. �

Lemma 3.1. Suppose that G1 = (A1, B1) and G2 = (A2, B2) are two IVFGs such
that G1

∼= G2. Then,

NCONNG1(u, v) = NCONNG2(f(u), f(v)) and
PCONNG1(u, v) = PCONNG2(f(u), f(v))

where f is the isomorphism between G1 and G2.

Proof. Suppose that G1 = (A1, B1) and G2 = (A2, B2) are two IVFGs such that
G1
∼= G2 and f be the corresponding isomorphism between them. Let u and v

be any two nodes of G and P1 be a strongest u − v path in G. Also, let P2 be
the corresponding image path in G2. Then as f is an isomorphism, µB−1

(u, v) =

µB−2
(f(u), f(v)) , µB+

1
(u, v) = µB+

2
(f(u), f(v)) for all (u, v) ∈ E1. Thus, µ− and

µ+ strengths of P1 will be same as those of P2. Hence,

NCONNG1(u, v) = NCONNG2(f(u), f(v)) and
PCONNG1(u, v) = PCONNG2(f(u), f(v)).

�

Lemma 3.2. Suppose that G1 and G2 are two IVFGs such that G1
∼= G2. Then the

image of strong arc in G1 is strong in G2 and viceversa.

Proof. Suppose that G1 = (A1, B1) and G2 = (A2, B2) are two IVFGs such that
G1
∼= G2 and f be the corresponding isomorphism between them. Also let (u,v)

be a strong arc in G1. Then by the definitions of strong arc, isomorphism and by
Lemma 3.1, we have
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µB−1
(u, v) ≥ NCONNG1−(u,v)(u, v)

= NCONNG2−(f(u),f(v))(f(u), f(v))

µB−2
(f(u), f(v)) ≥ NCONNG2−(f(u),f(v))(f(u), f(v))

Similarly,
µB+

2
(f(u), f(v)) ≥ NCONNG2−(f(u),f(v))(f(u), f(v)) .

Now by the definition of a strong arc, (f(u), f(v)) is a strong arc in G2. Hence
the image of a strong arc in G1 is a strong arc in G2.

Conversely, let (x, y) be a strong arc in G2. Then by the bijective and isomor-
phism property of f , its preimage is a strong arc in G1. �

Theorem 3.6. Suppose G1 and G2 are two IVFGs such that G1
∼= G2. Then G1 is

strongly connected if and only if G2 is strongly connected.

Proof. Suppose that G1 = (A1, B1) and G2 = (A2, B2) are two IVFGs on G∗1 =

(V1, E1) and G∗2 = (V2, E2) respectively. Then by the definition of a SCIVFG
and from Lemma 3.2, G1 is strongly connected ⇐⇒ ∃ a strong path P1 : u =

u1, u2, . . . , un = v between every two nodes u and v in G1 ⇐⇒ ∃ a strong path
P2 : f(u) = f(u1), f(u2), . . . , f(un) = f(v) between every two nodes f(u) and
f(v) in G2 ⇐⇒ G2 is strongly connected . �

The results of Lemma 3.1 and Lemma 3.2 are true even if the IVFG G1 is co -
weak isomorphic to G2. Thus we have the following theorem.

Theorem 3.7. Suppose that G1 = (A1, B1) and G2 = (A2, B2) are two IVFGs on
G∗1 = (V1, E1) and G∗2 = (V2, E2) such that G1 is co - weak isomorphic to G2. Then
G1 is strongly connected if and only if G2 is strongly connected.

4. CONCLUSION

In this paper, we have shown that a strong path need not exist between every
two nodes of an IVFG. Based on this we introduced strongly connected IVFGs.
We obtained several sufficient conditions for an IVFG G to be strongly con-
nected. Finally, we have proved that strong connectedness is preserved under
isomorphism and co-weak isomorphism.



STRONGLY CONNECTED INTERVAL-VALUED FUZZY GRAPHS 7115

ACKNOWLEDGMENTS

The first author is thankful to the University Grants Commission of India for
the award of Teacher Fellowship under XII Plan.

REFERENCES

[1] M. AKRAM, W. A. DUDEK: Interval-valued fuzzy graphs, Computers and Mathematics
with Applications, 61(2) (2011), 289–299.

[2] K. BHUTANI, A. ROSENFELD: Strong arcs in fuzzy-graphs, Inf. Sci., 152 (2003), 319–322.
[3] J. HONGMEI, W. LIANHUA: Interval-valued fuzzy subsemigroups and subgroups associated

by interval-valued fuzzy graphs, In WRI Global Congress on Intelligent Systems, GCIS’09, 1
(2009), 484–487.

[4] A. KAUFFMAN: Introduction a la theorie des sous-emsembles flous, Masson et Cie, 1973.
[5] S. MATHEW, M. S. SUNITHA: Types of arcs in a fuzzy graph, Information Sciences,

179(11) (2009), 1760–1768.
[6] M. PAL, H. RASHMANLOU: Irregular interval-valued fuzzy graphs, Annals of Pure and

Applied Mathematics, 3(1) (2013), 56–66.
[7] A. M. PHILIP: Interval–valued fuzzy bridges and interval–valued fuzzy cutnodes, Annals of

Pure and Applied Mathematics, 14(3) (2017), 473–487.
[8] A. M. PHILIP, S. J. KALAYATHANKAL, J. V. KUREETHARA: Characterization of interval-

valued fuzzy bridges and cutnodes, AIP Conference Proceedings, 2095(030002) (2019),
1–7.

[9] A. M. PHILIP, S. J. KALAYATHANKAL, J. V. KUREETHARA: Interval-valued fuzzy trees
and interval-valued fuzzy cycles, Submitted, 2019.

[10] A. M. PHILIP, S. J. KALAYATHANKAL, J. V. KUREETHARA: On different kinds of arcs in
interval valued fuzzy graphs, Malaya Journal of Mathematik, 7(2) (2019), 309–313.

[11] A. ROSENFELD: Fuzzy graphs, fuzzy sets and their applications to cognitive and decision
processes, (Eds. L. A. Zadeh et al.), (1975) 77–95.

[12] S. SEBASTIAN, A. M. PHILIP: Regular and edge regular interval valued fuzzy graphs, J.
Computer and Mathematical Sciences, 8(7) (2017), 309–322.



7116 A. M. PHILIP, S. J. KALAYATHANKAL, AND J. V. KUREETHARA

DEPARTMENT OF MATHEMATICS

ASSUMPTION COLLEGE, CHANGANACHERRY

KERALA, INDIA

Email address: anmaryphilip@gmail.com

DEPARTMENT OF MATHEMATICS

JYOTHI ENGINEERING COLLEGE, CHERUTHURUTHY

KERALA, INDIA

Email address: sjkalayathankal@jecc.ac.in

DEPARTMENT OF MATHEMATICS

CHRIST UNIVERSITY

BANGALORE, KARNATAKA, INDIA

Email address: frjoseph@christuniversity.in


