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MODIFIED SCHULTZ ENERGY OF GRAPHS
M. R. RAJESH KANNA! AND S. ROOPA

ABSTRACT. In this article we have defined a new matrix called modified Schultz
matrix and hence modified Schultz energy. Upper and lower bounds for modi-
fied Schultz energy are presented. At the end of this article modified Schultz en-
ergies for some standard graphs like star graph, complete graph, crown graph,
cocktail graph, complete bipartite graph and friendship graphs are computed.

1. INTRODUCTION

Study on energy of graphs goes back to the year 1978, when I. Gutman [7]
defined this while working with energies of conjugated hydrocarbon containing
carbon atoms. All graphs considered in this paper are assumed to be simple
without loops and multiple edges. Let A = (a;;) be the adjacency matrix of
the graph G with its eigenvalues A1, Ao, A3, - -+ , \,, assumed in decreasing order.
Since A is real symmetric, the eigenvalues of GG are real numbers whose sum
equal to zero. The sum of the absolute eigenvalues values of G is called the

energy £(G) of G, i.e., £(G) = Z | Ail-
=1

Theories on the mathematical concepts of graph energy can be seen in the
reviews [8], papers [5,6,9] and the references cited there in. For various upper
and lower bounds for energy of a graph can be found in papers [12, 15] and
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it was observed that graph energy has chemical applications in the molecular
orbital theory of conjugated molecules [10,11].

1.1. Modified Schultz index. In 1989, H.P. Schultz [17] introduced a new
topological index, namely Schultz index which is defined as
S@) = Y [dw) + d(vy)ld(vi, vy),
{vi,v;}CVI(G)
where d(v;, v;) is the shortest distance between vertices v; and v;, and d(v;) is
the degree of the vertex v; in G, Similarly d(v,).

A. Dobrynin and Amide A. Kochetova in 1994 [1] also proposed the above
index and called it the degree distance of a graph.

Motivated by the Schultz index, S. Klavzar and I. Gutman introduced Schultz
index of the second kind in 1997 called Gutman index or modified Schlutz index
[14]. It is defined by

SG) = S dw)d(v)d(vsv;).

{viv; }CV(G)

1.2. Modified Schultz energy. Let GG be a simple graph of order n with vertex
set V' and edge set £(G). Let d(v;) denotes the degree of the vertex v;,. Modified
Schultz matrix of a graph G is n x n matrix and is defined by S*(G) = (s};),
where
si; = d(vi)d(vy)d(vi, vy).

The characteristic polynomial of S*(G) is denoted by f,.(G, p)= det(pI — S*(G)).
The modified Schultz eigenvalues of the graph G are the eigenvalues of S*(G).
Since S*(G) is real and symmetric, its eigenvalues are real numbers and we label
them in non-increasing order p; > py > --- > p,. The modified Schultz energy

of G is defined as s+ (G) : = Z |pi|. Here trace of S*(G) = 0.

=1

2. MAIN RESULTS

2.1. Properties of Schultz eigenvalues.

Theorem 2.1. Let G be a graph with vertex set V = {vy, vy, ..., v, }, edge set E. If
A1, A2, ...y Ay, are the eigenvalues of Modified Schultz matrix S*(G) then
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n
6) Z A = 0.
(i) Z X =2) ddd.

1<j

Proof. (i) We know that the sum of the eigenvalues of S*(G) is the trace of
57(G)

Z)\ —Zsii:().

=1
(ii) Similarly the sum of squares of the eigenvalues of S*((G) is trace of

[S(@)]?

n n n

. 2 _

YN =D sisis
=1

i=1 j=1

— E Szz + E SijSji

i#]
= Z si)” + 22 5i7)°
1<j
= Z sii)” + ZZd v;)? 2d(vi, v;)?
1<J
=2) dd’d;,
1<J
=2M, where M = d’d;’d};.

1<j

g

2.2. Bounds for Modified Schultz energy. MClelland’s [15] gave upper and
lower bounds for ordinary energy of a graph. Similar bounds for £s.(G) are
given in the following theorem.

Theorem 2.2. Let G be a simple graph with n vertices and m edges and
= |detS*(G)| then

\/ZZd 222+ n(n — 1)Pr < Es-(G \/ (22d 2. 2d§j> .

1<) 1<J
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Proof.
Cauchy Schwarz inequality is (i albl> i < (i a?) (i bf)
=1 =1 =1
n 2 n n
a (500 = (5)(5)
[Es-(G)]? < n<22 dfdfdfj) [From theorem 2.1]
i<j
— 6. (G) < \/n (22 dfdj?dfj) .
i<j
Since arithmetic mean is greater than or equal to geometric mean we have:
1
1 [ —1
n(n_l);mumz_gmw]”m )

1
_ H By ’2(n—1)] n(n —1)
i=1

= ﬁ | A |]
=1

I
=1

= |detS*(G)|+ = Pn

TN = —1)Pr
i#j

3w

Now consider,

n

Es@F = (3 1n 1)

1

=D AN TN
i=1

i#]
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[Eg- ()] > ZZd ?d; 2d2 +n(n — 1)P [From theorem 2.1 ]
1<j
e.. E+(G) > [2) " dd?d +n(n — 1)Px
1<J
U
Theorem 2.3. If \i(G) is the largest modified Schultz eigenvalue of S*(G), then
(G
a6 = 29
n
X'AX
Proof. For any nonzero vector X, we have by [3], A\;(A4) = 1;1(1%{ XX }
2 " did;d;;
/ —t *
SAM(G) > SAT_ i< _ 51G) where J is a unit column matrix. O
J'J n n

Just like Koolen and Moulton’s [13] upper bound for energy of a graph, an
upper bound for s+ (G) is given in the following theorem.

2 " dd d

Theorem 2.4. If G is a (n,m) graph with (—) >n

n =
272
25 d;"d; dfj

2 “d’d;d},
then £g-(G) < % + ./ (n—1) [22 dideQd?j — (%) ]

1<j

2

Proof.

Cauchy-Schwartz inequality is [i aibi]z < (i af) (i bf) .
=2 1=2

=2

n 2 n n
Put a; = ]_,bz :| /\z | then(Z ’ )\z |) :Z]-Z | )‘Z |2

i=2 =2 =2

= [£5:(G) = M < (n—1) (22 di*d;*d; — ﬁ)

1<j

= Eg- (G) < A+ J (77, — 1) (22 di2dj2d12j — )\%)

1<J
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Let f(z) == J n—1 <2Zd2d 2d2 — )

1<)

For decreasing function

-1
) <0=1- zn 1) <0
(n—1) (22 d’d d2 — x2>
1<J
271232
QZ d’d;*d;
- Z 1<)
n
22 d;’d;*d?, 22 d;’d;*d?, 22 d’d;*d?,
Since (Kj—) > n, we have\| —~ < Y <\
n n n
23232
22 d’d;
ower(Z0)
n
271232
22 d?d;*d?,
ie.,Es(G) < f(M) < f(%)
2) " dd d;,
ie.,Es:(G) < f<<”—>
n
O ONEEN
ie., £ (G) < % + | (n=1) lzz ddd?; — <%> ] .
i<j

i

Milovanovi¢ [16] bounds for Modified Schultz energy of a graph are given in
the following theorem.

Theorem 2.5. Let G be a graph with n vertices and m edges. Let |\i| > |\o| >
|A\n| be a non-increasing order of Schultz eigenvalues of S*(G) then
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Es-(G)> (22 d;’d;: 2al?j) — a(n)(|M| = |A\a])? where a(n)= n[2](1—1[2]) and
1<J
[z] denotes the integral part of a real number.

Proof. For real numbers a,aq,as, ..,a,, A and b,by,bs, ..,b,, Bwitha < a; < A
and b < b; < BV i=1,2,...n the following inequality is valid.

‘nZal =3 a)(B — b) where a(n)= n[2](1 — 1[2]) and

equahty hOlCZlS if and onlyifa;=ay= ... =a,and by =by = ... =b,.
If a; = ||, bi = |Ni], a =b=|\,] and A = B = ||, then

\nZM 2 - (ZM )] < atm)inl = naD2.
But Z!)\ > =2) " ddd}; and Es.(G) < \/”<2Z dfdfdfj) then the above

1<j 1<J
1nequa11ty becomes

n(2)0 dld ) — (€5 (Q)) < al)(Ih] = M)

1<j

ie., £ () > \/n(ZZ 424 %) — a(m) (] = ).

1<j

g

Theorem 2.6. Let G be a graph with n vertices and m edges. Let |\i| > |\o| >
.. > |A\n] > 0 be a non-increasing order of eigenvalues of S*(G) then

2> " d?d d + | A
Es-(G) > —=2

(] + [Anl)

Proof. Let a; # 0, b;, r and R be real numbers satisfying ra; < b; < Ra;, then the
following inequality holds. [Theorem 2, [16]]

ZbQ—l—rRZal_ T+Ri b .
=1
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Put b; = |\, a; =1, r = |\,| and R = |\;| then

DN AR < (A DDA
i=1 =1 =1

ie, 2 di’d Y + I\l Aaln < (M ]+ [Aa])Es- (G)

1<J

2) " dd d} + n|h| |

1<j

© & (G 2 R
O

The question of when does the graph energy becomes a rational number was
answered by Bapat and S. Pati in their paper [4]. Similar result for Modified
Schultz energy is obtained in the following theorem.

Theorem 2.7. If the minimum Modified Schultz energy Es-(G) is a rational num-
ber,then Es+(G) = 0(mod 2).

Proof. The proof is similar to theorem 3.7 of [2]. O
2.3. Modified Schultz energy of some standard graphs.

Theorem 2.8. For n > 2, the Modified Schultz energy of complete graph K, is
2(n — 1)>°.

Proof. Let K,, be a complete graph with vertex set V' = {vy, vq, v3, ...... ,Un t- Then
the modified Schultz matrix of complete graph is,

0 m-1)%2 -2 ... (n=-12 (n-12 (n-1)2
(n—1)2 0 =12 ... =12 (n-12% (n-1)>2

(n—1)2% (n—-1)2 0 cor  (n=1D2%2 (n—=-12 (n-—1)2

MS*(Kp) =

m—-1%2 -2 -2 ... (n-1)2 0 (n—1)2

m-12 n-12 -2 ... (n-12 (m-1)? 0

nxn
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Characteristic polynomial is (—1)"[\ — (n — 1)’][A + (n — 1)*]""".

Characteristic equation is (—1)"[\ — (n — 1)*][A + 2(n — 1)*]""' = 0.

(n—1)* —(n—1)
Spec(MS*(K,,)) =
1 n—1

The Modified Schultz energy is,

MEs:(Ky) =|(n —1)%(1) H—(n - 1)%(n — 1)

MEg-(K,) = (n—17*4+ (n—1)*(n—1)

MEg-(K,) =2(n—1)% O

Theorem 2.9. The Modified Schultz energy of star graph K ,,_; is

4 ifn=2
2n — 1) +vVn3+n2—2n+1 ifn>2

Proof. Let K ,_, be a star graph with vertex set V' = {vg, v1, v, ..., Up_1 }.

Case: 1 If n > 2, then the Modified Schultz matrix of star graph is,

0Onnn n
n 0 2 2 2
. n 20 2 2
SKin) = [ o 0 2
n 2 2 2 ... 0

nxn
Characteristic polynomial is (—1)""'(A +2)" [\ — 2(n — 1)\ — n?].
Characteristic equation is (—1)""'(A +2)" [\ — 2(n — 1)A — n*] = 0.
Spec(Ky,-1) =
-2 (n=1)+vVnP+n2—2n+1 (n—1)—+vn3+n2-2n+1

n—1 1 1
The Modified Schultz energy is,
Es+(Kin1) =] —2|(n—1)+H(n—1)+vn3+n2—2n+ 1(1)+

+‘(n — 1) —Vn3+n2—2n+ 1\(1)
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Es(Kip1)=2n—1)+n—1)+vVn3+n2—2n+1

+Vnd+n2—2n+1—(n—1)

55* (Kl,n—l) = 2[(n — ].) + \/713 + n? —2n + 1]

Case: 2 if n =2
Then Modified Schultz matrix of is,

2 0
S*(Kl,n—l) - ( 0 2 )
2x2

Characteristic polynomial is (A — 4)? .
Characteristic equation is (A — 4)> = 0.

Spec(Ky,-1) = ( 3 ) .

The Modified Schultz energy is, s+ (K1 ,,—1) = [2|(2) = 4.

Definition 2.1. Cocktail party graph is denoted by K, ., is a graph having the
vertex set V = U{ui,vi} and the edge set £ = {u;u;,v;v; : i # j}J{uvj, viu; -

=1
1<i<j<nb

Theorem 2.10. The Modified Schultz energy of cocktail party graph is 16n(n — 1)

Proof. For n > 2, consider cocktail party graph K, ., with vertex set V' =

U{ui’ v;}. Then the Modified Schultz matrix of cocktail party is M S* (K, x2) =

=1
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ul u . Up—1 Un V1 v2 . Vn—1 Un
u1 0 4n—1)2 ... 4n—-12%2 4n—-1)2|4n-1)2% 4(n-12 ... 4n-12% 4(n-1)>2
ug | 4(n—1)2 0 o A =12 4(n-1)2 | 8n—-1)2 4(n—-1)?% ... 4(n—-1)2 4(n-1)2
uzg |[4(n—1)2 4n-12% ... 4n—-1)2 4n-12 [4n-1)2 8n-1)2% ... 4n-1)2 4(n-—1)>2

Un—1 | 4n—1)2% 4(n-1)2 ... 0 4n—1)2 | 4n-12 4(n-12 ... 8n-12% 4(n-1)2
Un | 4n—1)2 4(n—-12 ... 4(n-—1)2 0 4n—1)2 4n-1)2% ... 4(n-1)2 8(n—1)>2
vi | 8(n—1)2 4(n-1)32 4(n—1)% 4(n-—1)2 0 4n—1)2 ... 4(n-12 4(n-1)2
ve |4n—-12% 8(n-12 ... 4n-12 4(n-1)?|4n-1)>2 0 oo 4n—=1)2 4(n-—1)2
v3 4n—1)2 4(n—-1)2 ... 4n—-1)2 4n-12%4n—-12 4(n-1)2 ... 4(n-12 4n-1)>2

Vo1 | 4n—1)2 4(n—-1)2 ... 8(n—-12 4(n—-1)2|4n-12% 4(n-1)2 ... 0 4(n —1)?
v [ 4n—1)2 4n-1)2% ... 4n-1)2 8n-12% | 4(n-12 4n-1)2 ... 4(n-1)>2 0

Characteristic polynomial is, [\ — 8n(n — 1)*]A\" ' [A + 8(n — 1)?]™.
Characteristic equation is, [\ — 8n(n — 1)*][A\""'][A + 8(n — 1)*]" = 0.

8nin—1)2 0 —8(n—1)?
Spec(M S*(Ky,x2)) =

The Modified Schultz energy is,
MEs:(Exa) = 8n(n — 1Y2(1) H0(n — 1) +|~8(n — 1)%(n)
Es+(Kpxa) = 8n(n —1)* + 8n(n — 1)?
Es-(Kpxa) = 16n(n — 1) O

Definition 2.2. Crown graph SY for an integer n > 2 is the graph with vertex set
{uy, ug, ..., up, v1, 09, ..., v, } and edge set {u;v; : 1 <i,j <mn,i#jh

Theorem 2.11. For n > 2, the Modified Schultz energy of the crown graph is
4 ifn=2
8(n—1)° ifn>3

Proof. Case: 1ifn > 3,
The Modified Schultz matrix of crown graph is M S*(S°) =
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V1 V2 v3 - Un ul u us . Un

v1 0 2(n—1)2 2(n—-12% ... 2m-12|3n-1)%2 ®w-1)2 ®m-1)% ... @®w-1)72
va | 2(n —1)2 0 2n—1)2 ... 2n—-1)2| (n=-12 3n-12 nm-1% ... (®©-1)2
vz | 2(n—1)2 2(n—1)2 0 o 2n=1D2 | (n—-12 (m-1)2 3n-1)2 ... (n-1)2
v.n 2(n.—1)2 2(n.—1)2 2(n.—1)2 6 (n—.1)2 (n—.1)2 (n—'1)2 3(n.— 1)2
ur [ 3n—1%2 m-1)2 n©-1D% ... (m-1)2 0 2(n—1)2 2(n—-12% ... 2(n-1)2
ug | (n—=1)2 3n-12 nw-1D2 ... ®-12|2mn-1)>2 0 2(n—1)2 ... 2(n-1)2
uz | =12 (m—-1)2 3n—-1)2 ... ®-12|2(n—-1)2 2(n-—1)>2 0 ce. 2(n—1)32
u.n (n—'1)2 (n—'1)2 (n—'1)2 3(n'— 1)2 Q(n'— 1)2 Q(n'—l)2 2(71'—1)2 6

Characteristic polynomial is [\ — 3n(n — 1)][A — (n — 4)(n — )2 ]\ 1A +4(n — 1)%]" 7,
Characteristic equation is [\ — 3n(n — 1)*][A — (n — 4)(n — D)* A" 'A +4(n — 1)*]" ' = 0.

nn—12 (n—4)(n-12 0 —4(n—1)3
Spec(Sy) =
1 1 n—1 n—1

The Modified Schultz energy,
MEs:(Sy) =Pn(n —1)%(1) +(n = 4)(n = 1)%(1) H0l(n — 1) H—4(n - 1)*(n - 1)

MEs-(S2) =3n(n—1>+ (n—4)(n—1)>+4(n—1)*(n—1)
MEs-(SY) = 8(n —1)°.

Case: 2if n =2
Then the Modified Schultz matrix is crown graph is,

0001
0010
MS*(Sp) = 0100
1000

4x4
Characteristic polynomial is (A — 1)*(\ + 1)2.
Characteristic equation is (A — 1)*(\ + 1)? = 0.

= (1)
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The Modified Schultz energy,

MEs:(Sy) = 11(2) + | - 1(2)
MEg-(S?) = 4. O

Definition 2.3. Friendship graph is the graph obtained by taking n copies of the
cycle graph C5 with a vertex in common. It is denoted by FY. Friendship graph F}
contains 2n + 1 vertices and 3n edges.

Theorem 2.12. The Modified Schultz energy of friendship graph MEg-(Fy') is
equal to 2[(3n — 1) 4 2v/8n3 + 1612 — 24n + 9).

Proof. For a friendship graph £} with vertex set V' = {uv,, v1,Va, ..., U, Upt1, Unt2, -y Von }
Then the Schultz matrix of friendship graph is M S*(F}) =

V0o V1 V2 v3 V4 U5 Ve v7 Von
V0 0 22n 22n 22n 22p 22n 22n, 22p 22n
vi | 2%n 0 22 32-1) (32-1 ((32-1) (32-1) (32-1) (32-1)
ve | 2%n 22 0 32-1) (32-1 (32-1) (32-1) (32-1) (32-1
vy | 22n (32 -1) (32-1) 0 22 (32-1) (32-1) (32-1) ... (32-1)
ve | 22n (32-1) (32-1) 22 0 (32-1) (32-1) (32-1) ... (32-1)
vs | 22n (32-1) (3%2-1) (3%2-1) (3%-1) 0 22 (32-1) (32-1)
ve | 22n (32-1) (32-1) (32-1) (3%2-1) 22 0 (32 -1 ... (38-1)
vy | 22n (32-1) (32-1) (32-1) (3%-1) (32-1) (32-1 0 o (32=1)
van | 22n (32 -1) (32—-1) (32-1) (32-1) (32-1) (3%2-1) (32-1) ... 0 (2n41)x (2nt1)
Characteristic polynomial is
(=) (A +4)" (N +2)" N\ — (16n — 12)\ — 32n°).
Characteristic equation is
(—D)A+4)" (N +2)" A\ — (16n — 12)X — 32n*] = 0.
Spec(Fy) =
—4 -2 (8n—6)+2vV8n3 +16n2 —24n+9 (8n —6) — 2v/8n3 4+ 16n% — 24n + 9 )
n n-—1 1 1

Modified Schultz energy is,
MEs-(FP) = |=4(n) +|=2ltn — 1) +/ (8n — 6) + 21/8n3 + 1602 — 24n + 9(1)

(8n — 6) — 2¢/8n3 + 16n2 — 24n + 9[(1)
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=dn+2n— 2+ (8n — 6) + 2¢/8n3 + 16n2 — 24n + 9 + 21/8n3 + 16n2 — 24n + 9 — (8n — 6)

MEg-(F}) = 2[(3n — 1) + 2¢/8n3 + 16n2 — 24n + 9). O

Theorem 2.13. The Modified Schultz energy of the complete bipartite graph is
2 2 n2] .

4im*n + mn® —m? —
Proof. For the complete bipartite graph K,,, (m < n) with vertex set V =

{uy, ug, .oy Uy, V1, Vo, ..y Un }
The a Modified Schultz matrix of complete bipartite graph is S*(K,,,) =

V1 v2 v3 R ul ug u3 Ce. Un,
V1 0 2n2 2n% ... 2n? | mn mn mn ... mn
vy | 2n? 0 2n2 ... 2n% | mn mn mn ... mn
v3 2n?  2n? 0 .22 | mn mn mn ... mn
vm | 2n2  2n?  2n? 0 mn mn mn mn
Ul mn mn mn ... mn 0 2m?2  2m? 2m?2
ug | mmn mn mn ... mn | 2m? 0 2m?2 ... 2m?
us | mn mn mn ... mn|2m? 2m? 0 2m?
Unp | mMn mn mn mn | 2m2  2m2  2m?2 0

Characteristic polynomial is
(=)™ (X +2m2) " H N+ 202)™ (A2 = 2((m — 1)n? + m*n — mH\ +
n*(m?(3m — 4)n — 4m*(m — 1))).
Characteristic equation is
(=)™ (N +2m2) " TN+ 202)™ (A = 2((m — 1)n® + m*n — m?)\ +
n?(m*(3m — 4)n — 4m?*(m —1))) =0
—2m? -2 X+VY X -VY
Spec(Kpn) = ,
n—1 m-1 1 1

where X = (m — 1)n®> + m?>n —m? and Y = (m? — 2m + 1)n* + (2m? — m3)n® +

(m* +2m3 — 2m?)n? — 2min + m*.
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Modified Schultz energy is:

Es+(Kmp) = | — 2m2|(n -1+ |- 2n2|(m — 1)+ |[(m— 1)n2 +m?n — m2] +

V(m2 —2m + 1)nt + (2m2 — m3)nd + (m* + 2m3 — 2m?2)n2 — 2mAn + m?|(1)

+[[(m — 1)n® + m*n —m?] —

V(m2 —2m + 1)nd + (2m2 — m3)n3 + (m4 + 2m3 — 2m2)n2 — 2mAn 4+ m4|(1).
Es+(Kpmn) = 2m*(n—1) + 2n*(m —1) + (m — D)n®> +m’n —m* +

V(m2 —2m + 1)nd + (2m2 — m3)nd + (m4 + 2m3 — 2m2)n? — 2mAn + m4 +

(m — 1)n® +m*n — m? —

V(m2 —2m + 1)nd + (2m2 — m3)n3 + (m4 + 2m3 — 2m2)n2 — 2min + mA

Es+(Kpmn) = 4(m’n+mn® —m?® —n?).

3. CONCLUSION

In this article we defined Modified Schultz energy of a graph. Upper and lower
bounds for Modified Schultz energy are established. A generalized expression
for Schultz energies for star graph, complete graph, crown graph, complete bi-
partite graph, cocktail party graph and friendship graphs are also computed.
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