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LACUNARY STATISTICAL CONVERGENCE OF DOUBLE SEQUENCES OF
ORDER ᾱ IN PROBABILISTIC NORMED SPACES

MEENAKSHI1 AND PALAK

ABSTRACT. In this paper, the idea of lacunary statistical convergence of order
ᾱ (0 < ᾱ ≤ 1) for double sequences (Sᾱ

θrs
−convergent) in probabilistic normed

spaces has been elaborated. We have obtained the relation of usual convergence
of order ᾱ (0 < ᾱ ≤ 1) and Sᾱ

θrs
−convergent in these spaces. We have given

examples to show that Sᾱ
θrs
−convergent is more generalized than the usual

convergence in these spaces.

1. INTRODUCTION

The notion of statistical convergence was initiated by Fast [5] and has mo-
tivated many researchers to work. One of the most important generalization
was initiated by Fridy and Orhan [7] named as lacunary statistical convergence
in which they studied the relation of Nθ−summability and (C, 1)−summability.
Further, Patterson and Savaş [17] theorize the same concept for double se-
quences in which they take double lacunary sequence θ = θrs = (mr, ns) such
that m0, n0 = 0, hr = mr−mr−1 −→∞ as r −→∞ and hs = ns−ns−1 −→∞ as
s −→ ∞ and the intervals determined by θrs will be denoted by Ir = (mr−1,mr]

and Is = (ns−1, ns] and also investigated by many researchers. The double se-
quence can be stated as function f from N ×N to N such that
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f(mn) = amn where m,n ∈ N .

Patterson and Savaş [17] specified lacunary statistical convergence for double
sequences.

Definition 1.1. [17] Let θ = (θrs) be the double lacunary sequence then y = (ymn)

is termed as lacunary statistically convergent if ∀ ε > 0 we have

lim
r,s

1

hrhs
|{(m,n) ∈ Ir × Is : |ymn − p| ≥ ε}| = 0.

where Ir and Is be the interval defined as Ir = (mr−1,mr] and Is = (ns−1, ns] and
hr and hs are the increasing sequences.

Another important generalization of statistical convergence is statistical con-
vergence of double sequences of order ᾱ where ᾱ represents the pair (α1, α2)

such that 0 < α1 ≤ 1 and 0 < α2 ≤ 1 was initiated by Çolak and Altin [3]. They
work on the hypothesis of ᾱ−double density.

Definition 1.2. [3] Let A be the subset of N × N then ᾱ−double density can be
stated as

δ2
ᾱ(A) = lim

m,n

A(m,n)

mα1nα2

where A(m,n) be the number of (m1, n1) in A such that m1 ≤ m and n1 ≤ n.

Definition 1.3. [3] A double sequence y = (ym1n1) is termed as statistically con-
vergent of order ᾱ (0 < ᾱ ≤ 1) if for any ε > 0

lim
m,n

1

mα1nα2
|{(m1, n1) : m1 ≤ m,n1 ≤ n : |ym1n1 − p| ≥ ε}| = 0.

It can be written as S2
ᾱ − lim ym1n1 = p.

Mohiuddine and Savaş [13] had researched on the conceit of lacunary statisti-
cal convergence double sequences for probabilistic normed spaces (PN spaces).
Some basic terminologies given as follows :
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Definition 1.4. [13] A continuous mapping ~ : [0, 1]× [0, 1]→ [0, 1] is termed as
t-norm if it is abelian monoid with unit one and u ~ v ≤ t ~ w then u ≤ t and
v ≤ w for all u, v, t, w ∈ [0, 1].

Definition 1.5. [13] Let F : R → R+
0 be the function then the function F is

termed as distribution function if it is non-decreasing and left continuous with
inft∈RF (t) = 0 and supt∈RF (t) = 1. It is denoted by D.

Definition 1.6. [13] Let Y be the real vector space and υ : Y → D where D
denotes the set of all distribution function then (Y, υ,~) is termed as probabilistic
normed space if following postulates holds.

(i) υy(0) = 0.

(ii) υy(r) = 1 ∀ r > 0 iff y = 0.

(ii) υcy(r) = υy(
r
|c|) ∀ c ∈ R− {0}.

(iv) υy+z(r + s) ≥ υy(r) + υz(s) ∀ y, z ∈ Y and r, s ∈ R+
0 .

Definition 1.7. [13] Let (Y, υ,~) be a PN space then y = (ymn) is termed as
lacunary statistically convergent in PN space Y if for any λ ∈ [0, 1] we have

lim
r,s

1

hrhs
|{(m,n) ∈ Ir × Is : |υymn−p| ≤ 1− λ}| = 0.

The hypothesis of statistical convergence, double sequences, PN spaces and
order ᾱ (0 < ᾱ ≤ 1) was an active area of research by many researchers [6]
[14] [19] [15] [9] [12] [20] [21] [8] [16] [11] [2] [4] [10], [1] [18].

2. Sᾱθrs−CONVERGENT IN PROBABILISTIC NORMED SPACES

Throughout the paper, we consider ᾱ as 0 < ᾱ ≤ 1 and θ = (θrs) be a double
lacunary sequence, otherwise specified.

In this section, we initiate the idea of Sᾱθrs−convergent and Sᾱθrs−Cauchy in
PN spaces.

Definition 2.1. Let (Y, υ,~) be a PN space. Then y = (ymn) is termed as Sᾱθrs−convergent
to p in PN space Y , if for every ε > 0 and λ ∈ (0, 1)

δᾱθrs{(m,n) ∈ Ir × Is : υymn−p(ε) ≤ 1− λ} = 0

i.e.,

1

hα1
r h

α2
s
|{(m,n) ∈ Ir × Is : υymn−p(ε) ≤ 1− λ}| = 0.
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Theorem 2.1. Suppose (Y, υ,~) is a PN space. If y = (ymn) is Sᾱθrs−convergent in
PN space Y , then the limit is unique.

Proof. Suppose that Sᾱθrs− lim y = p1 and Sᾱθrs− lim y = p2. For given ε > 0, t > 0.
Take λ ∈ (0, 1) such that

(1− λ)~ (1− λ) ≥ 1− t.

Define,

A(λ, ε) = {(m,n) ∈ Ir × Is : υymn−p1(
ε

2
) ≤ 1− λ},

B(λ, ε) = {(m,n) ∈ Ir × Is : υymn−p2(
ε

2
) ≤ 1− λ}.

As Sᾱθrs − lim y = p1 and Sᾱθrs − lim y = p2, therefore δᾱθrs(A(λ, ε)) = 0 and
δᾱθrs(B(λ, ε)) = 0.
i.e.,

1

hα1
r h

α2
s
|{(m,n) ∈ Ir × Is : υymn−p1(

ε

2
) ≤ 1− λ}| = 0,

and
1

hα1
r h

α2
s
|{(m,n) ∈ Ir × Is : υymn−p2(

ε

2
) ≤ 1− λ}| = 0.

Suppose

C(λ, ε) = A(λ, ε) ∩B(λ, ε).

It gives δᾱθrs(C(λ, ε)) = 0, which implies δᾱθrs(C
c(λ, ε)) = 1.

Suppose (m,n) ∈ (Cc(λ, ε)), then

υp1−p2(ε) = υp1+ymn−ymn−p2(ε) = υymn−p1+ymn−p2(
ε

2
+
ε

2
) ≥ υymn−p1(

ε

2
)~ υymn−p2(

ε

2
)

≥ (1− λ)~ (1− λ) ≥ 1− t.

Since t > 0 was arbitrary, So we have,

υp1−p2(ε) = 1,

which implies that

p1 = p2.

�

Theorem 2.2. Let (ymn) and (zmn) be the double sequence in PN space Y then
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(1) If Sᾱθrs − lim ymn = p1 and Sᾱθrs − lim zmn = p2 then
Sᾱθrs − lim(ymn + zmn) = p1 + p2.

(2) If Sᾱθrs − lim ymn = p1 and a ∈ R then Sᾱθrs − lim(aymn) = ap1.

Proof. (1) Suppose that Sᾱθrs − lim ymn = p1 and Sᾱθrs − lim zmn = p2. For given
ε > 0 and t > 0 , take λ ∈ (0, 1) such that

(1− λ)~ (1− λ) > (1− t).

Define,

A(λ, ε) = {(m,n) ∈ Ir × Is : υymn−p1(
ε

2
) ≤ 1− λ}

and

B(λ, ε) = {(m,n) ∈ Ir × Is : υzmn−p2(
ε

2
) ≤ 1− λ}.

As Sᾱθrs − lim ymn = p1 and Sᾱθrs − lim zmn = p2, therefore δᾱθrs(A(λ, ε)) = 0 and
δᾱθrs(B(λ, ε)) = 0.
Let (m,n) /∈ A(λ, ε) ∪B(λ, ε) then

υymn+zmn−p1−p2(ε) ≥ υymn−p1(
ε

2
)~ υzmn−p2(

ε

2
) > (1− λ)~ (1− λ) > 1− t

which implies that

{(m,n) ∈ Ir × Is : υymn+zmn−p1−p2(ε) ≤ 1− t} ⊆ A(λ, ε) ∪B(λ, ε),

i.e.,

δᾱθrs{(m,n) ∈ Ir × Is : υymn+zmn−p1−p2(ε) ≤ 1− t} ⊆ δᾱθrs(A(λ, ε)) ∪ δᾱθrs(B(λ, ε)).

Hence

Sᾱθrs − lim(ymn + zmn) = p1 + p2.

(2) Suppose that Sᾱθrs − lim ymn = p1. Let a 6= 0. For each ε > 0 and λ ∈ (0, 1).
Define,

A(λ, ε) = {(m,n) ∈ Ir × Is : υymn−p1(ε) ≤ 1− λ}

As Sᾱθrs − lim ymn = p1, therefore δᾱθrs(A(λ, ε)) = 0.
Let (m,n) /∈ A(λ, ε) then

υa(ymn−p1)(ε) = υymn−p1(
ε

|a|
) ≥ υymn−p1(ε)~ υo(

ε

|a|
− ε) = υymn−p1(ε) > 1− λ
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which implies that

{(m,n) ∈ Ir × Is : υa(ymn−p1)(ε) ≤ 1− λ} ⊆ A(λ, ε),

i.e.,

δᾱθrs{(m,n) ∈ Ir × Is : υa(ymn−p1)(ε) ≤ 1− λ} ≤ δᾱθrs(A(λ, ε)) = 0.

Let a = 0. For every ε > 0 and λ ∈ (0, 1)

υ0.ymn−0.p1(ε) = υ0(ε) = 1 > 1− λ.

This shows that Sᾱθrs − lim(aymn) = ap1. �

Theorem 2.3. Let (Y, υ,~) be a PN space. If y = (ymn) is υ−convergent to p then
it is Sᾱθrs−convergent to p. But not conversely.

Proof. Suppose that υ − lim y = p. Then for every ε > 0 and λ ∈ (0, 1), ∃ a pair
(M,N) such that ∀ m ≥M and n ≥ N , we have

υymn−p(ε) > 1− λ.

So the set {(m,n) ∈ Ir× Is : υymn−p(ε) ≤ 1− λ} has δᾱθrs−density zero and hence

1

hα1
r h

α2
s
|{(m,n) ∈ Ir × Is : υymn−p(ε) ≤ 1− λ}| = 0,

i.e., Sᾱθrs − lim y = p. �

Next to show that the converse of above result does not hold in general which
can be illustrated by the following Example.

Example 1. Let us consider the space of real numbers (R,|.|) under usual norm.
Let υy(ε) =1-e(−ε|y| ). Define the sequence y = (ymn) by

ymn =

mn : mr − [(hr)
( 2

3
)] + 1 ≤ m ≤ mr, ns − [(hs)

( 2
3

)] + 1 ≤ n ≤ ns;

0 : otherwise.

For ε > 0 and λ ∈ (0, 1), Consider

A(λ, ε) = {(m,n) ∈ Ir × Is : υymn(ε) ≤ 1− λ}

= {(m,n) ∈ Ir × Is : 1− e
−ε
|ymn| ≤ 1− λ},

= {(m,n) ∈ Ir × Is : e
−ε
|ymn| ≥ λ},
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= {(m,n) ∈ Ir × Is :
1

e
−ε
|ymn|

≤ 1

λ
},

= {(m,n) ∈ Ir × Is : e
ε

|ymn| ≤ 1

λ
},

= {(m,n) ∈ Ir × Is :
ε

|ymn|
≤ log(

1

λ
)},

= {(m,n) ∈ Ir × Is : |ymn| ≥
ε

log( 1
λ
)
> 0},

= {(m,n) ∈ Ir × Is : ymn = mn},

= {(m,n) ∈ Ir × Is : mr − [(hr)
( 2

3
)] + 1 ≤ m ≤ mr,

ns − [(hs)
( 2

3
)] + 1 ≤ n ≤ ns}.

So,
1

hα1
r h

α2
s
|A(λ, ε)| ≤ 1

hα1
r h

α2
s
|{(m,n) ∈ Ir × Is : mr − [(hr)

( 2
3

)] + 1 ≤ m ≤ mr,

ns − [(hs)
( 2

3
)] + 1 ≤ n ≤ ns}|

1

hα1
r h

α2
s
|A(λ, ε)| ≤ (hr)

2
3 (hs)

2
3

hα1
r h

α2
s

,

Thus for ᾱ > 2
3
, limr,s

1
h
α1
r h

α2
s
|A(λ, ε)| = 0 i.e., y = (ymn) is Sᾱθrs−convergent, but

not υ−convergent since

υymn(ε) =

1− e
−ε
|ymn| : mr − [(hr)

( 2
3

)] + 1 ≤ m ≤ mr, ns − [(hs)
( 2

3
)] + 1 ≤ n ≤ ns;

1 : otherwise.
≤ 1

Theorem 2.4. Let (Y, υ,~) be a PN space and 0 < ᾱ ≤ β̄ ≤ 1. Then Sᾱθrs ⊂ Sβ̄θrs .

Proof. Suppose y = (ymn) is Sᾱθrs−convergent in PN space.
Then for given ε > 0 and λ ∈ (0, 1) and 0 < ᾱ ≤ β̄ ≤ 1 we have

1

hα1
r h

α2
s
|{(m,n) ∈ Ir × Is : υymn−p(ε) ≤ 1− λ}| ≤

1

hβ1
r h

β2
s

|{(m,n) ∈ Ir × Is : υymn−p(ε) ≤ 1− λ}|.
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This gives that Sᾱθrs ⊆ Sβ̄θrs . �

Theorem 2.5. Let (Y, υ,~) be a PN space. If y = (ymn) is Sᾱθrs−convergent in PN
space Y then ∃ a set A = {(mi, ni) : m1 < m2 < · · · ;n1 < n2 < · · · } such that
δᾱθrs(A) = 1 with υ − limi ymini = p.

Proof. Suppose that Sᾱθrs − lim y = p. Then for given ε > 0 and k ∈ N
Define,

A(k, ε) = {(m,n) ∈ Ir × Is : υymn−p(ε) > 1− 1

k
} .

As Sᾱθrs − lim y = p, therefore δᾱθrs(A
c(k, ε)) = 0.

So ∀ k ∈ N , we have

A(k + 1, ε) ⊂ A(k, ε) .

Let {Hij}i,j∈N is the increasing double sequence of non-negative numbers that
is limi,j Hij =∞.
Choose (v1, v2) ∈ A(1, ε) and choose another pair say (v3, v4) ∈ A(2, ε) such
that (v3, v4) > (v1, v2) we have A(2,ε)

h
α1
r h

α2
s

> H22. Similarly we get A(3,ε)

h
α1
r h

α2
s

> H33.
Proceeding the same way then we get a double sequence of positive integer
(v1, v2) < (v3, v4) · · · < (vk, vl) · · · such that

A(k, ε)

hα1
r h

α2
s
> Hkk .

Now let A ⊆ Ir × Is such that every number of the interval (hr−1, hr]× (hs−1, hs]

belongs to A. Further any number of the interval (hr−1, hr] × (hs−1, hs] belongs
to A iff it belongs to A(k, ε). So,

A

hα1
r h

α2
s
≥ A(k, ε)

hα1
r h

α2
s
> Hkk

which implies that

δᾱθrs(A) = 1.

Let λ ∈ (0, 1) and take k ∈ N such that 1
k
< λ. Then ∃ a natural number r ≥ k

such that for all (m,n) ≥ (vk, vl)

υymn−p(ε) > 1− 1

r
> 1− 1

k
> 1− λ .

So y = (ymn) is υ − limi ymini = p . �
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3. Sᾱθrs−CAUCHY IN PROBABILISTIC NORMED SPACES

Definition 3.1. Let (Y, υ,~) be a PN space. Then y = (ymn) is termed as Sᾱθrs−Cauchy
in probabilistic normed space Y , if ∀ ε > 0 and λ ∈ (0, 1) ∃ a pair (M̀, Ǹ) such
that ∀ m,m1 ≥ M̀ and n, n1 ≥ Ǹ we have

δᾱθrs |{(m,n) ∈ Ir × Is : υymn−ym1n1
(ε) ≤ 1− λ}| = 0

i.e.,

1

hα1
r h

α2
s
|{(m,n) ∈ Ir × Is : υymn−ym1n1

(ε) ≤ 1− λ}| = 0.

Theorem 3.1. Let (Y, υ,~) be a PN space. If y = (ymn) is Sᾱθrs−convergent then it
is Sᾱθrs−Cauchy in PN space Y .

Proof. Suppose that Sᾱθrs − lim y = p. For any ε > 0 and λ ∈ (0, 1). Take λ1 > 0

(1− λ)~ (1− λ) > (1− λ1) .

Define,

A(λ, ε) = {(m,n) ∈ Ir × Is : υymn−p(
ε

2
) ≤ 1− λ}

which implies that

Ac(λ, ε) = {(m,n) ∈ Ir × Is : υymn−p(
ε

2
) > 1− λ}.

As Sᾱθrs − lim y = p, therefore δᾱθrs(A(λ, ε)) = 0 and δᾱθrs(A
c(λ, ε))=1.

i.e.,

δᾱθrs(A(λ, ε)) =
1

hα1
r h

α2
s
|{(m,n) ∈ Ir × Is : υymn−p(

ε

2
) ≤ 1− λ}| = 0

and

δᾱθrs(A
c(λ, ε)) =

1

hα1
r h

α2
s
|{(m,n) ∈ Ir × Is : υymn−p(

ε

2
) > 1− λ}| = 1.

Let (m1, n1) ∈ Ac(λ, ε). Then υym1n1−p(
ε
2
) > 1− λ.

Define,

B(λ1, ε) = {(m,n) ∈ Ir × Is : υymn−ym1n1
(ε) ≤ 1− λ1} .

Now we have to prove that B(λ1, ε) is a subset of A(λ, ε).
Suppose (m,n) ∈ B(λ1, ε) Then, υymn−ym1n1

(ε) ≤ 1− λ1.

Let if possible

υymn−p(
ε

2
) > 1− λ.
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Then

1− λ1 ≥ υymn−ym1n1
(ε) ≥ υymn−p(

ε

2
)~ υym1n1−p(

ε

2
) > (1− λ)~ (1− λ) > (1− λ1),

which is not possible. So

υymn−p(
ε

2
) ≤ 1− λ,

which implies that (m,n) ∈ A(λ, ε). Hence B(λ1, ε) ⊆ A(λ, ε). So, y = (ymn) is
Sᾱθrs−Cauchy. �

Theorem 3.2. Let (Y, υ,~) is a PN space. If y = (ymn) is Sᾱθrs−Cauchy in PN space
Y then for any ε > 0 and λ ∈ (0, 1) ∃ a set A(λ, ε) ⊂ Ir × Is with δᾱθrs(A(λ, ε)) = 0

such that υymn−ym1n1
> 1− λ for any (m,n), (m1, n1) /∈ A(λ, ε).

Proof. Let ε > 0, λ > 0 and take λ1 ∈ (0, 1) such that

(1− λ1)~ (1− λ1) > 1− λ.

Since the double sequence y = (ymn) is Sᾱθrs−Cauchy. So ∃ a non-negative inte-
ger M̀ and Ǹ such that

1

hα1
r h

α2
s
|{(m,n) ∈ Ir × Is : υymn−yM̀Ǹ

(
ε

2
) ≤ 1− λ1}| = 0.

Define,

A(λ, ε) = {(m,n) ∈ Ir × Is : υymn−yM̀Ǹ
(
ε

2
) ≤ 1− λ1},

which implies that δᾱθrs(A(λ, ε)) = 0.
If (m,n) and (m1, n1) /∈ A(λ, ε) then,
υymn−yM̀Ǹ

( ε
2
) > 1− λ1 and υym1n1−yM̀Ǹ

( ε
2
) > 1− λ1. So, we have

υymn−ym1n1
(ε) ≥ υymn−yM̀Ǹ

(
ε

2
)~ υym1n1−yM̀Ǹ

(
ε

2
) > (1− λ1)~ (1− λ1) > 1− λ.

which implies that for any (m,n), (m1, n1) /∈ A(λ, ε),

υymn−ym1n1
(ε) > 1− λ.

�
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