Advances in Mathematics: Scientific Journal 9 (2020), no.9, 7257-7268
AEY MY AL ISSN: 1857-8365 (printed); 1857-8438 (electronic)
https://doi.org/10.37418/ams;j.9.9.75

LACUNARY STATISTICAL CONVERGENCE OF DOUBLE SEQUENCES OF
ORDER & IN PROBABILISTIC NORMED SPACES

MEENAKSHI! AND PALAK

ABSTRACT. In this paper, the idea of lacunary statistical convergence of order
@ (0 < @ < 1) for double sequences (Sj —convergent) in probabilistic normed
spaces has been elaborated. We have obtained the relation of usual convergence
of order @ (0 < @ < 1) and Sj —convergent in these spaces. We have given
examples to show that ng—cohvergent is more generalized than the usual
convergence in these spaces.

1. INTRODUCTION

The notion of statistical convergence was initiated by Fast [5] and has mo-
tivated many researchers to work. One of the most important generalization
was initiated by Fridy and Orhan [7] named as lacunary statistical convergence
in which they studied the relation of Ny—summability and (C, 1)—summability.
Further, Patterson and Savas [17] theorize the same concept for double se-
quences in which they take double lacunary sequence 6 = 6., = (m,,ns) such
that mg,ng =0, h, = m, —m,_1 — ccasr — oo and h, = ng—n,_; — oo as
s —» oo and the intervals determined by 6,; will be denoted by I, = (m,_q,m,]
and I, = (ns_1,n,] and also investigated by many researchers. The double se-
quence can be stated as function f from N x N to N such that
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f(mn) = a,,, where m,n € N .

Patterson and Savas [17] specified lacunary statistical convergence for double
sequences.

Definition 1.1. [17] Let 6 = (6,,) be the double lacunary sequence then y = (Yn)
is termed as lacunary statistically convergent if V € > 0 we have

lim H{(m,n) € I X I : [ymn — p| > €}| = 0.

1
rs hyphg
where I, and I, be the interval defined as I, = (m,_1,m,| and I, = (ns_1,n,] and
h, and hg are the increasing sequences.

Another important generalization of statistical convergence is statistical con-
vergence of double sequences of order @ where a represents the pair (o, as)
such that 0 < a; < 1 and 0 < ay < 1 was initiated by Colak and Altin [3]. They
work on the hypothesis of @a—double density.

Definition 1.2. [3] Let A be the subset of N x N then a—double density can be
stated as

52(4) = lim A7)

o
m,n MY N*2

where A(m,n) be the number of (mq,n;) in A such that m; < m and n; < n.

Definition 1.3. [3] A double sequence y = (Ym,n,) 1S termed as statistically con-
vergent of order & (0 < a < 1) if for any ¢ > 0

1
lim
m,n MMN2

{(my,n1) :my <myny <0 |Ymgn, —p| > €} =0.

It can be written as S2 — lim Y., = P

Mohiuddine and Savas [13] had researched on the conceit of lacunary statisti-
cal convergence double sequences for probabilistic normed spaces (PN spaces).
Some basic terminologies given as follows :
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Definition 1.4. [13] A continuous mapping ® : [0, 1] x [0, 1] — [0, 1] is termed as
t-norm if it is abelian monoid with unit one and u ® v < t ® w then u < t and
v <w for all u,v,t,w € [0,1].

Definition 1.5. [13] Let F' : R — R be the function then the function F is
termed as distribution function if it is non-decreasing and left continuous with
infierF (t) = 0 and supierF(t) = 1. It is denoted by D.

Definition 1.6. [13] Let Y be the real vector space and v : Y — D where D
denotes the set of all distribution function then (Y, v, ®) is termed as probabilistic
normed space if following postulates holds.

(1) v,(0) = 0.

(i) vy(r)=1Vr>0iffy =0.

(i) vey(r) = vy(75) Ve € R—{0}.

(V) vy.(r+s) >v,(r)+v.(s)Vy,z€Yandr,s € R§.
Definition 1.7. [13] Let (Y,v,®) be a PN space then y = (Ymy,) is termed as
lacunary statistically convergent in PN space Y if for any A € [0, 1] we have

lim L

rs Ryl
The hypothesis of statistical convergence, double sequences, PN spaces and

|{(m7 n) € I”' X ]5 : |Uymn_p| S 1 - )\}’ - 0

order @ (0 < @ < 1) was an active area of research by many researchers [6]
[14] [19] [15] [9] [12] [20] [21] [8] [16] [11] [2] [4] [10], [1] [18].

2. S&S—CONVERGENT IN PROBABILISTIC NORMED SPACES

Throughout the paper, we consider @ as 0 < @ < 1 and ¢ = (6,s) be a double
lacunary sequence, otherwise specified.

In this section, we initiate the idea of Sj —convergent and Sj —Cauchy in
PN spaces.

Definition 2.1. Let (Y,v, ®) be a PN space. Theny = (ymy) is termed as S§._—convergent
to p in PN space Y, if for every e > 0 and A € (0,1)

5gm{(m,n) €l xI;:vy, € <1-A}=0

i.€.,
1

hy' hs?
T

{(m,n) € I, x Iy : vy, _p(e) <1—A} =0.
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Theorem 2.1. Suppose (Y,v, ®) is a PN space. If y = (Ymn) is Sj  —convergent in
PN space Y, then the limit is unique.

Proof. Suppose that S§ —limy = p; and S5 —limy = p,. For given e > 0, ¢ > 0.
Take A € (0, 1) such that

(I-=XAN®(1—=-=X)>1-t.
Define,
€

AN e) ={(m,n) e I, x I, : Uymn,p1(2

)Sl_)‘}>

B\ ) = {(m,n) € I x I, : vy, (3) < 1= A},

As S§ —limy = p; and S§ — limy = p,, therefore é5 (A(\,¢)) = 0 and
5. (B(\,0) =0.

i.e.,
1 €
WH(m,n) el xI: vymn,pl(é) <1-=A} =0,
and
ﬁH(m,n) el xI: vymn_m(g) <1-A}=0.
Suppose

C(A\ ) = AN, e) N B(Ae).

It gives o5 _(C'(\, €)) = 0, which implies 65 _(C°(A,¢)) = 1.
Suppose (m,n) € (C°(\,¢)), then

€ € €
Upy—po (6) = Up1+ymn—Ymn—p2 (6) = Uymn—p1+ymn—p2(§ + 5) > Uymn—p1(§> ® Uymn_p2(§)
>(1=N®(1=XN)>1-1.

Since ¢ > 0 was arbitrary, So we have,

Up1—ps (6) =1,

which implies that

P1 = D2

Theorem 2.2. Let (y,,,) and (z,,,) be the double sequence in PN space Y then
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(DIf S§. — limyp, = p and S — limz,, = po then
Sgars - hm(ymn + Zmn) = p1 + pa.
(2) If S§_ —limym, = py and a € R then S§ — lim(aymn) = aps.

Proof. (1) Suppose that S§ — limy,,, = p; and S§— lim 2, = po. For given
e>0andt >0, take A € (0, 1) such that

1= ®(1—=X)>(1-1).
Define,
AN €)= {(m,n) € I, x I : Uymn_,,l(g) <1-)\)
and
B\ e) ={(m,n) €L, x I : UZmn_m(g) <1- )L

As S§ —limy,, = p1 and S§ — lim 2,,, = po, therefore d5 (A()\, €)) = 0 and
55 (B(A,€)) = 0.
Let (m,n) ¢ A(X\ €) U B(\,¢) then

Upctommpa(©) 2 Ve (5) ® V() > (L= D) @ (1= X) > 1t
which implies that
{(mn) € I, X L, 0y e pipa(€) < 1= 1} € AN, ) UB(A ),
1.€.,
05, {(m,n) € I X Iy - Vy,piz—pr—pa(€) < 1=t} © 35 (AN, €)) UdG (B(A €)).
Hence
St = Hm(Yon + Zmn) = D1 + P2
(2) Suppose that S¢ — lim ¥y, = p1. Let a # 0. For each ¢ > 0 and X € (0, 1).
Define,
AN e) ={(m,n) € I, x Is: vy, _p () <1— A}
As S§ —limy,, = pi1, therefore 65 (A(XA,€)) = 0.
Let (m,n) ¢ A(\, €) then

€ €
Ua(ymn_pl)(e) = Uymn_p1< ) 2 Uymn_pl (6) @ Uo(m - 6) - Uymn_pl (€> > ]' - )\

lal
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which implies that
{(m,n) € I X I : Ug(y,—p1)(€) <1 =X} C AN €),
i.€.,
55 ((m.m) € I, X I, 0y (€) < 1= A} < 85, (AN, €)) = 0.
Let a = 0. For every ¢ > 0 and A € (0, 1)
V0.ymn—0p1 (€) = Vp(€) =1 >1— A\
This shows that 5§ — lim(aymn) = ap:. O

Theorem 2.3. Let (Y, v, ®) be a PN space. If y = (Ymn) is v—convergent to p then
it is Sj —convergent to p. But not conversely.

Proof. Suppose that v — limy = p. Then for every ¢ > 0 and A € (0,1), 3 a pair
(M, N) such that V. m > M and n > N, we have
Vypn—pl(€) > 1 — A,
So the set {(m,n) € I, x I, : vy, _p(€) < 1— A} has 5 —density zero and hence
1

hhe?

i.e., S§ —limy = p. O

{(m,n) € I, x Iy 1 v, p(e) <1—A} =0,

Next to show that the converse of above result does not hold in general which
can be illustrated by the following Example.

Example 1. Let us consider the space of real numbers (R,|.|) under usual norm.
Let v,(¢) =1-e'). Define the sequence y = (yn) by

mn cmy —[(h) 3] +1<m < mp,ng — [(h) 3] +1 < n < ng;

YUmn
0 : otherwise.

For e > 0and \ € (0, 1), Consider
ANe) = {(m,n)el, xI;:v,, () <1—A}
= {(m,n) €L, x I, : 1 —elmn <1— A},
= {(m,n) €I, x I : €limnl > A},



GENERALIZED LACUNARY STATISTICAL CONVERGENCE OF DOUBLE SEQUENCES ... 7263

1
={(m,n)el, xI;: —— < X}’

1

={(m,n) € I, x I, :
= {(m.n) € L X I, : youn| > —1= > O},
log(5)

={(m,n) € I, X Iy : Ypn = mn},

={(m,n) € I, x I, :m, — [(h,)F] +1 < m < m,,
ns — [(he) 3] +1 <n < ny}
So,
1
hoclhaz AN 6)| < ROt RO e im,n) € I, x I, :m, — [(hr)(%)] +1<m<m,,

?

Al )"\ s) "
rlA o) < P
Thus for a > 2, lim,., halhag AN, €)| = 0 ice., y = (Ymn) is S§._—convergent, but
not v— convergent since

cmy — [(h) 3] +1<m < my,ng —[(hs) 3] +1<n<ny; -1

—€

U mn (E) =
Y 1 : otherwise.

Theorem 2.4. Let (Y, v, ®) be a PN space and 0 < & < 8 < 1. Then S§ C Sfm.

Proof. Suppose y = (ymn) is Sj —convergent in PN space.
Then for given ¢ > 0 and A € (0,1) and 0 < & < 3 < 1 we have
1
WH(W n) € I x Iy i vy, —p(€) <1 = A} <
1

hﬁlhﬁﬂ{(m’n) €l xI;:v,, ) <1—A}H.
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This gives that S§ C S . O

Theorem 2.5. Let (Y,v, ®) be a PN space. If y = (Ymn) is S§  —convergent in PN
space Y then Faset A = {(m;,n;) : my < mg < ---;n1 < ng < ---} such that
65 (A) = Lwith v — lim; Y, = P-

Proof. Suppose that S§ — limy = p. Then for givene > 0and k € N
Define,

Ak, €) = {(myn) € I, x I, : vy, () > 1 — %}.

As S —limy = p, therefore 5§ (A°(k,€)) = 0.
SoV k€ N, we have

Ak +1,¢) C A(k,€).

Let {H;;}i en is the increasing double sequence of non-negative numbers that
is lim; ; H;; = oo.
Choose (v1,v2) € A(l,¢) and choose another pair say (vs,vs) € A(2,€¢) such
that (v3,v4) > (v1,v2) we have ;;SL,;L > Hyy. Similarly we get % > Hass.
Proceeding the same way then we get a double sequence of positive integer
(v1,v2) < (v3,v4) -+ < (vg,v;) - -+ such that
A(k,e)
hy' hs?
Now let A C I, x I, such that every number of the interval (h,_1, h,| X (hs_1, hs]
belongs to A. Further any number of the interval (h,_1, h,] X (hs_1, hs] belongs
to A iff it belongs to A(k, €). So,
A A(k,e)
AT S W

> Hyy. .

>Hkk

which implies that

0g,,(A) = 1.
Let A € (0,1) and take k£ € N such that % < \. Then 3 a natural number r > k
such that for all (m,n) > (vg, v;)

1 1
_ >]l——>1—=>1-—-)\.
/Uymnp(e) r k

SO0y = (Ymn) 1S v — imy; Ypin, =D - O
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3. S&S—CAUCHY IN PROBABILISTIC NORMED SPACES

Definition 3.1. Let (Y, v,®) be a PN space. Then y = (ymn) is termed as S —Cauchy
in probabilistic normed space Y, if Ve > 0 and A € (0,1) 3 a pair (M, N) such
that V m,m; > M and n,ng > N we have

og. H{(m,n) € I, x I s vy, —y,. , () <T=A} =0

i.€.,

1
Theorem 3.1. Let (Y, v, ®) be a PN space. If y = (Yy) is Sg. . —convergent then it
is Sg'_—Cauchy in PN space Y.

H{(m,n) € I, x I 1 vy, g, (€) 1T =A} =0,

Proof. Suppose that S§ —limy = p. For any ¢ > 0 and A € (0,1). Take A\; > 0
(I=N®((1=X)>(1-X).
Define,
AN €)= {(m,n) € I, x I, : Uym_p(%) <1-2A}
which implies that
A\ €) = {(m,n) € I, x I : Uymn,p(g) > 1- )\
As S§ —limy = p, therefore 65 (A(X,¢€)) =0 and &5 (A°(A, €))=1.

i.e.,

55, (A ) = s {m ) € L X Ty f(5) 1= A} =0
and

55 (AN €) = s ) € 1% L5 g p(5) > 1= A} = 1.
Let (my,n1) € A°(\,€). Thenwv,, , ,(5) >1— A\
Define,

B\, e) ={(m,n) € I, x I 1 vy, —y, . () <1T— A},

Now we have to prove that B(\, €) is a subset of A(\,¢).
Suppose (m,n) € B(A,¢) Then, v, . () <1 =\
Let if possible

€
Uymn_p(ﬁ) > 1 - )\
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Then

€ €
1— )\1 2 Uymn*ymlnl (6) Z Uymn*p(i) ® Uymlnlfp(§) > (1 - )\) ® (1 - )\) > (1 - )\1)7

which is not possible. So

€
Uymn_p(i) S I )‘7
which implies that (m,n) € A(\ ¢). Hence B(A1,€) C A(X€). SO, y = (Ymn) 1S
Sg._—Cauchy. O

Theorem 3.2. Let (Y, v, ®) is a PN space. If § = (Ymn) is Si . —Cauchy in PN space
Y then for any e > 0 and X € (0,1) Ja set A(X,€) C I, x I, with 65 _(A(X,€)) =0
such that vy,,, .y, .. > 1= forany (m,n), (mi,n1) ¢ A(X, ).

Proof. Lete > 0, A > 0 and take \; € (0, 1) such that

Since the double sequence y = (ymn) is S5 —Cauchy. So 3 a non-negative inte-
ger M and N such that

1 €

h?flh?2 |{(m7n) S I”' X ]5 : Uymn_y][{N<2) S 1- A1}| =0.

Define,
€

ANe) ={(m,n) e I, x I : Uymn,yMN(2

)Sl_)‘l}>

which implies that 65 (A(X,€)) = 0.
If (m,n) and (mq,nq) ¢ A(\, €) then,

€ €
Vyn -y (5) > 1= Arand v, . (5) >1— A So, we have

€

€
Uymn_ymlnl (6) Z Uymn_y]\;[N(§) ® Uymlnl_y]\;jlv<§) > (1 - )\1) ® (]‘ - Al) > 1 - A

which implies that for any (m,n), (my,n;) ¢ A(\,€),

() >1—A.

Uymn —Ymqny
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