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PYTHAGOREAN FUZZY MAGIC LABELING GRAPHS
P. ASHWINI SIBIYA RANI! AND T. BHARATHI

ABSTRACT. A new concept of Pythagorean fuzzy magic, bimagic and antimagic
graphs are introduced. Pythagorean fuzzy magic labeling and Pythagorean
fuzzy magic constants for star, path, cycle and fan graphs are newly defined.
Further, Pythagorean fuzzy bridge, Pythagorean fuzzy cut node and degrees of
Pythagorean Fuzzy Magic Graphs are discussed.

1. INTRODUCTION

Fuzzy graphs are implemented where there exists vagueness in nodes and
arcs. Yet, fuzzy labeling graphs give more compatibilty, flexibility and accuracy
to the network compared to fuzzy graphs and have various application in the
field of Computer Science, Chemistry, Physics and other divisions of Mathemat-
ics.

Nagoorgani and Rajalakshmi [7] were the first to apply the concept of label-
ing in fuzzy graph and introduced fuzzy magic graph. They proved that any
path graph and cycle graph of odd length are fuzzy magic graph. The idea
of interval valued fuzzy magic labeling was discussed by Mishra and Anita pal
[6]. The notion of interval valued intuitionistic fuzzy graph and interval val-
ued intuitionistic fuzzy magic graph was introduced by Kishore Kumar et.al [4].
Ameenal Bibi and Devi [2] extended the concept of fuzzy magic labeling to fuzzy
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bi-magic labeling and defined it on interval valued fuzzy graph. They discussed
the bi-magic labeling for cycle graph of odd length and star graph. The defini-
tion of fuzzy anti magic graph was given by Shajila and Vimala [11] where they
investigated the fuzzy anti magic labeling for path and butterfly graph.

Rifayatahli et.al [10] proposed the idea of Hesitancy Fuzzy Magic Labeling
(HFML) and Fathalian et.al [3] proved that any connected and complete graph
admits HFML. The concept of Pythagorean Fuzzy Graph (PFG) was introduced
by Naz et.al [8] and they developed a series of operational laws for PFGs. The
idea of Pythagorean Fuzzy Labeling Graph 2pr; ¢ are introduced by Bharathi T
[9] and Ashwini Sibiya Rani P in which they discussed the sub graphs and union
of Qprra.

2. PRELIMINARIES

A fuzzy labeling graph G = (V, E) is said to be a fuzzy magic graph [7] if
w1V —10,1] and ps : V %« V — [0, 1] such that for all b;,b,.1 € V, pa(bi, biy1) <
min(py (b;), 1 (biy1)) and gy (b;) + pa(bs, biv1) + p1(bis1) = k1 where k; is the con-
stant value. This constant value is called as fuzzy magic constant and denoted as
mo(G). G is said to be a fuzzy bi-magic graph [2] if puy (b;)+pa(biy bis1)+p1(biy1) =
ki or ks for all b;,b;,1 € V and are denoted as Bm(G). G is said to be a fuzzy
anti-magic graph [11] if u1(b;) + p2(bi, biv1) + p1(bi+1) have distinct values for all
bi,biz1 €V .

A fuzzy star graph [12] comprises of two set of nodes A and B with [A| =1
and |B| > 1 such that ps(a,b;) > 0 for all 1 < i < m and us(b;, b;y1) = 0 for all
1 <i<m—1. A fuzzgy path P [5] is defined as a sequence of distinct nodes
by, by, ..., by, such that ps(b;,b;01) > 0 forall 1 <i < m — 1. A path is a cycle if
by = b, and m > 3, where m is the length. A fuzzy fan graph F, ,, is defined
as the join of two graphs A and B where A is the empty graph K, and B is the
path graph. The case n = 1 denotes the usual fan graph and the case n = 2
denotes the double fan graph.

A Pythagorean Fuzzy Graph G; = (1, E) is said to be a Pythagorean Fuzzy
Labeling Graph Qpprg [9] if pg : Vi — [0,1], v1 : V3 — [0,1] and pg : Vi x V) —
[0,1], vy : V1 %V — [0, 1] are bijective such that the degree of membership and
degree of non membership of the nodes and arcs are distinct. And for every arc

(bi, big1), p2(bi,biyr) < min(pq(bi), pa(big1)), v2(biybigr) > max(vy(b;), v1(bis1))
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such that 0 < pf(b;) + vi(b;) < 1and 0 < p3(b;, biy1) + v3(biybir1) < 1. The
degree [8] of a nodes b; in a G; is defined as d,,, (b;) = > 2(bi, biyq) and
bi,bi+1#£b;eV1
dvl(bi) = E U2(bi7 bz’+1)-
bi,bir17biEVL

The strength of connectedness CON Ng, [1] of a pair of nodes b;,b; € V; in G is
defined as maximum of p-strength and minimum of v-strength. An arc (b;, b;11)
is called a fuzzy bridge [5] if its deletion, decrease the CON N, between some
set of nodes in (G; . A node b; is said to be a fuzzy cut node [5] if its deletion,
decrease the CON N, between some other set of nodes in G;.

3. PYTHAGOREAN FUZZY MAGIC LABELING GRAPH

A Pythagorean fuzzy labeling graph Gp = (Vp, Ep) is said to be a Pythagorean
fuzzy magic labeling graph if py : Vp — [0,1], v : Vp — [0,1] and ps : Vp x Vp —
[0,1], ve : Vp x Vp — [0,1] are bijective such that p;(b;) + p2(bi, biv1) + p1(bis1)
have constant value say k; and vy (b;) + v (b;, b;11) + v1(b;11) have constant value
say ks for all b;,b;.1 € Vp . The Pythagorean fuzzy membership magic constant
ki is denoted by Mw;(Gp) and the Pythagorean fuzzy non membership magic
constant k3 is denoted as Mws(Gp). A graph that admits Pythagorean fuzzy
magic labeling are known as Pythagorean fuzzy magic graph, Q¥e; .-

5,(0.7,0.1) b,(0.5,0.3) b,(0.6,0.2) b,(0.4,0.4)

(0.1,0.7) (0.2,0.6) (0.3,0.5)

FIGURE 1. Pythagorean fuzzy magic path graph P,

Example 1.

G p is said to be a Pythagorean fuzzy bi-magic graph, Qﬁ%)c if 111 (b)) +po(bi, bis1)+
1(biy1) is either one of the constant &y or ks and vy (b;) + va(by, biv1) + v1(biyq) is
either one of the constant k3 or ky4 for all b;,b;.; € Vp . The Pythagorean fuzzy
membership magic constant k; and k, are denoted by Mw;(Gp) and Mwy(Gp).
The Pythagorean fuzzy non membership magic constant k5 and &, are denoted
by Mws(Gp) and Mws(Gp). Gp is said to be a Pythagorean fuzzy anti magic
graph, QR Af gy (bi) + pra(bi, bisr) + 1 (bi1) and vy (b;) + va(bi, bigr) + v1(bigr)
have distinct values for all b;, b; .1 € Vp.
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A Pythagorean fuzzy star graph comprises of two set of nodes A and B with
|A| = 1 and |B| > 1 such that p?(a) + vi(a) > 0, p2(b;) + vi(b;) > 0, p(a,b;) +
v3(a,b;) > 0 and satisfies the following condition, s(a,b;) < min(ui(a), pi(b;)),
va(a, b;) > max(vy(a),v1(b;)).

A Pythagorean fuzzy path P,, in Gp = (Vp, Ep), is defined as a sequence of
distinct nodes by, by, . . ., by, such that p?(b;) + vi(b;) > 0 for all 1 < i < m and
pa(bi, biv1) + v3(biybiry) > 0 forall 1 < 4 < m — 1 and satisfies the following
condition, fi5(b;, bi1) < min(pg(b;), 11 (bis1)), v2(bs, biv1) > max(vy(b;), v1(bit1))-
A path P, is a cycle if b; = b, and m > 3 where m is the length of the path P,, .

A fan graph F ,, is said to be a Pythagorean fuzzy fan graph if |A| = 1 and
|B| > 1 such that for all 1 < i < m, p2(a) + v?(a) > 0, p3(b;) + vi(b;) > 0,
pa(a,b;) +v3(a,b;) > 0and forall 1 <i < m — 1, u3(b;, biy1) + v5(bi, biv1) > 0. It
also satisfies the following conditions ps(a, b;) < min(p(a), p1(b;)), pe(bs, biv1) <
min(uy(b;), p1(biy1)), and ve(a, b;) > maz(vi(a),vi(b;)),

V2 (b, biv1) > max(vy(b;), v1(bis1))-

A bridge (b;,b;,41) € Ep is said to be a pu-bridge if its deletion, decrease the
u— CON Ng, between some pair of nodes. A bridge (b;,b;+1) € Ep is said to be
a v-bridge if its deletion, increase the v — CON N, between some pair of nodes.
A bridge (b;,b;11) € Ep is said to be a Pythagorean fuzzy bridge if it is u—bridge
and v— bridge.

A node b; € Vp is said to be a u-cut node if its deletion, decrease the y —
CON Ng,, between some other pair of nodes. A node b, € Vp is said to be a
v—cut node if its deletion, increase the v — CON N, between some other pair
of nodes. A node b; € Vp is said to be a Pythagorean fuzzy cut node if it is yu—cut
node and v— cut node.

Theorem 3.1. Any Pythagorean fuzzy star graph S, ,,, of order m > 3 is a Pythagorean
fuzzy magic graph.

Proof. Let S; ,, be a Pythagorean fuzzy star graph with m + 1 nodes and m arcs.
Let {a,by,bs,..., by} be the set of nodes and {ab, abs, ..., ab,, } be the set of arcs
where |A| = a and |B| = b;. Choose w — (0, 1] such that w = 107! if m < 4,
w=10"2if 5 <m <49, w = 1073 if 50 < m < 499 and so on. The Pythagorean
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fuzzy magic labeling for star graph are defined as follows

pafa) = (2m+1) «

pi(b;) = (m+1)* 1<i<m

vi(a) = (m+1)

vi(b) = ixw 1<i<m
po(a,b;) = pi(a) —[(m+1i) % wl 1<i<m
va(a,b;) = 2(vi(a)) — (i *w) 1<i<m

The Pythagorean fuzzy magic constant for Star Graph S ,,, is given as
Mo, (Stm) = R(VI+I[ED *w = [2(2m + 1] *w
M, (S1m) = My, (S1m) —[(m—1)*w] = B(m+1)]|xw.V

Thus, any Pythagorean fuzzy star graph S, ,,, is a Q¥y., - for all m > 3. 0

Theorem 3.2. Any Pythagorean fuzzy path graph P,, of length m > 3 is a
Pythagorean fuzzy magic graph.

Proof. Let P, be a path graph with m nodes and m — 1 arcs. Let {b1, by, ..., b, } be
the set of nodes and {b,bs, bobs, ..., b,—1b,,, } be the set of arcs. Choose w — (0, 1]
suchthatw =10"'if m <5, w=10"2i1f 6 < m < 50, w = 1073 if 51 < m < 500
and so on. For a path graph P,,, the Pythagorean fuzzy magic labeling for the
arcs (b;,b;11) € Ep are defined as

p2(bi, bip1) = i*w 1<i<m-—1
v9(bibiy1) = (2m — 1) xw 1<i<m-—1.

The Pythagorean fuzzy magic labeling for the nodes b;,b;,1 € Vp in P,, are
defined as

Case (i): When m is odd

1
,ul(bgl',l) = (2m—z)*w ,1§Z§m;_
1

pa(ba) = (b)) — (i % w) ;1§z‘§m2
1

v1(b2i1) = ixw ;1§i§m;

v1(bgi) = v1(bm) + (i * w) ;1 <i<
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Case (ii): when m is even

pi(bei1) = (2m —1) xw 1<i< %
pi(bai) = pui(bnr) = (1% w) 1<i< %
v1(bgi_1) = ixw ’1§@'§%
v1(bgi) = v1(bm—1) + (i ¥ w) 1<i< %

The Pythagorean fuzzy magic constant for path P,, of odd length is given as

M, (Py) = {2<\V|+\E|> _ (mT_l)] fw = (7m2_3> rw

Mo, (Py) = {(]V\+|E!+m> - (mT_5>] o = (57”;3) ‘.

The Pythagorean fuzzy magic constant for path P,, of even length is given as

M, (P,) = {2(|V|+|E|)— (mT_Z)] b = (7m2_ 2) o
Mo, (P,)) = [(|V|+|E|+m)— (m—_“ﬂ fw = (5m+2) fw.

2 2

Thus, any Pythagorean fuzzy path graph P, is a Q¥,., . for all m > 3. 0

Theorem 3.3. A Pythagorean fuzzy cycle graph, C,, of odd length m > 3 is a
Pythagorean fuzzy magic graph and C,, of even length m > 4 is a Pythagorean

fuzzy bi-magic graph.

Proof. Let C,, be a cycle graph of odd length with m nodes and m arcs. Let
{b1,bs,...,by} be the set of nodes and {b1by, by, b3, ..., b,,,b1 } be the set of arcs.
Choose w — (0,1] such thatw = 107t if m <4, w =1072if 5 <m < 49, w = 1073
if 50 < m < 499 and so on. For a cycle graph C,,, the Pythagorean fuzzy magic
labeling for the arcs (b;, b;1) and (b;, b1) € Ep are defined as

po(bi, biy1) = i*xw ;1<i<m-—1

,UQ(biabl)

va(biy bi1) = [2m — (i — 1) xw 1<i<m-—1
)

U2(bi; by

= %W t=m

= [2m—-(i—1)]*w 11 =m.



PYTHAGOREAN FUZZY MAGIC LABELING GRAPHS 7497

The Pythagorean fuzzy magic labeling for the nodes b; in C,,, are defined as
Case (i): When m is odd

p1(bmi2y—2i) = pa(bm, b1) + (i * W) 1 <i< m; !
p1(bmi1)—2i) = pa(b1) + (i x w) 1<i < mT—l
v1(b2im1) = vi(bm_1) + (1 xw) 1 <i < mTH
v1(by) = ixw ;1§z’§mT_1.
Case (ii): When m is even
p1(bms2)-2) = H2(bm, b1) + (i % w) 1 <i< %
11 (Dmr1)—2i) = pa(b2) + (i * w) 1<i< %
v1(bgi1) = ixw JS@'S%
v1(bs) = vi(bpr) + (i % w) 1<i< %

Pythagorean fuzzy magic constant for the cycle graph with odd length is given

as,
M, (Ch) = {2<|V| +1E]) - (mT_3>] = (7m2+3> r
M,,(C) = [(|V| +|B|+m) - (”@T—?’)} = (5m2+3) rw.

Pythagorean fuzzy bi-magic constant of the cycle graph with even length are

given as,
[ m— 2 m + 2
M, (C) = hy = _z(yV|+yEy) = (T)} xw _< ; )*w
M, (Cp) = ko= 2<|VH—|E|) —1—1} xw=(4dm+1)*w

Moy (Cr) = k= :(|Vy + 1B +m) - <mT_4)] = (57”;4) *w

M, (Cr) = ko= :|V|+|E|—|—m]*w=[2(m+1)]*w.

Thus, any Pythagorean fuzzy cycle graph C,, of odd length where m > 3 is a
e and any C,, of even length where m > 4 ia a Qg%g O
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Theorem 3.4. A Pythagorean fuzzy fan graph F ,,, of length m > 3 is a Pythagorean
fuzzy anti magic graph.

Proof. Let F ,, be the fan graph and let {a, by, bs, . .., b, } be the set of nodes and
{aby,aby, ..., aby, bibs, bobs, ... by, _1b,} be the set of arcs. Choose w — (0,1]
suchthatw =10"'ifm =3, w=102i1f4<m <33, w=102if 34 <m < 333
and so on. The Pythagorean fuzzy magic labeling for fan graph are defined as
follows

pafa) = (m+1)x
(b)) = 2m+1)xw 1<i<m
vi(a) = 1xw
v1(b;) = wvi(a)+ (i*w) 1<i<m
pala,b;) = ixw ;1<t<m
p2(bi, biv1) = pula) + (i*w) ;1<i<m-—1
ve(a,b;) = vi(by) + (i x w) 1<i<m
vo(biybis1) = 2% v1(by) + [(i — 1) x W] 1<i<m-—1.

The Pythagorean fuzzy magic constant M, (F} ,,) and M,, (F} ,,) differs by 2 * w
and 3 xw for the star graph and path graph respectively in F ,,. Thus, fan graph
F, ,, is a Pythagorean fuzzy anti magic graph. O

Remark 3.1.
(1) For any Pythagorean fuzzy magic star graph, > deglui(a) + vi(b;)] =
i=1

Z[Mz(a bi) + va(a, by)]
(2) For any Pythagorean fuzzy magic cycle graph,

Zﬂl( i) = Zl Va(by, bit1) + v2(bpm, b1)

Z’U1< ) Z M?(bﬂbﬂrl) +N2(bm7b1)

=1

(3) For every Pythagorean fuzzy magic labeling graph, M, (Gp) < M,,(Gp)
expect Ps in which M, (Gp) = M,,(Gp)

(4) For every Pythagorean fuzzy bi-magic labeling graph, M., (Gp) < M,,(Gp)
and M, (Gp) < M,,(Gp).
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4. PROPERTIES OF PYTHAGOREAN FUZZY MAGIC LABELING GRAPH

Properties 4.1. Every Pythagorean fuzzy magic graph is a Pythagorean fuzzy la-
beling graph. But the converse is not true.

Properties 4.2. For any Pythagorean fuzzy magic graph Gp = (Vp, Ep), the fol-
lowing conditions are satisfied

@D X mb) < [Vpland 32 vi(bi) < [Vpl.

bieVy, bieVy,

() > palbi b)) < |Epland S wy(bi, bis1) < |Epl.
(biybi+1)€E;3 (bi,bi+1)€E;3

(111) For all bl € Vllg and (bz, bi+1) S E;g, /ubl(bz) N Mg(bi_;,_l) = Q) and Ul(bi) N
U2(bi+1) =0.

Properties 4.3. Exclusion of Pythagorean fuzzy bridge or Pythagorean fuzzy cut
node from a Pythagorean fuzzy magic path is a Q¥

Properties 4.4. Exclusion of a Pythagorean fuzzy bridge or a Pythagorean fuzzy
cut node from a Pythagorean fuzzy magic cycle of odd length is a Q¥

Properties 4.5. Every QM. . includes exactly one Pythagorean fuzzy bridge and
exactly one Pythagorean fuzzy cut node.

Properties 4.6. Exclusion of a Pythagorean fuzzy bridge from a Pythagorean fuzzy
magic star graph of order m > 3 is also a Q¥ .

5. CONCLUSION

Fuzzy magic labeling graph have numerous applications in real life problems
such as floor heating systems used in apartments, road network system used
to minimize traffic, plumbing system and etc. We introduced the concept of
Pythagorean fuzzy magic labeling graph and proved that any cycle graph of odd
length, path graph and star graph are Pythagorean fuzzy magic graph. We also
proposed the concept of Pythagorean fuzzy bi-magic graph and proved that cy-
cle graph of even length is Pythagorean fuzzy bi-magic graph. We showed a fan
graph with K is a Pythagorean fuzzy anti magic graph. We discuss some prop-
erties of Pythagorean fuzzy magic graph along with Pythagorean fuzzy bridge
and cut nodes.
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