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AVERAGE BETWEENNESS CENTRALITY OF CARTESIAN PRODUCT OF
GRAPHS

SHINY JOSEPH! AND V. AJITHA

ABSTRACT. The betweenness centrality of a graph measures the tendency of a
single vertex to be more central than all other vertices in the graph. In many
real world situation it has quite a significant role. In this paper we study the
average betweenness centrality of the cartesian product of two graphs and cal-
culate the betweenness centrality of some cartesian product graphs .

1. INTRODUCTION

The common way to express the importance of network objects is to quantify
it by evaluating a specific centrality index on the vertices of the graph repre-
senting a given network; where the vertices with the higher values of centrality
are perceived as being more important [1]. The most frequently used central-
ity measures are vertex degree, closeness centrality, betweenness centrality and
eigen vector centrality. Betweenness centrality plays an important role in analy-
sis of social networks, computer networks and many other types of network data
models [1, 6, 7]. It measures the extent to which a vertex lies on the shortest
paths between pairs of other vertices [8].

Let G(V(G), E(G)) be a simple connected undirected graph with vertex set
V(@) and edge set E(G), n and m denote the number of its vertices and edges
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respectively. For any two vertices u,v € V(G), the distance d(u,v) between u
and v is the length of a shortest path between v and v in G. The eccentricity of a
vertex v is the number e(u) = max{d(u,v) : v € V} . The maximum eccentricity
of the vertices of G is called the diameter of G and is denoted by D.

The cartesian product of two graphs G and H, denoted GLIH, is a graph with
vertex set V(G) x V(H). The edge set of GLH consists of all pairs (u, vy)(ug, v2)
of vertices with u,u, € E(G) and v; = v, , Or u; = uy and vivy € E(H) [6]. An
automorphism of a graph G is a permutation ¢ of V() with the property that
wv is an edge if and only if ¢(u)p(v) is an edge. The automorphism group of a
graph G is transitive if there exists an automorphism ¢ to any pair u, v of vertices
in G such that ¢(u) = v. In this case G is called vertex transitive [5].

Definition 1.1. [2]. Let G(V, E) be a simple connected undirected graph with
vertex set V. The betweenness centrality of a vertex v € V is given by

Bw= Y 2

g
SFEVFEL st

where o is the number of shortest paths with vertices s and t as their end vertices
and o4 (v) is the number of those shortest paths that include vertex v.

Definition 1.2. [7] The average vertex betweenness centrality of a graph G(V, E)
of order n is defined as

B(G) = % > B(v).

veV

Since the process of counting the shortest path is very difficult as the network-
size increases, the calculation of the betweenness centrality of a vertex is not
simple . In betweenness uniform graphs the average betweenness of the graph
gives the betweenness centrality of a vertex in the graph. The graph product is
an algebraic method for constructing networks and are useful to designing net-
works in terms of small subgraphs. In cartesian product graphs the calculation
of betweenness cenrality using factor graphs is useful. In this paper we calculate
the betweenness centrality of the vertices of cycle ladder graph and hypercube
graphs simply by using the cartesian product of graphs.
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2. AVERAGE BETWEENNESS CENTRALITY OF THE CARTESIAN PRODUCT

In this section we present the average betweenness centrality of the cartesian
product of two graphs.

Lemma 2.1. [6] Let G and H be two connected graphs and let (u,v), (u',v") be
vertices of GOH. Then

d((u,v), (u',v) | GOH) = d((u,u) | G) 4+ d((v,v") | H).

Theorem 2.1. Let GG be a graph of order n and H be a graph of order m . Then
the average betweenness centrality of the cartesian product of G and H is given by

m—1)(n—1)
5 :

B(GOH) = mB(G) + nB(H) + ¢

Proof. Let uq,us, ..., u, be the vertices of G and vy, vy, ..., v,,, be the vertices of H.
The average betweenness centrality of G and H are

_ 1 1 Ouru (u)
o -1 Y sl Yy o)
u; €V (G) u;€V(G) urFup7u; trtik
ur,up€V(Q)
and

B(H):% S B(vj):% Sy )
v EV(H)

o
v;€V(H) vvs#£v; Yivs
vy, vs€EV (H)

The average betweenness centrality of the cartesian product GOH is

_ 1
B(GOH) = — > Bluiv).
(ui,’l}j)GV(GDH)

By definition we have,

O (up,v, Uy, Vs Uiy Vg
B((us, vy)) = 3 (ko) (ur02) (03, 05))
oy O’(ukvvl)(uryvs)
(ur,vs )7 (uk,v1) #(ui,v;)
(uk’vl)7(uT,vs)€V(GDH)
Hence,

2 1 Uk, ) (Ur,v iy Vg
B(GOH) = — Y 3 F (g o) ur ) (4, V)

mn
(us,v;)EV(GOH) (ur,vs)7(ug,vr)7#(ui,vg)
(ug,v1),(ur,vs)EV(GOH)

O (ukv0) (ur,vs)
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Now, for each pair (ug, v;), (u,, vs) of vertices in V(GOH ), the summation taken
over all elements in V(GOH) except (ug,v;) and (u,,v,) of T (g vp) (ur 0s) ((3:05))

0-(“]@71’[)(“7",03)

gives the distance between (uy,v;) and (u,,v;) less 1. Hence,

3 1 Uk, ) (Ur,v. 79 Ug
B(GDH> = — Z Z O (ug,v1) (ur, s)((u Ug))
m i Uj O (g 1) (urvs)
(ur,vs )7 (ug,v1) (u,05) €V (GOH)\{(ug,v1),(ur,vs) }
(Uk:Ul),(Ur,vs)EV(GDH)
1
= — > (d((uy, v3), (u, vr) | GOH) — 1)
(u“vs)7é(“k»vl)
(ug,vr),(ur,vs)€V(GOH)
1 1 mn
= % Z (d((ur;'vs), ('U/k,'Ul) ‘ GDH) - %< 2 )
(UT?vS)¢(uk»vl)
(ug,vr),(ur,vs)€V(GOH)
By Lemma 2.1, we get
B(GOH) = — S W) | 6) +d((vw) | H) = — ()
= Up, U Ve, U -
mn ry Wk sy Vi mn 2
(ur,vs)#(uk,vr)
(ug,v1),(ur,vs)EV(GOH)
1
= — d
o > ((urux) | G)
(ur,vs)#(uk,vr)
(ug,vr),(ur,vs)EV(GOH)
1 mn — 1
- d .
LD DR (CRONE
(ur,vs)# (ug,vr)
(uk7vl)7(uT7US)€V(GDH)
m2 n Tl2 m mn — 1
= > Bluj)+ )+ —( > B+ (%) - >
u; €V(G) v; €V (H)
B n—1 5 m—1 mn—1
=m(B(G) + =) + n(B(H) + ——) - —
> = —1 —1
=mB(G)+nB(H) + (m )2(n )

Corollary 2.1. The average betweenness centrality of rook’s graph is given by

B(K,OK,) = "= 1;” mil)
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Proof. By Theorem 2.1, the average betweenness centrality of B(K,,[JK,) is
given by
_ (m—1)(n-1 (m—-1)mn-1)

B(K,,OK,) = nB(K,,) + mB(K,) + : - :

g

Corollary 2.2. The average betweenness centrality of ladder graph is given by
B(K,0P,) = 5, 3 [n(4k —3) — (2k — 1)°].

k=1

Proof. By Theorem 2.1, the average betweenness centrality of B(K,(IP,) is
given by,

Corollary 2.3. The average betweenness centrality of grid graph is given by

= & m (m—l)(n—l).

B(PmEan):%Z(k‘—1)(m—k)+EZ(k:—1)(n—k:)+ 5

3. SOME RESULTS ON BETWEENNESS UNIFORM GRAPHS

In this section we present the cartesian product of betweenness uniform graphs
and using this result calculate the betweenness centrality of some graphs.

Definition 3.1. [4] Graphs with vertices having the same betweenness centrality
are called betweenness uniform graphs.
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Theorem 3.1. If GLH is the cartesian product of two betweenness uniform graphs
G and H with order n and m respectively. If GLH is a betweenness uniform graph,
then the betweenness centrality of a vertex (u,v) € V(GUOH) is given by
m—1)(n—1)

5 :
Theorem 3.2. [8] The betweenness centrality of a vertex in a cycle C,, is given by

B((u,v)) = mB(u) + nB(v) + (

(n—2)2 . .
B(v) = —81 , 3 if n is even
=D=3) - if s odd.

Theorem 3.3. [5] A cartesian product of connected graphs is vertex transitive if
and only if every factor is vertex transitive.

Following theorem can be proved by using Theorem 3.1.

Theorem 3.4. [8] The betweenness centrality of a vertex v in a circular ladder
graph CL,, is

(n—1)2+1

B(v) = N

=12 ifnis odd.

if n is even

Proof. The circular laddergraph C'L,, is a 3-regular simple graph isomorphic to
the cartesian product K,[IC,, . Since it is a vertex tranitive graph it is between-
ness uniform [3]. Hence, by Theorem 3.1,

(m—1)(n—1)

2
04 2("5_@2 + ("2;1), if n is even

04 2(n—1§(n—3) T (”;1)’ if n is odd.

B((u,v)) = mB(u) + nB(v) +

Hence, B(v) = %, if n is even, and B(v) = ("_41)2, if n is odd. O

Theorem 3.5. The betweenness centrality of a vertex (u,v) in the graph K,K,
(n—1)

is given by B((u,v)) = 5

Proof. Since K,[K, is a betweenness uniform graph

B((u,v)) = B(K,OK,) = nB(K,) + nB(K,) + (n — 1)2(n -1 _(n _2 ?
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Following theorem can be proved by using Theorem 3.1.

Theorem 3.6. [8] The betweenness centrality of a vertex (u,v) in a hypercube
graph Q,, is given by B((u,v)) = (n —2)2"=2 4 1.

Proof. Hypercube graphs are distance regular graphs and hence they are be-
tweenness uniform [3]. Also @), is isomorphic to K,[JQ,,_;. Hence

B((u,v)) = B(Qn) = B(K20Q-1)
2 —1)(21 — 1)
2

=2B(Qn_1) + 2" VB(K,) + (

20n=1) _ 1

and

B(Qn-1) = B(K>;0Qn_2) = 2B(Qn_2) + 2" ? B(K,)

(2—-1)(202 —1) 2(n=2) _ 1
2

B(Q1) = B(K;) =0

+

and B(Q,) = B(K,OK,) = 1. Thus,

B 2n71_1 2n72_1 217,73_1
BlQ)="—42x" ——422x > ..
22 -1 2t —1
+2n—3 +2n2
2
n—2 1

g

Theorem 3.7. [8] The betweenness centrality of a vertex in a complete bipartite
n—1)

graph K, ,, is given by , B(u) = ( 5

Theorem 3.8. The betweenness centrality of a vertex (u,v) in a graph K,, ,0K,,,,
is given by, B((u,v)) =4n(n—1) + L.
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Proof. Since K, ,0K, , is a vertex transitive graph, it is betweenness uniform.
By Theorem 3.1,

[1]

[2]

[3]

(4]

[5]

(6]

[7]

(8]

B(u,v) = B(K, ,0K,,)
(2n—1)(2n —1)

= QnB(Kmn) + ZnB(Kmn) +

2
2n(n —1) 2n(n—1) (2n—1)? 1
= =4 — 1)+ —.
5 + 5 + 5 n(n —1) + 5
Il
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