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THE SKEW DISTANCE CHARACTERISTIC POLYNOMIAL OF AN ORIENTED
TREE WITH CANONICAL ORIENTATION AND AN ORIENTED EVEN
CIRCUITS WITH REACHABLE AND CANONICAL ORIENTATION

M. DHANASEKARAN! AND A. WILSON BASKAR

ABSTRACT. A directed graph G is a finite simple undirected graph G with an
orientation ¢, which assigns to each edge a direction so that G* becomes a di-
rected graph. G is called the underlying graph of G¢ and we denote by SD(G?),
the Skew-Distance matrix of G¢. The eigen values A\, Ao - - - , \,, of the SD(G?)
are said to be the skew distance eigen values or the SD-Eigen values of G°.
The Skew Distance Energy, Esp(G?) = Z |A; — A, where X = [Af2ztoddn ]

i=1
In this paper, we find the coefficients of the skew distance characteristic poly-

nomial of a oriented tree T with canonical orientation and an oriented even
circuit Cs,, with reachable and canonical orientation.

1. INTRODUCTION

Let G be a finite simple connected graph with n vertices and m edges. Let G¢
be a graph with an orientation ¢, which assigns to each edge of G a direction so
that G becomes a directed graph. The skew adjacency matrix of the directed
graph G? is the n x n matrix, S(G?) = (S;;), where S;; =1 = —S;; if v; — v; is
an arc of G?, otherwise S;; = S;; = 0.
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Let dfj be the distance between the vertices v; and v; in G?. The Skew Distance
Matrix (SD-matrix) of G, SD(G?) = (Sd;;) is real skew symmetric matrix,
where

¢ £ 19 ¢
di; it dy; < d;
Sd;; = —d;ji if dfj > dj-)i

0 if no path between v; and v,

and Sd;; = —Sd;.

Suppose there is only one path from v; to v; or v; to v;, then Sd;; = dj; or
Sd;; = —dp,.

Let G(V, E) be a bipartite graph with bi-partition (X,Y). An orientation is
said to be canonical if it orients all the edges from one partition set to the other.
It is immaterial if it is from X to Y or from Y to X.From this point onwards, o
stands for the canonical orientation with respect to a bipartite graph G with a
fixed bi-partition (X,Y).

Let G be a finite simple connected graph with n vertices and m edges. An
orientation is said to be a reachable orientation in P, if all the edges in P, are
in one direction. An orientation is said to be a reachable orientation in G if any
two vertices in G has at least one path with reachable orientation. Reachable
orientation is denoted by R.

In this paper we find the skew distance characteristic polynomial of an ori-
ented tree 7" having vertices upto height 3 with canonical orientation and an
oriented even circuit C,, with reachable orientation R and canonical orienta-
tion.

2. TREE

Theorem 2.1. Let T]7,, be a canonical oriented tree with (k + 1) vertices in which
k vertices are of level 1 and one vertex is in level zero. Then P[SD(TY,,);z] =
(—)**t + k(—2)F IV k > 4.

.
Proof. Ty, | is

volevel O

/R level 1
1 U2 U3 Uk



(2.1)
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0 11 11
-1 0 0 00
i -1 0 0 00
SD(Tk—i-l) = .
-1 0 0 00
-1 00 - 0 0] (k+1)x (k+1)

By [2], Theorem 3.10,

(2.2)

PISD(TZ,); 2] = (=) + k(—2)F 'V k > 4.

g

Theorem 2.2. Let 77 be a canonical oriented tree with 1 vertex is of level 0, k
vertices are of level one and n;(i = 1,2,...,k) vertices are of level two s.t n =
1+k+ny+n9+---+ng Then

PISD(TY); x] = (—a)mtrattntErl)

+[k + Z 7%] (_x)n1+n2+---+nk+(k71)

i=1
k k
Hk =)Dt Y mny)(maymner e
i=1 i#j=1
k k
H(k=2) D7 many+ D mmgn (a9
i#j=1 i#jF#t=1

4+ [2 annQ c e Np_o + Z ning - - - nk__l](_x)n1+n2+...+nk—(k‘—3)

+[Z NNy -+ N1 +Nq1Ng - -+ nk](_x)n1+n2+---+nk*(k71)'

Proof. Let T be a canonical oriented tree with 1 vertex is of level 0, k ver-

tices are of level one and n;(i = 1,2,...,k) vertices are of level two s.t n =
1+k+ny+ny+---+ng Then
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Sk | Vi | W Vi
VI | D, | O 0
(2.3) 1SD(T?) — 21| =| =V{' | O | Dy, |---| O
VIl o0 0 D,
Here,
-z 1 1 --- 1 —xr 0 0 --- 0
-1 —z 0 0 0 —x 0 0
[Sa] = Dul =1 . ;
-1 0 0 T eyt ) o 0 0 - —=x .
[0 0 0 0]
0O 0 O 0
A 000 0 1<i<k
i+1) |-1 =1 =1 -~ —1
(1+2) o o0 o0 --- 0
o 0 0 -+ 0] (bt 1) s
Let S,(ﬁl,i = 1,2,...,k be the matrix obtained by deleting any : number of
rows from the rows 2nd, 3rd, . . . (k+1)th row of S, ; and replacing i number
of rows of the corresponding matrices —V;', —V,[', ..., —V,I respectively. [Delete

the j'* row 2 < j <k + 1 of Sy, and replacing any one row from —V;" ,Vj].
For 1 <i <k, D;Li be the matrix obtained from D, by replacing any one row
by (=1, =1,..., = 1)1xn,.
By Laplace’s expansion,

k
SD(T37) = &I| = ||| Day |-+ | Dy | + 1S54 D il Dy -+ 1D}, |-+ | Doy |

i=1

k
2 12 Vi k’—l
ISP ST ning Dl - 1Dy |- 1D |+ [ Dy - 4+ ST nams
i#j=1
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---nk—1|D;1|---|D,

"(k—1)

k ’ ’
| Do | + 1S5 [nams - - mg| D), | -+ - | D

"

k
— (—J})nl+n2+'“+”k+(k+1) + [k + Zni](_x)nl-l-nz—l-"-—l—nk—(k—l)

i=1
k k .
(k=) an T Z ngn|(—a)m ettt =3 9) Z nin;+
i=1 i#j=1 e
k
Z ninjnt](_x)n1+n2+-~-+nk+(k;,5) 4+ .+ [2 Z NN+ Nj_a
i#j#i=1
+ Z ning - - - nkfl](—m)n1+n2+“'+nk7(k73)
+ [Z niNg * * * Np—1 + ning + - - nk](—I>nl+n2+'"+nk—(k—1) (*)
Hence the proof. .

Problem 2.1. Find the skew distance characteristic polynomial of a canonical ori-
ented tree T/ with 1 vertex is of level 0, k vertices are of level 1, n;(1 < i < k) ver-
tices are of level 2 and 11r1,12ry, ..., Inyry,,2181,22S9,...,2n98p,, . .., k1ty, k2ts,
..., kngt,, number of vertices are of level 3 such that n = (1) + (k) + (n1 + na +
st ng) + (11ry + 12rg 4 -+ - + nyry, + 2181 + 2289 + -+ - + 2n98,,, + -+ - + k1t +
K2ty + - - - + kngty, ).

Let T} be the characteristic matrix of the skew distance matrix of the canonical
oriented tree with upto level one vertices.

Let T, be the characteristic matrix of the skew distance matrix of the canonical
oriented tree with upto level two vertices.

Let Tz(i) be the matrix oriented from 75 by deleting any : number of rows from
Tkt2 O Tki14ny+not-+n, Of To and replacing ¢ number of rows from the corre-

sponding matrices —Vii, ., = Vb, - =Vinn s Vol = Vabeyr oo —Vangs, s oo =
Vit —Viztgs -+ —Vinye,, T€SPectively.

For1 <i <k 1< j<mn D;jl be the diagonal matrix obtained from the
diagonal matrix D;; by replacing any one row by (1,1,...,1);.; where [ takes
the values
T1,T2 ooy Trys S1,82, 5 Spgy - - -5 b1y bay oo Ty,

Let
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-1 -z 0 --- 0
T1:

-1 0 0 - —=x

and 7, = L. H.S of (2.3) in matrix form.
For1<i<k;l1<j<m;andr <I<r,, s <I<Sp,m.., 01 <I<t,.

0 0 0 0 --- O]

(k-+1)x (k+1)

(k+1) {0 0 0 --- 0

1 111 - 1
Vipli =15 = Lil=mn) = n, |0 00 0
K [0 0 0 0

kny o000 --- 0
Then
|SD(T?) — xI| =

3

Vit ‘/12'5‘717L1V@ »1‘725,;2‘/2;L2¥;211 Viz Vien

Iry=y--- T

Vlgrg" - D127'-2
T B
er}l Dlm’n

RZ . Dy

s2 5 Dops,

i -\
B V2n2511: - DZT:

250y

Vine, | Dy,

V2‘f,g” - Dk?

1wl Dinjt,,

nptny k

By Laplace’s Expansion, we get the proof.
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3. ORIENTED EVEN CIRCUIT

Theorem 3.1. Let C be an oriented even circuit with 2n vertices and with an ori-
entation vy — vy —> Uz —> <+ —> Vg9 —> Vg1 —> Vo, — vy. Let P[SD(CLE);z] =
Cox?"+Cox®™ 2 4. . . 4Oy, _gx® + 4, be the skew distance characteristic polynomial
of CX. Then

(Z O() = 1
_ n2(2n24+1),
= 3 sd? = ),

1<j

)

(i) C:

(ii1) Cy = > All minors of order 4(sdy98dzy + sdyzsdys + sdi45da3)%;
)
)

(1v) Cy,. = sum of determinant of the principal minors of order (2n — 2r);
(v) Cop = (2n)?" 2.

Proof. Denote the given reachable orientation v; — vy — - - - v, — v; by R. Now

U1 V2 U3ttt Un-—1 Un Un+1 - U2n—2V2n—1V2n
v 0 1 2 - (n—=2)(n-1) n - -3 -2 -1
V9 -1 0 1 -n—-3 n—-2 n-—-1.--- -4 -3 -2
SD(Cy) =
vp —(n—1)—(n—2)—(n—3)--- -1 0 1 -~ n—-2n—-1n
Vop—1 2 3 4 -+ —n —(n-1)-mn-2)>-- -1 0 1
Van 1 2 3 ---n—-1 -n —(n-1)-- -2 -1 0

P[SD(C3;); 2] =|SD(C3}) — xI| =

U1 V2 U3 crr Up—1 Un Un4+1 *° UV2n—20V2n—1V2n
U1 -X 1 2 -em—2 n-1 n e -3 20 -1
V2 -1 -X 1 m=-3 n—2 n-—1 --- -4 -3 -2
Uy |—(n—=1)—(n—-2)—(n—-3)--- -1 X 1 —~n—-2n-1mn
V2n—1 2 3 4 -+ —n—-m-1)-n-2)--- -1 x 1
Von 1 2 3 en—1 -n —(n-1)--- -2 -1 =
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2 0 -+ 0
0 -z - 0

Let Dy (2n) _ = |SD(CL)| and Dé%) =l. . .. . Then By 22 Chapter IV
0 0 2nXx2n

in [1],
[SD(C3;,) — al| = (Dy + Do)*"
(3.1) =D + 3" D VDY + 3" DEF DY 4+ DPY
=D + 3" D" PDP 4o 4 DY,

as SD(CR) is skew symmetric. Further,

DYV = —z, DY = (—2)(—z),..., D8 = (—2)(=x) - - (—z) = (=1)™2 = 2.

The corresponding minors Df”fl), D&Q" 2) . are got by erasing in D ") the it
row and column, the i** and k" rows and columns, and etc.
Thus
’SD(CE}EL) o LL’I| — x2n 4 x2n72 Z D§2”—(2n—2)) N x2n72r Z D§2”—(2n—27"))
4+t D%Q")‘

By Theorem 3.1 in [2], Cy; = 1 and By (3.1) , and by Theorem 3.1 in [2],

CQZZD[Qn_2n2 ZSd

=2n - D12+ (20 —2)22 + 2n —3)3% + -+ 2n — (n — D)](n — 1)?
+@n—n)n*+2n— m+D][-(n—1)*+ -+ [2n— (2n — 1)](-1)

2on? 41
=21+ 4+ 2n(n—1>*+n®= %
By applying a sequence of elementary congredient row operations, column op-
eration and rearranging rows and columns, we get the proof O

Theorem 3.2. Let C be the canonical oriented cycle with n vertices and n is even.

Then ESD(C;;) = 2\/%

Proof. C7 is
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1 2 3 4
= —9 3
1 2 3 4 n—2 n—1 n
11,0 1 0 O --- 0 0 1
SD(C%)= 2|-1 0 =1 0 --- 0 0 0
ni—1 0 0 0 --- 0 -1 0

As rank (SD(C?)) = 2, we have two independent solutions. As n is even C7
is bipartite. Therefore, the skew distance chatracteristic polynomial of C? is of
the form Cyz™ + Co2" > As Cp = 1 and Cy = ) Sd3; =

1<J
Hence, the skew distance characteristic polynjomial of C7 is x™ + nx" 2.
Its spectrum is
Vi 0 \/ni

1 n-2 1
Hence, Esp(C?) = | — /ni| + [v/ni| = 24/n. O

REFERENCES

[1]1 R. F. ScoTtT, G. B. MATHEWS, The Theory of Determinants, Cambridge University Press,
1904.

[2] A. WILSON BASKAR, M. DHANASEKARAN, On the skew distance energy of a digraph, Pro-
ceedings of the National Conference on Present Scenarion in Graph Theory, 2016, 90-107.

DEPARTMENT OF MATHEMATICS

N.M.S.S. VELLAICHAMY NADAR COLLEGE (AUTONOMOUS)
MADURAI 625019, TAMILNADU, INDIA

Email address: vimudhan@gmail . com

DEPARTMENT OF MATHEMATICS
SARASWATHI NARAYANAN COLLEGE
MADURAI 625 022, TAMILNADU, INDIA

Email address: arwilvic@yahoo.com



