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LAPLACIAN MINIMUM DOMINATING EXTENDED ENERGY
S. ROOPA AND M. R. RAJESH KANNA'!

ABSTRACT. In this paper we introduce the concept of Laplacian minimum dom-
inating extended energy of a graph EZ (G) and computed Laplacian minimum
dominating extended energies of star graph, complete graph, bipartite graph,
crown graph, cocktail party graph and friendship graphs. Upper and lower
bounds for EZ (G) are also established.

1. INTRODUCTION

The concept of energy of a graph was introduced by I. Gutman [5] in the year
1978. Let G be a graph with n vertices and m edges and let A = (a;;) be the
adjacency matrix of the graph. The eigenvalues A\, \s, ..., \, of A, assumed in
non increasing order, are the eigenvalues of the graph G. As A is real symmetric,
the eigenvalues of G are real with sum equal to zero. The energy E(G) of G is
defined to be the sum of the absolute values of the eigenvalues of G. i.e.,E(G)
= >" |N]. L Gutman and B. Zhou [4] defined the Laplacian energy of a
graph G in the year 2006. Rajesh Kanna et al. [8] defined minimum dominat-
ing energy of a graph. Recently K.C. Das et al. [3] defined extended energy
of a graph. Motivated by these papers the present authors defined Laplacian
minimum dominating extended energy of a graph.
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1.1. Laplacian minimum dominating extended energy. Let G be a simple
graph of order n with vertex set V' = {vy,vs,...,v,} and edge set E. A subset
D of V is called a dominating set of G if every vertex of V-D is adjacent to
some vertex in D. Any dominating set with minimum cardinality is called a
minimum dominating set. Let D be a minimum dominating set of a graph G.
The Laplacian minimum dominating extended matrix of G is the n x n matrix
defined by L2 (G) := (x;;), where

_%(%4_‘;—1) if vv; € E(G)

Ty =4 1 if i=jandv; € D.
0 otherwise
Here, d; is the degree of the vertex v;. Let p1, po, ..., p, be the Laplacian mini-

mum dominating extended eigenvalues of G. The Laplacian minimum dominat-
ing extended energy of G is defined as EZ(G) : = >°" | |p; — 22|, where n is the
number of vertices and m is the number of edges of a graph G.

Example 1. The possible minimum dominating sets for the following graph G (Fig.
1) are:

(1) Di={vs,v4};
(17) Dy={vs,v4}.
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Vl
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Laplacian minimum dominating extended energy is ED1(G) ~ 9.853989486478543.
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Laplacian minimum dominating extended energy is EP2(G) ~ 9.82473787603896.
Therefore, Laplacian minimum dominating extended energy depends on the domi-

nating set.

2. PROPERTIES OF LAPLACIAN MINIMUM DOMINATING EXTENDED EIGENVALUES

Theorem 2.1. Let G be a simple graph with vertex set V = {vy, v, ..., v, }, edge set
E and D = {uy,us,...,u;} be a minimum dominating set. If pi, ps, ..., pn are the
eigenvalues of Laplacian minimum dominating extended matrix LE (G) then

D >, pi = 2|E| = |D|.
(D) 320 pf =300
1 if v €D
0 otherwise.

where c¢; = {

Proof.

2
; d;
(=l + 55 (% + 7))
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(i) We know that the sum of the eigenvalues of L” (G) is the trace of L2 (G).
Therefore Y )" pi=>"" ai => ., di—|D| =2|E| —|D| = 2m — k.

(ii) Similarly the sum of squares of the eigenvalues of L2 (G) is the trace of
[LP (G))*. Therefore,

Z pi = Z Z%@ji = Z(au’)Q + Z @ijAji = Z(“ii>2 + 22(%)2
i=1 i=1 1

i=1 j=1 i#j i= i<j

= ;(dl — )’ + 2; (%(Z—; + %))2,
S 13 (68

i<j Y

where ¢; = Lf o G,D . O
0 otherwise

The question of when does the graph energy becomes a rational number was

answered by Bapat and S.Pati in their article [2]. Similar result for Laplacian

minimum dominating extended energy is obtained in the following theorem.

Theorem 2.2. If the sum of the absolute eigenvalues of Laplacian minimum domi-
nating extended matrix L2 (G) is a rational number; then Y. | | p; |= |D|(mod 2).

Proof. Let p1, po, ..., pn be eigenvalues of Laplacian minimum dominating ex-
tended matrix L2 (G) of a graph G, of which py, ps, ..., p, are positive and the
rest are non-positive, then

Do lpil= (o2t ot p) = (st pa)

=1

=2prtpat o) = (o1t p2to )

2.1) i
=2p1+pat-tp) =Y pi=2p+p2t-+p)— (21E| - |D])
=1
=2(pr + p2 + -+ pr — |E]) = |D|.
Therefore Y\, | p; |= |D|(mod2). O

Theorem 2.3. Let G be a graph with n vertices and m edges. If the sum of
the absolute Laplacian minimum dominating extended eigenvalues is a rational
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number;, then ED(G) € (2t — 2m,2t + 2m), where t is an integer such that
2iz1 | pi|= [D|(mod2).

Proof. We know that 7" | |p; — 22| < 3", | pi | +2m, ie.,

E2(G) <> | pil+2m=2t+2m > | p|—2m=2t—2m

i=1 =1

(from equation (2.1)), and E2(G) € (2t — 2m, 2t + 2m). O

3. BOUNDS FOR LAPLACIAN MINIMUM DOMINATING EXTENDED ENERGY

McLelland’s [6] gave upper and lower bounds for ordinary energy of a graph.
Similar bounds for E2 (G) are given in the following theorem.

Theorem 3.1. (Upper bound) Let G be a simple graph with n vertices and m edges
then

EP(G) < n(zn:(di — )4 %Z (;l—] + %)2) +2m.

i=1 i<j
Proof. Cauchy Schwarz inequality is

(o) = (5) (5.

=1

If a; = 1 and b; =| p; | then from Theorem 2.1:

(o) = () ()

1= 1=

=Y lnl< n(Xu—er+ 33 (F+2)).

)

By triangle inequality,

2m 2m 2m - " 2m
i — — | <| pi —|<|pi| +T— < i —,
p n‘_|p|+‘n‘ Lo+ ;“)H;”
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foralli=1,2,...,n,ie.,
- 2m - 1 di  dj\?
i — —| < di —ci)?+ = —+ -2 2m.
S22 oS- () oo
The proof of the theorem follows. O

Theorem 3.2. (Upper bound) Let G be a simple graph with n vertices and m edges
then

Ee[g)j(G)<\l (Z:al—c2 + Z( d_9>2_4TmQ+4mT\LD|>.

1<j

Proof. Cauchy- Schwarz inequality is

(en) = () (S )

=1 i=1 =1

Puta;, =1and b, = then
m m
R < R
(S -31) = (20) (Sh-51)
1= =1 =1
i.e.,
“ " 4m 4m
D 2 2
[Eea:(G)] <n sz 7_7 pz)
=1 1=1 =1
- 1 d diN2 4Am? 4m
— di_i2 - (—Z —]) I ——2 —D
n| > ( c)+2” j+i+n2 (2m — |D|)
=1 1<J
= 1 di di\2 4m® 8m? 4m|D)|
=n| ) (di—c)+5 <—+—”> +
1 d; di\2 4m* 4m|D)|
_ di— ) + = & _J> _
(S 35 (5 + 5 20 )

The proof of the theorem follows. O
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Theorem 3.3. (Lower bound) Let G be a simple graph with n vertices and m edges
and P = |detLE (G)|, then

n

E2(G) > Z(dz —¢)?+ %Z (i + i)2 +n(n—1)P% —2m.

i=1 i<j

Proof. Consider

(grm)zz(?m).(gm) ZwMZm\m

i#]
Therefore

Zmnpu—(Zm) —imﬁ

i#]
Applying inequality between the arithmetic and geometric means for n(n — 1)
terms, we have:

Zz !PzHﬂy n(n i) nnl)
= > (TT 1 eillos |7 = ntn=D[IT 1ocllps 1],

n( i#] i#]

Using (2.1) we get:

- & n 1
(Z | i !)2 - Z | pi |> > n(n—1) [H | pi |2<n71>} ")
‘ ' i=1

(Z!m) _id"_cl)z_%Z(%+d_z> En(n—l)[ﬁwz‘dn
(Z“Jl) ZZn:(di_cl)%r%;(%Jr%)QjLn(n—l)[gpiF

=1
i|ﬂz|2 i(di_ci>2+%z (%—I—d—?y—kn(n—l)Pi.
i=1 i=1 ‘

We know that
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- " 2m 2m
Z | Pi | —27 <
i=1 i=1

pPi — —
n

1=

Z|Pz‘|—2m§E£;(G)ZZ|Pi|—2m
i=1 =1

Therefore,

n

4 d
E2(G) > |3 (di— )2+ %Z (d—j 4 j) +n(n—1)P% — 2m.

i=1 i<j

Theorem 3.4. If p1(G) is the largest Laplacian minimum dominating extended
eigenvalue of LE (G), then

2B | D | -25,, (% +%)

n

p1(G) >

Proof. Let X be any nonzero vector. Then by [1], we have p;(A) = maxx {)géAX }

X
Therefore,

AT i di— | D =222, (# T)

) 2 75 = n
d.
0B~ | D | 25, (& +%)

= - 7

where J is a unit matrix [1,1,1,...,1]. O

Milovanovic¢ [7] bounds for Laplacian modified Schultz energy of a graph are
given in the following theorem.

Theorem 3.5. Let G be a graph with n vertices and m edges. Let |p1| > |ps| >
- > |pn| be a non-increasing order of Laplacian minimum dominating extended
eigenvalues of L (G) then

ER(G) = (30 ey 23 (% L)) - atw)lio] ~ lonly? - 2m,

1= 1<) J

where a(n)= n[%](1 — £[2]) and [z] denotes the integral part of a real number.
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Proof. Leta,aq,as,...,a,, Aand b, by, by, ..., b,, B be real numbers such that a <
a; <Aand b<b; < BYi=1,2,...,n. Then the following inequality is valid:

‘nZaibi — ZaiZM <a(n)(A—a)(B-0).

Ifa; = |pi|, bi = |pi| ,a=b=|p,| and A = B = |p1],

\niw - (Zm) < a(m)(lp| = pul)?

implies

n(g@_@)u%;(i 2)) - (Zm)w (Ioal = loal)?,
and

(iypiy)z (Zd_cz #5350 (G4 %) Jn =l = o)

since E2(G)=Y"1, [pi — 22| > Y7 (|pi| — |22|). Hence the proof of the theo-
rem follows. O

Theorem 3.6. Let G be a graph with n vertices and m edges. Let |pi| > |p2| >
-+ > |p,| > 0 be a non-increasing order of eigenvalues of L2 (G). Then

2
n ; d;
ooy s S 8T () ool
ex - — zM.
(PIEar)

Proof. Let a; # 0, b;, r and R be real numbers satisfying ra; < b; < Ra;, then the
following inequality holds (Theorem 2, [7]):

262—1—7“}%2@2_ r+R§n: ibi.
=1

Put b, = |pi|, a; =1, r = |p,| and R = |p,| then

> lpil? + loalleald 1 < (oal + leal) D leil,
=1 =1 =1
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i.e.,
n 1 d;  d;\2 -
Sdi—e?+ 53 (7)) Floilloaln < (oul + 1pa)loil
i—1 i<j 4T i=1
Therefore,

2
. d;
Zl o Tl = el 455 (4 +%) +nloilloal

pi :
(lps] =+ [pnl)

Dy (

We know that E” (G) = >_"

2m
i=1|Pi — T

the proof of the theorem follows.

| — 2—"”‘D.Hence,
n

4. LAPLACIAN MINIMUM DOMINATING EXTENDED ENERGY OF SOME STANDARD
GRAPHS:

Theorem 4.1. For n > 2, the Laplacian minimum dominating extended energy of
a star graph Ky, is

(3n? — 8n +4) +\/n5—4n4+4n3—|—6n2—12n—|—5
n n—1 '

Proof. Consider a star graph K ,,_; with vertex set V' ={wp, vy, vs,...,v,-1} and
center vy. Then minimum dominating extended set is D = {uv},

1 (T ) (T ) (T )
s+ ) 0 (T 2 s+ )
AL(Ka) = | 37 +75) (7 + 79 0 ;T + )
T+ (P ) (T ) - 0
n xn,

—_
S = O
_ o O
o O O

D(Ki, 1) =
00 ....1,
— AP

and L2 (K, 1) = D(K1,-1)
extended spectrum is

(K1,-1). Laplacian minimum dominating
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Spec(LD (K1 n-1)) =

1 —(n?2—2n+1)+vnd—4nt+4n346n2—12n+5 —(n?—2n+1)—/nS—4nit+4n3+6n2—12n+5
2n—2 2n—2
(n—2) 1 1

Hence, Laplacian minimum dominating extended energy,

(3n? — 8n +4) +\/n5—4n4+4n3—|—6n2—12n—|—5
n n—1 '

ED (K1) =
[

Theorem 4.2. For n > 2, the Laplacian minimum dominating extended energy of
complete graph is (2n* — 5n + 2)++v/n? — 2n + 5.

Proof. Consider the complete graph K,, with vertex set V' = {vy, v9,...,v,}. The
minimum dominating set is D = {v; },

1 s+ 25 5 +25) S5+ )
R I (= R3 =R (=24 =
AD(K) = | 3G+ =) s+ ) 0 0+ |
0T+ S0E ) G+ 0
n—1 0 0 0
0 n—1 0 0
D(K,) = 0 0 n—1 0 ,
0 0 0 ... n—1

nxn

and L2 (K,) = D(K,) — AP (K,). Minimum dominating extended spectrum is
—(n—1)+vn?—2n+5 —(n—1)—vn2—2n+5 >
2

Spec(LE(Kx) = ( ) : :

Laplacian minimum dominating extended energy is E2(K,) = (2n® — 5n +

2)+vn? —2n+5. 0

Theorem 4.3. For n > 2, the Laplacian minimum dominating extended energy of
crown graph is (4n* — 12n 4+ 8) + v/n2 — 2n + 5 — v/n2 + 2n — 3.
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Proof. Consider the crown graph S° with vertex set V. = {uy,ug,..., Uy, vq,
vg, ..., v, }. The minimum dominating extended set is

D = {U17U1}° Agp(sgn) =

Uy ug u3 ...  Up U1 V9 V3 ... Up
R Y s e
0 0 0 ... 0 |3ztqny 0 1.1
0 0 0 0 1 1
DN TE=E= T
satezb 0
1 1 1 0 0 0 0 0/ (o
U1 U9 us ... Un U1 (%] Vg ... Un
up |n—1 0 0 ... 0 0 0 0 ... 0
Ug 0 n—1 0 ... 0 0 0 0 ... 0
D(SYY=1] u,| O 0 0 ... n—1] 0 O 0 ... 0
U1 0 ... 0 n—1 0 0 ... 0
(B 0 0 0 ... 0 0 n—1 0 ... 0
Up, 0 0 0 ... 0 0 0 0 ... n—1

and L2 (SS9 ) = D(S%) — AP (S9)). Laplacian Minimum dominating extended
spectrum

D 0 —
SpeC(Lex<SZn)) -
—n—2) -n —(n=1)+vn2-2n4+5 —(n—1)—y/n2-2n+5  (3n—5)+v/n2+2n—-3  (3n—5)—+/n2+2n—3
2 2 2 2 .
n—2 n-—2 1 1 1 1

Laplacian minimum dominating extended energy is

EP(SY )= (4n* —12n+8) + vVn2 —2n+ 5 — v/n2 + 2n — 3.
O

Theorem 4.4. The Laplacian minimum dominating extended energy of cocktail

party graph K, .o is (8n? — 14n + 3) + V4n2 — 4n + 9.



Proof. Consider cocktail party graph K,,.» with vertex set V = U?;ll{ui, v;}. The

LAPLACIAN MINIMUM DOMINATING EXTENDED ENERGY

minimum dominating extended set is D = {uy, v},

AeDz(Knx2) -
Ui Un v1 V2
w 1 3G+ 5) 1 0 =R =)
uz | 33555 + 5= EC= R 0
Un 1 0 1 1
g 0 G+ 5) 1 L ==
ve | 3(3n=5 + 5 1| 3(3EE+ 2 0
Un 1 0 1 1
(51 U2 Un V1 () Up,
uy | 2n — 2 0 0 0 0 0
U9 0 2n — 2 0 0 0 0
D(Knx2) =] un| O 0 n—2| 0 0 0
U1 0 0 0 2n — 2 0 0
Vo 0 0 0 0 2n — 2 0
Upn 0 0 0 0 0 2n — 2
L5 (Knxa) = D(Koxz) — AL (Knx2) =
ex nx2 nx2 ex nx2
Specl (K, x2) =
—(2n—3) —(2n-2) —on (—2n+1)+\2/4m (—2n+1)—\2/4n2—4n+9
1 n—1) (n—-2) 1 1

Laplacian minimum dominating extended energy is

EP (Kpx2) = (8n* — 14n + 3) + V4n2 — 4n + 9.
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Theorem 4.5. The Laplacian minimum dominating extended energy of the com-
plete bipartite graph is
(4m — 1)n? + (4m* — Tm + 1)n — 2m? +m
m-+n

\/mn5 + m?2n* — 2m?n3 + (m* — 6m3 + m2)n? + m®n

mn

Proof. For the complete bipartite graph K,,, (m < n) with vertex set V' =

{uy, ug, ..., Uy, v1,vs,...,0,}. The Minimum dominating extended matrix of com-
plete bipartite graph is
AG (Ko ) =
v1 v2 Um ul u2 Un
1 1 0 0 s+ s+ s+ )
vz 0 1 0 s+ 5 3B+ s+ 5
vm 0 0 1 st m) R+ R) 3G+
u | 3B+ 5 s+ s+ 0 0 0
up | 3R+ 3+ s+ ) 0 0 0
Up | F(Z4 2y Ly oo 4z 0 0 0
Uy Uy ... Um V1| V2 ... Up
up|n 0 ... 0 0|0 ... O
u |0 n ... 0 00 ... O
D(Kp, ) Unp| 0 0 ... m 0|0 ... O
vr |0 O ... 0 m|O0 ... O
v |0 0 ... 0 O|m ... O
v, | O O ... O 0|0 ... m
—(n—1 —m XY XYY
Spec(Lgc(Km,n)) _ ( ) 2mn 2mn
m—1 n-—1 1 1
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Here, X = —mn?® + (m —m?*)n and Y = mn® + m?n* — 2m?n? + (m* — 6m® +
m?)n? + m®n. Laplacian Minimum dominating extended energy is,

(4m — 1)n? + (4m* — Tm + 1)n — 2m* +m

Egc(Km,n) =
m—+n
Vmn® +m?nt — 2m2n3 + (m* — 6m? + m2)n® + mon
mn '
O
Theorem 4.6. The Laplacian Minimum dominating extended energy of Friendship
graph is
12n2 —4n+1  6n®+2n
2n + 1 + n .
Proof. For a Friendship graph F} with vertex set V = {v,,v1,v2,...,Un, Upni1,
Unt2, - - -, Vo }. The minimum dominating extended matrix of Friendship graph

1S
A (F§) =Ley(Fy') = D(F}) — A (Fy)

1 -1 2n—/6n3+2n 2n+v/6n3+2n
=Spec(LE (F}) = 2n 2n
n—1 n 1 1

Therefore Laplacian Minimum dominating extended energy is,

12n% —4n + 1 N V6n3 + 2n

B (F) = on + 1 n
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