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EQUIVALENCE RELATIONS ON IMPLICATION-BASED FUZZY AUTOMATON
OVER A FINITE GROUP

M. SELVARATHI

ABSTRACT. The study explores fuzzy semiautomaton based on implications more
extensively over finite group. Different forms of relations are elucidated on
fuzzy semiautomaton based on implications. They are analyzed to be congru-
ence relations. The classes of equivalence induced by these relations form
semigroups. Another approach of external product of implication-based fuzzy
subgroups over finite groups using the apprehension of implication-based fuzzy
subgroup of a finite group is conceptualized. Therefore, the product thus de-
fined is also an implication-based fuzzy subgroup of the finite group.

1. INTRODUCTION

Zadeh [1] initially proposed the fuzzy set concept in 1965. Earlier, in 1969, it
was Wee [2] who interpreted the notion of fuzzy automata. Rosenfeld [3] had
advanced the study in 1971 with the application of Zadeh’s definition of fuzzy
sets to groups. It contributed to the incorporation of several research works that
were steered on their algebraic structures. [4-6] had also carried out some more
analyses on the fuzzy normal subgroups. Asok Kumar [7] has made an inten-
sive analysis on the products of fuzzy subgroups. In 1997, Malik [8] prompted
a research into the algebraic techniques of the fuzzy finite state machine in
fuzzy automata theory. Hofer [9] and Fong [10] had carried a comprehensive
investigation into group semiautomaton. P. Das [11] fuzzified the notion of
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group semiautomaton which he considered over a finite group with the idea of
fuzzy semiautomaton. Yuan [12] has conceived an apprehension regarding the
implication-based fuzzy subgroup. Selvarathi [13-15] had asserted an approach
over a finite group to the implication-based fuzzy normal subgroup, implication-
based fuzzy semiautomaton and implication-based intuitionistic fuzzy subgroup.
The theoretical study in this paper includes further analysis in the field above
and introduction of a finite group’s definition of equivalence relations, congru-
ence relationships and semigroups of implication-based fuzzy semiautomaton.
The paper exemplifies the homomorphic and isomorphic relationship between
different semigroups.

2. PRELIMINARIES

Definition 2.1. [3] Let (£2,-) be a group. Let a fuzzy set in 2 be a function T
from Q to [0,1]. T will be called a fuzzy subgroup of , if for all &,& in €,
T(&16) > min(Y (&), T(&)) and T(& ) > T(&).

Let x be an universe of discourse and (2, -) be a group. In fuzzy logic, [o] is
used to denote the truth value of fuzzy proposition . The fuzzy logical and the
corresponding set theoretical notations used in this paper are

(€€Y) =T

(A ) = minflal, []};

(o = B) = min{1,1 — [a] + [5]};

(VE a(€)) = infeexlal€))

(3§ (&) = supeex|(§)]; and

F « if and only if [a] = 1 for all valuations.

The truth valuation rules used here are that of the Lukasiewicz system of
continuous-valued logic.

The concept of ) - tautology is F, « if and only if [a] > A for all valuation by
Ying [16].

Definition 2.2. [12] Let T be a fuzzy subset of a finite group Q2 and A € (0,1] is
a fixed number. If for any &,,& € Q, By (6 € M)A (&L €T) = (& € 1) and
Ex (6L €X) — (&1 € Y). Then Y is called an implication-based fuzzy subgroup
of Q.
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Definition 2.3. [13] Let T be an implication-based fuzzy subgroup of Q, A € (0, 1]
is a fixed number and f : 2 — ) be a function defined on 2. Then the implication-
based fuzzy subgroup ® of f(Q) is defined by Fy (FE{(E e N)};€ € f~H(W)) —
(v € @), forall ¢ € f(Q).

Similarly if ® is an implication-based fuzzy subgroup of f(£2) then the implication-
based fuzzy subgroup Y = f o ® in Q is defined as Ey (f(£) € ) — (£ € T) for all
¢ € Q and is called the pre-image of ® under f.

Definition 2.4. [13] An implication-based fuzzy subgroup YT of Q) is called an
implication-based fuzzy normal subgroup if F, (&Y € T) —» (Y€€ T) VP €
where \ € (0,1] is a fixed number.

Definition 2.5. [14] Let T and ® be two implication-based fuzzy subgroups of the
finite group (€2, .), then the internal product Y - ® is defined by

Fr G, H{ e A (Te @) =6, 7eQ) = (€T D), (e
Proposition 2.1. [14] If ¢ is an implication-based fuzzy normal subgroup of €2
and WV is an implication-based fuzzy subgroup of ) then (i) ® -V =V - (i) - ¥
is an implication-based fuzzy subgroup of €.

Definition 2.6. [14] Let Y be an implication-based fuzzy subgroup over a finite
group §). An implication-based fuzzy semiautomaton over the finite group (€2, -) is

a triple © = (Q, A, T) where A denotes the set of all logic variables. (i.e.,) Y :
QO xAxQ—]0,1].

Let A* denote the set of all combination of these logic variables along with
the O function.
Definition 2.7. [14] Define T* : Q2 x A* x Q — [0, 1] by
Fr((@,0,8) e T) =1 (fa=p)
Fi ((0,0,8) € T*) =0 (Here A =0and a # )
Fx (3{((8,67) € T)A (v, w,0) € T 17 € Q) = (B, £ O w,a) € T7),

forall o, 5 € ;& € A*;w € A. Hereafter © = (2, A, ) be an implication-based
fuzzy semiautomaton over the finite €2 where () is a finite group with the identity
element 'c’ and A € (0,1] is a fixed number.
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3. SEMIGROUPS OF IMPLICATION-BASED FUZzY SEMIAUTOMATON OF FINITE
GROUPS

Definition 3.1. Define a relation ™ on A* by for all £,v¢ € A* as follows
{ =4 if and only if

IZ)\ ((Caf)ln) € T*) — ((C?@%”) € T*) )

Fx (G, m) € T9) = ((¢,6,m) € T7), vV o (neQ.

Theorem 3.1. Let © = (Q, A, T) be an implication-based fuzzy semiautomaton
over the finite group §). Define a relation > on A* by for all £,v € A* as follows

¢> ) if and only if
(Z) ':/\ ((Cv€7n) € T*) — ((C7¢777) € T*)v
(i) =x (G ¢,m) € T7) = (G, €,m) € T7), vV o (neQ

Then > is a congruence relation on A*.

Proof Let £,¢,7 € A* and (,n € Q. Cleary (i) and (i7) are satisfied if £ = 1,

implying = ¢ > €. Therefore > is reflexive.
Let £ > 4.
= EAGEN eT) = (Gy,n) e T
':)\ ((C?@h”) € T*) - ((Qfﬂ?) € T*) v §777 €

= ':)\ ((Cﬂ%ﬁ) € T*) — ((Qfﬂ?) € T*)
Fa ((G6m) € T7) = (G, m) € T7) vV o (neQ
= &by

Therefore > is symmetric.
Let ¢ > and ¢ > 7.

EB 9
= E((&En) eT) = ((CGv,n) € 17)
Fx (G ) € T7) = ((6,€,m) € T7) vV (ne
Y7
= E(GY,n) eT) = (((mn) €T
Fx ((Cmm) € T7) = (¢, v, m) € T7) vV (neQ
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Now,
Fa ((66m) € T7) = (¢, m) € T7)
= ((¢,7,m) € T7) Vo (neQ
Fx ((Gmm) € 1) = (G4, m) € T7)
= ((¢,&n) € T7) vV o (neQ
implying £ &> 7. Thus > is transitive. Therefore > is an equivalence relation on
A*.

Now let 7 € A* and £ > ¢ for all (,n € Q2. Then

Fr (G EoTn) € TY) = G {((¢&7) € TH)OA((v.7m) € TH) v € Q)
= (I, 7) € T)A((v,7m) € T) 17 € Q)
= (Yo eT)

Also

Fa (G o) e X)) = G Y,y) € T)A((y,7,n) € T}y €9Q)
= (I EY) € T)A((v7om) €Ty €Q)
= (((,§©T,n) €T

implying{ 07> ¢ O 7.
Similarly we can prove that 7 © £ > 7 ® ).
Therefore > is a congruence relation on A*. 0

Definition 3.2. Define a relation < on A* by for all £,v) € A* as follows £ < if
andonly if V. (,n € Q.

Ex (€) = ((¢,€,m) € T*) if and only if
Fa(6) = (¢, ¥,m) € T7)
where ¢ is a very small value such that ¢ > 0.

Theorem 3.2. Let © = (Q, A, Y) be an implication-based fuzzy semiautomaton
over the finite group ). Let £,7) € A*. Define a relation < on A* by £ <1 if and
only if

Fx (6) = ((¢,&,m) € T7) if and only if

Fx (€) = (¢, m) € T7)
where ¢ is a very small value such that ¢ > 0. Then < is a congruence relation on
A*,
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Proof. Let {,¢, 7 € A*and (,n € Q.
(i) Cleary ¢ < £ by the definition. Therefore < is reflexive.
(ii) Let £ <. Then

= E( =6 eT) e Bl = ((Gv.n) eT)
=  BE(@E 2> (G eT)e Fild (G4 ET) V(neQ
and ¢ <¢. Therefore < is symmetric.

(iii) Let £ < and ¥ < 7. Then
£y = Ea(e) = ((¢&n) eTr) R () = ((Ge,n) € T7) V(ne
T = Ex(e) = ((G,n) € T7) &y (6) = ((¢mn) € T7) V(e
Now
Fa(e) = (6, 6n) €T) & Fx(e) = ((¢v,n) €T7)
) = (¢, 7,m) € 17)
Therefore ) (¢) — ((¢,&,n) € T*) & Ey () — ((¢,7,n) € T)V(,n € Q, im-
plying ¢ < 7. Therefore < is transitive.

<~ ':)\(6

Thus, < is an equivalence relation on A*.
Now let £ < and 7 € A*

gﬁ 1/} = }:A (6) - ((Qfﬂ?) € T*) ~ ':A (6) — ((Ca@/)ﬂ?) € T*) vC)ﬁ €
2. We have

Fr((GEomm) € TY) = GH{((G67) € T)A((y,7m) € Ty €EN).
So,
Fa(e) = (((E€omn) e
& By (€) = {66 € T)A((y,mn) €Ty €Q)
& if there exists v € Q) such that
Fx(e) = (((G&7) € T)A((y,7,m) € T7))
& Fy(e) = ((GY.y) € T)A((vm) €717))
& B (6) = (3G Y, 7) € T)A((v,mom) € T 1y € Q)
S Fy(e) > ((Gvorn eT)

= EoTdyY o,
Similarly we can prove that 7 ©® £ <7 ® 9.
Therefore < is a congruence relation on A*. O
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Definition 3.3. Let { € A" Define &) ={Y e AT/ey}; [€] = {¢ € AT/ Ly}
and C(0) = {[£]/§ € A"} C(©) = {[¢]/§ € AT}
Theorem 3.3. Let © = (Q, A, T) be an implication-based fuzzy semiautomaton

over the finite group ). Define a binary operation L on C(©) by V |£], |¢] €
C(©), &) L [¥] = £ ©v]. Then (C(O), L) is a finite semigroup with identity.
Proof. Clearly L is well-defined. Let [£], |¢], |7] € C(©)andletx € (|£] L |¢])
1|7
= kKe|EOY] L |T|
= reloy)or)
= (EoyY)orbsk
(1) Fx (G, (EOv) O Tn) € T7) = (¢, r,n) € T7)
(i) Ex (G, /) € T7) = (G, (EOP) © 7,m) € T7) vV (neQ
(0) Fr (G (€O ¥) O ) € T7) = ((¢ /) € T7)
=Fx (I 0P, 7) € T)A((v,7.m) € T) 57 € Q) = ((¢ k) € T7)
=Fx (I{EHC.€0) € T)A((6,4,7) € T) 0 € Q) A((y,7,m) € T}
1eQ) = (G T
=Ex (37,0{((¢,£,0) € Y)A((0,40,7) € T) A (v, 7,m) € T7)}57,0 € Q)
— (¢ kM) € T7)
=Fx (36{((¢.&,0) € T)A (B0, 4,7) € T)A((v, 7,m) € T}y € D)}
§eQ) — (¢ k) €T
=Fx (35{(((,£,0) e T) A (6,0 ©7,m) € T7))}16 € Q) = (¢, 5,m) € T7)

=EA((EO[WoT),n) eT) = ((¢ k1) €T) vV (nef
Similarly we can show that from (i)

Fa ((Gmm) € T7) = ((GEO (PO T),n) € T7) vV (e

= EOoWorn) >k

=  KReEEOM@OT)

=  kelfLpoT]

= welf L] L)
Similarly we can prove that x € [£| L ([¢] L |7])=re (|§] L [¥]) L |7]
Therefore ([£] L [¢]) L [7] = [£] L (|¢] L |7]). Thus L is associative.

Moreover the identity element is |0].
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Alsolet{ € A*andlet{ =& © & O ©&, where §,&,---,§, € A
Fa (G €m) € 1) = (Fv{ (€ &m) € T)A((1,82,72) €ET) A+ A
(n-1:6nm) € V)i € Qi =1,2,--- ,n)

Since image of T is finite, we have image of T* also to be finite. Therefore
(C(©), 1) is a finite semigroup with identity. O
Theorem 3.4. Let © = (2, A, Y) be an implication-based fuzzy semiautomaton
over the finite group (). Define a binary operation + on C(@) by v [£],[¢] €
0/(5), (€] [v] = [ © ). Then ((7(5), I—) is a finite semigroup with identity.

Proof. Can be proved as in previous theorem. O

Theorem 3.5. Let © = (2, A, T) be an implication-based fuzzy semiautomaton
over the finite group ). Define C'(0) = {|{]/¢ € A*} and C( ) ={[£]/€ € A*}.
Then ¢ : |£] — [€] is a homomorphism of C'(©) onto C’(@)

Proof. Define ¢ : C(©) — C(8) by ¢ (|£]) = [€] forall [£] € C(O). Let &,y € A*
such that || = |¢| and let € be a very small value such that ¢ > 0.

= (@R ((GEn) eTT) = ((¢y,n) € T7)

(i) Bx (G 9,m) € T7) = (¢, €,m) € T7) vV (neq
= () Fx(e) = ((¢¥,n) €T7)

(i) Ex (€) = (¢, &,m) € T7) vV (nel
= &l =¥]

= o(lg)) =o(l¥])
Thus, ¢ is well-defined. Clearly ¢ is onto. Now

o (&l L1y =o(lsOv])

= [£OY]

= [§1 - [¥]

= o () Fo(lv]))
¢isa horgcinorphism. Moreover, C@ is finite since C'(©) is finte. Thus ¢ :
C(©) — C(O©) is an onto homomorphism. O

Definition 3.4. Let © = (2, A, T) be an implication-based fuzzy semiautomaton
over the finite group Q). For all £ € A*, define the fuzzy set £° of Q x Q (i.e.,)
€9 :QxQ—[0,1] by Ex ((6,&, k) € T*) = ((6, k) € £°) forall (6,r) € Q x Q.
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Theorem 3.6. Let © = (2, A, Y) be an implication-based fuzzy semiautomaton
over the finite group ). Then £® is an implication-based fuzzy subgroup for each
£ e A"

Proof. Let £ € A*.
(i) Let (51, /431), (52, K)Q) € Q xQ.

Fa (((01,€,51) € T7) A ((02, &, k2) € T7)) = (((6102, &, kikg) € T7))
— ((5152,%1%2) € 56)

(ii) Let (6, k) € Q x Q.

Therefore £© is an implication-based fuzzy subgroup for each ¢ € A*. O

Definition 3.5. Let () be a finite group with the identity element 'c’. Let T and ®
be two implication-based fuzzy subgroups on 2 x ). Then

Fx (Gu{((&,v) e )N (W, 1) € P) ;0 € Q) = ((€,7) € T o D),
forall &, 7 € Q.

Theorem 3.7. Let Q2 be a finite group. Let T and ® be two implication-based
fuzzy subgroups on Q x ). Then Y o ® product is also an implication-based fuzzy
subgroup on Q) x .

Prooﬁ Let (gl,Tl), (52,7’2) € Q x Q.

Fa (((61,71) € To @) A ((€2,72) € T o))
= ({1, 1) € V) A (Y1, 71) € P) 591 € QA
(T {((&2,%2) € T) A (Y2, 72) € )} 102 € Q)
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— (Fn, Vo ((€1,401) € T) A (b1, 71) € ) A
(((2;12) € T) A ((¢2,m2) € @) }; b1, 92 € Q)
= (31, Y{ (&1, ¥1) € T) A ((2,92) € T)) A
(1, 71) € @) A (12, 72) € ©))}s 91,92 € Q)
— (T, haf{ (&1, Yrt2) € 1) A ((U1¢2, TiT2) € @)} 401,42 € Q)
T and ¢ are implication-based fuzzy subgroups
— ((&41&2, 1m2) € T 0 D)
Let (£, 7) € Q x Q.
Fx (€
(3
(30
(30~
= (€,
Therefore T o ® is an implication-based fuzzy subgroup on €2 x €. O

€Tod)

7)

{((¢, w> S T) (4, 7) € ®)};9 € Q)

{((&v T)A (W, 7)€ )l € Q)

H( 5 AT EMA (W) ey €9)

N eTod)

L 14

Theorem 3.8. Let © = (2, A, Y) be an implication-based fuzzy semiautomaton
over the finite group Q. Define Ug = {£©/¢ € A*}. Then (i) £° 0 ¢© = (£ 01))®
forall ¢,¢) € A* (ii) (Ve,0) is a semigroup with identity.

Proof. Let g = {€°/¢ € A*}.
(i) Let £,¢ € A* and (¢, ) € 2 x ©
Fa ((Cﬂ]) e¢® O¢®)
= (I{(¢w) € €2) A ((w,m) € 99w € Q)
= (Fw{((¢.&w) € T)A((w,¥,n) € T }w € Q)
— ((¢,§o1,m) € T7)

= ((¢megov)?)

Similarly we can prove that

Fa (G € (€01)®) = ((Gn) € €9 0u®) forall ((,n) € QA x Qand £, € A"
Therefore £ o )© = (£ 0 )® for all £, ¢4 € A*.
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(i) Let ¢, ¢, 7 € A* and (¢,n) € Q x Q.

Fa ((¢n) € %0 (¥ 079))

= (Fw{((¢,w) € %) A ((w,m) €907 hw € Q)

= (F{((¢w) € €2) A Br{((w, k) €¥O) A (k) € T9)} 5 € Q) }w € Q)

= (Fw, /{((¢,w) € E2) A ((w, k) € PO) A (k1) € T0) w0,k € Q)

— (Fw, R{(((,&,w) € T)A (w, ¥, k) € T)YA((k,7,m) € T} w,k € Q)

— (Fs{ (F{((¢, &, w) € T) A ((w, 90, 5) € T) sw € Q) A((k,7,m) € TF) }1 1 € 9)
— (HE{(HW{«C,W) € fe) A ((w, k) € zﬂ@)};w € Q) A ((kym) € 79)}; K € Q)

= (3{((¢ k) € (€% 0¥ A ((5,m) €T}k € Q)

= ((¢;n) € (€% 0®)07®)

Therefore Fy ((¢,n) € €% 0 (¥° 0 79)) = ((¢,n) € (£° 0 ¢®) 0 79).
Similarly we can prove that

Fa ((¢m) € (6% 04®) 07%) = ((¢,n) €€%0 (¥° 0 79)).

Therefore o is associative. Clearly 0° is the identity element of (Vg, o). Thus
(Vg, o) is a semigroup with identity element. 0

Theorem 3.9. Let © = (2, A, Y) be an implication-based fuzzy semiautomaton
over the finite group (2. Then the semigroups Vg and C(O) are isomorphic.

Proof. Define ¢ : (Vg,0) — (C(0), 1) as ¢(€°) = [£] for all £€© € Ug. Let
£9,9® € Ug such that £© = ¢®

= E((¢n) €€®) = ((¢n) €¢°)

Fx ((¢n) € ) = ((¢,n) € €°) for all ¢,n € Q
= Fa (¢ &6m) € X7) = ((C,m) € T)
Fx ((C0,m) € T%) = ((¢,&,n) € T*) forall ¢,n € ©
= &= [v]
= 9(&%) = o(¢°)
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¢ is single-valued and one - to - one.

$(€% 0 ) = p((¢ O ¥)?)

= (oY)

=[] L [¥]

= ¢(£°) L ¢(¥°)
¢ is a homomorphism. And clearly, ¢ is onto. Therefore Vg is isomorphic to
C(0) O

4. CONCLUSION

The structure of a finite group’s implication-based fuzzy semiautomaton was
elaborately discussed in this paper. On this system two more different types
of relations are established. The relation thus established proves to be a rela-
tion of equivalence and congruence. The study proves that a finite semigroup
with identity element is constructed by the equivalence classes generated by
this equivalence relation. It is further confirmed that homomorphism or isomor-
phism connects these semigroups to one another.
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