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EQUIVALENCE RELATIONS ON IMPLICATION-BASED FUZZY AUTOMATON
OVER A FINITE GROUP

M. SELVARATHI

ABSTRACT. The study explores fuzzy semiautomaton based on implications more
extensively over finite group. Different forms of relations are elucidated on
fuzzy semiautomaton based on implications. They are analyzed to be congru-
ence relations. The classes of equivalence induced by these relations form
semigroups. Another approach of external product of implication-based fuzzy
subgroups over finite groups using the apprehension of implication-based fuzzy
subgroup of a finite group is conceptualized. Therefore, the product thus de-
fined is also an implication-based fuzzy subgroup of the finite group.

1. INTRODUCTION

Zadeh [1] initially proposed the fuzzy set concept in 1965. Earlier, in 1969, it
was Wee [2] who interpreted the notion of fuzzy automata. Rosenfeld [3] had
advanced the study in 1971 with the application of Zadeh’s definition of fuzzy
sets to groups. It contributed to the incorporation of several research works that
were steered on their algebraic structures. [4–6] had also carried out some more
analyses on the fuzzy normal subgroups. Asok Kumar [7] has made an inten-
sive analysis on the products of fuzzy subgroups. In 1997, Malik [8] prompted
a research into the algebraic techniques of the fuzzy finite state machine in
fuzzy automata theory. Hofer [9] and Fong [10] had carried a comprehensive
investigation into group semiautomaton. P. Das [11] fuzzified the notion of
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group semiautomaton which he considered over a finite group with the idea of
fuzzy semiautomaton. Yuan [12] has conceived an apprehension regarding the
implication-based fuzzy subgroup. Selvarathi [13–15] had asserted an approach
over a finite group to the implication-based fuzzy normal subgroup, implication-
based fuzzy semiautomaton and implication-based intuitionistic fuzzy subgroup.
The theoretical study in this paper includes further analysis in the field above
and introduction of a finite group’s definition of equivalence relations, congru-
ence relationships and semigroups of implication-based fuzzy semiautomaton.
The paper exemplifies the homomorphic and isomorphic relationship between
different semigroups.

2. PRELIMINARIES

Definition 2.1. [3] Let (Ω, ·) be a group. Let a fuzzy set in Ω be a function Υ

from Ω to [0, 1]. Υ will be called a fuzzy subgroup of Ω, if for all ξ1, ξ2 in Ω,
Υ(ξ1ξ2) ≥ min

(
Υ(ξ1),Υ(ξ2)

)
and Υ(ξ1

−1) ≥ Υ(ξ1).

Let χ be an universe of discourse and (Ω, ·) be a group. In fuzzy logic, [α] is
used to denote the truth value of fuzzy proposition α. The fuzzy logical and the
corresponding set theoretical notations used in this paper are

(ξ ∈ Υ) = Υ(ξ);

(α ∧ β) = min{[α], [β]};
(α→ β) = min{1, 1− [α] + [β]};
(∀ξ α(ξ)) = inf ξ∈X [α(ξ)];

(∃ξ α(ξ)) = supξ∈X [α(ξ)]; and
� α if and only if [α] = 1 for all valuations.
The truth valuation rules used here are that of the Łukasiewicz system of

continuous-valued logic.
The concept of λ - tautology is �λ α if and only if [α] ≥ λ for all valuation by

Ying [16].

Definition 2.2. [12] Let Υ be a fuzzy subset of a finite group Ω and λ ∈ (0, 1] is
a fixed number. If for any ξ1, ξ2 ∈ Ω, �λ (ξ1 ∈ Υ) ∧ (ξ2 ∈ Υ) → (ξ1ξ2 ∈ Υ) and
�λ (ξ1 ∈ Υ) → (ξ1

−1 ∈ Υ). Then Υ is called an implication-based fuzzy subgroup
of Ω.
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Definition 2.3. [13] Let Υ be an implication-based fuzzy subgroup of Ω, λ ∈ (0, 1]

is a fixed number and f : Ω→ Ω be a function defined on Ω. Then the implication-
based fuzzy subgroup Φ of f(Ω) is defined by �λ (∃ξ{(ξ ∈ Υ)}; ξ ∈ f−1(ψ)) →
(ψ ∈ Φ), for all ψ ∈ f(Ω).

Similarly if Φ is an implication-based fuzzy subgroup of f(Ω) then the implication-
based fuzzy subgroup Υ = f ◦Φ in Ω is defined as �λ (f(ξ) ∈ Φ)→ (ξ ∈ Υ) for all
ξ ∈ Ω and is called the pre-image of Φ under f .

Definition 2.4. [13] An implication-based fuzzy subgroup Υ of Ω is called an
implication-based fuzzy normal subgroup if �λ (ξψ ∈ Υ)→ (ψξ ∈ Υ) ∀ξ, ψ ∈ Ω

where λ ∈ (0, 1] is a fixed number.

Definition 2.5. [14] Let Υ and Φ be two implication-based fuzzy subgroups of the
finite group (Ω, .), then the internal product Υ · Φ is defined by

�λ (∃ψ, τ{(ψ ∈ Υ) ∧ (τ ∈ Φ)};ψτ = ξ;ψ, τ ∈ Ω)→ (ξ ∈ Υ · Φ), ξ ∈ Ω.

Proposition 2.1. [14] If Φ is an implication-based fuzzy normal subgroup of Ω

and Ψ is an implication-based fuzzy subgroup of Ω then (i) Φ ·Ψ = Ψ ·Φ (ii) Φ ·Ψ
is an implication-based fuzzy subgroup of Ω.

Definition 2.6. [14] Let Υ be an implication-based fuzzy subgroup over a finite
group Ω. An implication-based fuzzy semiautomaton over the finite group (Ω, ·) is
a triple Θ = (Ω,∆,Υ) where ∆ denotes the set of all logic variables. (i.e., ) Υ :

Ω×∆× Ω→ [0, 1].

Let ∆∗ denote the set of all combination of these logic variables along with
the 0 function.

Definition 2.7. [14] Define Υ∗ : Ω×∆∗ × Ω→ [0, 1] by

�λ ((α,0, β) ∈ Υ∗)→ 1 (If α = β)

�λ ((α,0, β) ∈ Υ∗)→ 0 (Here λ = 0 and α 6= β)

�λ (∃γ{((β, ξ, γ) ∈ Υ∗) ∧ ((γ, ω, α) ∈ Υ∗)}; γ ∈ Ω)→ ((β, ξ � ω, α) ∈ Υ∗),

for all α, β ∈ Ω; ξ ∈ ∆∗;ω ∈ ∆. Hereafter Θ = (Ω,∆,Υ) be an implication-based
fuzzy semiautomaton over the finite Ω where Ω is a finite group with the identity
element ′ε′ and λ ∈ (0, 1] is a fixed number.
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3. SEMIGROUPS OF IMPLICATION-BASED FUZZY SEMIAUTOMATON OF FINITE

GROUPS

Definition 3.1. Define a relation D on ∆∗ by for all ξ, ψ ∈ ∆∗ as follows
ξ D ψ if and only if

�λ ((ζ, ξ, η) ∈ Υ∗)→ ((ζ, ψ, η) ∈ Υ∗) ,

�λ ((ζ, ψ, η) ∈ Υ∗)→ ((ζ, ξ, η) ∈ Υ∗) , ∀ ζ, η ∈ Ω.

Theorem 3.1. Let Θ = (Ω,∆,Υ) be an implication-based fuzzy semiautomaton
over the finite group Ω. Define a relation D on ∆∗ by for all ξ, ψ ∈ ∆∗ as follows
ξ D ψ if and only if

(i) �λ ((ζ, ξ, η) ∈ Υ∗)→ ((ζ, ψ, η) ∈ Υ∗) ,

(ii) �λ ((ζ, ψ, η) ∈ Υ∗)→ ((ζ, ξ, η) ∈ Υ∗) , ∀ ζ, η ∈ Ω

Then D is a congruence relation on ∆∗.

Proof. Let ξ, ψ, τ ∈ ∆∗ and ζ, η ∈ Ω. Cleary (i) and (ii) are satisfied if ξ = ψ,
implying⇒ ξ D ξ. Therefore D is reflexive.

Let ξ D ψ.

⇒ �λ ((ζ, ξ, η) ∈ Υ∗)→ ((ζ, ψ, η) ∈ Υ∗)

�λ ((ζ, ψ, η) ∈ Υ∗)→ ((ζ, ξ, η) ∈ Υ∗) ∀ ζ, η ∈ Ω

⇒ �λ ((ζ, ψ, η) ∈ Υ∗)→ ((ζ, ξ, η) ∈ Υ∗)

�λ ((ζ, ξ, η) ∈ Υ∗)→ ((ζ, ψ, η) ∈ Υ∗) ∀ ζ, η ∈ Ω

⇒ ξ D ψ

Therefore D is symmetric.
Let ξ D ψ and ψ D τ .
ξ D ψ

⇒ �λ ((ζ, ξ, η) ∈ Υ∗)→ ((ζ, ψ, η) ∈ Υ∗)

�λ ((ζ, ψ, η) ∈ Υ∗)→ ((ζ, ξ, η) ∈ Υ∗) ∀ ζ, η ∈ Ω

ψ D τ

⇒ �λ ((ζ, ψ, η) ∈ Υ∗)→ ((ζ, τ, η) ∈ Υ∗)

�λ ((ζ, τ, η) ∈ Υ∗)→ ((ζ, ψ, η) ∈ Υ∗) ∀ ζ, η ∈ Ω
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Now,
�λ ((ζ, ξ, η) ∈ Υ∗)→ ((ζ, ψ, η) ∈ Υ∗)

→ ((ζ, τ, η) ∈ Υ∗) ∀ ζ, η ∈ Ω

�λ ((ζ, τ, η) ∈ Υ∗)→ ((ζ, ψ, η) ∈ Υ∗)

→ ((ζ, ξ, η) ∈ Υ∗) ∀ ζ, η ∈ Ω

implying ξ D τ . Thus D is transitive. Therefore D is an equivalence relation on
∆∗.

Now let τ ∈ ∆∗ and ξ D ψ for all ζ, η ∈ Ω. Then

�λ ((ζ, ξ � τ, η) ∈ Υ∗)→ (∃γ{((ζ, ξ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗)}; γ ∈ Ω)

→ (∃γ{((ζ, ψ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗)}; γ ∈ Ω)

→ ((ζ, ψ � τ, η) ∈ Υ∗)

Also

�λ ((ζ, ψ � τ, η) ∈ Υ∗)→ (∃γ{((ζ, ψ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗)}; γ ∈ Ω)

→ (∃γ{((ζ, ξ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗)}; γ ∈ Ω)

→ ((ζ, ξ � τ, η) ∈ Υ∗)

implying ξ � τ D ψ � τ .
Similarly we can prove that τ � ξ D τ � ψ.
Therefore D is a congruence relation on ∆∗. �

Definition 3.2. Define a relation E on ∆∗ by for all ξ, ψ ∈ ∆∗ as follows ξ E ψ if
and only if ∀ ζ, η ∈ Ω.

�λ (ε)→ ((ζ, ξ, η) ∈ Υ∗) if and only if

�λ (ε)→ ((ζ, ψ, η) ∈ Υ∗)

where ε is a very small value such that ε > 0.

Theorem 3.2. Let Θ = (Ω,∆,Υ) be an implication-based fuzzy semiautomaton
over the finite group Ω. Let ξ, ψ ∈ ∆∗. Define a relation E on ∆∗ by ξ E ψ if and
only if

�λ (ε)→ ((ζ, ξ, η) ∈ Υ∗) if and only if

�λ (ε)→ ((ζ, ψ, η) ∈ Υ∗)

where ε is a very small value such that ε > 0. Then E is a congruence relation on
∆∗.
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Proof. Let ξ, ψ, τ ∈ ∆∗ and ζ, η ∈ Ω.
(i) Cleary ξ E ξ by the definition. Therefore E is reflexive.
(ii) Let ξ E ψ. Then

⇒ �λ (ε)→ ((ζ, ξ, η) ∈ Υ∗)⇔ �λ (ε)→ ((ζ, ψ, η) ∈ Υ∗)

⇒ �λ (ε)→ ((ζ, ψ, η) ∈ Υ∗)⇔ �λ (ε)→ ((ζ, ξ, η) ∈ Υ∗) ∀ζ, η ∈ Ω

and ψ E ξ. Therefore E is symmetric.
(iii) Let ξ E ψ and ψ E τ . Then
ξ E ψ ⇒ �λ (ε)→ ((ζ, ξ, η) ∈ Υ∗)⇔�λ (ε)→ ((ζ, ψ, η) ∈ Υ∗) ∀ζ, η ∈ Ω

ψ E τ ⇒ �λ (ε) → ((ζ, ψ, η) ∈ Υ∗) ⇔�λ (ε) → ((ζ, τ, η) ∈ Υ∗) ∀ζ, η ∈ Ω

Now
�λ (ε)→ ((ζ, ξ, η) ∈ Υ∗)⇔ �λ (ε)→ ((ζ, ψ, η) ∈ Υ∗)

⇔ �λ (ε)→ ((ζ, τ, η) ∈ Υ∗)

Therefore �λ (ε) → ((ζ, ξ, η) ∈ Υ∗) ⇔ �λ (ε) → ((ζ, τ, η) ∈ Υ∗)∀ζ, η ∈ Ω, im-
plying ξ E τ . Therefore E is transitive.

Thus, E is an equivalence relation on ∆∗.
Now let ξ E ψ and τ ∈ ∆∗

ξ E ψ ⇒ �λ (ε) → ((ζ, ξ, η) ∈ Υ∗) ⇔ �λ (ε) → ((ζ, ψ, η) ∈ Υ∗) ∀ζ, η ∈
Ω. We have

�λ ((ζ, ξ � τ, η) ∈ Υ∗)→ (∃γ{((ζ, ξ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗)}; γ ∈ Ω) .

So,
�λ (ε)→ ((ζ, ξ � τ, η) ∈ Υ∗)

⇔ �λ (ε)→ (∃γ{((ζ, ξ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗)}; γ ∈ Ω)

⇔ if there exists γ ∈ Ω such that

�λ (ε)→ (((ζ, ξ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗))

⇔ �λ (ε)→ (((ζ, ψ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗))

⇔ �λ (ε)→ (∃γ{((ζ, ψ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗)}; γ ∈ Ω)

⇔ �λ (ε)→ ((ζ, ψ � τ, η) ∈ Υ∗)

⇒ ξ � τ E ψ � τ .
Similarly we can prove that τ � ξ E τ � ψ.
Therefore E is a congruence relation on ∆∗. �
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Definition 3.3. Let ξ ∈ ∆∗ Define bξc = {ψ ∈ ∆∗/ξDψ} ; dξe = {ψ ∈ ∆∗/ξEψ}
and C(Θ) = {bξc/ξ ∈ ∆∗}; Ĉ(Θ) = {dξe/ξ ∈ ∆∗}.

Theorem 3.3. Let Θ = (Ω,∆,Υ) be an implication-based fuzzy semiautomaton
over the finite group Ω. Define a binary operation ⊥ on C(Θ) by ∀ bξc, bψc ∈
C(Θ), bξc ⊥ bψc = bξ � ψc. Then (C(Θ),⊥) is a finite semigroup with identity.

Proof. Clearly⊥ is well-defined. Let bξc, bψc, bτc ∈ C(Θ) and let κ ∈ (bξc ⊥ bψc)
⊥ bτc.
⇒ κ ∈ bξ � ψc ⊥ bτc
⇒ κ ∈ b(ξ � ψ)� τc
⇒ (ξ � ψ)� τ D κ

(i) �λ ((ζ, (ξ � ψ)� τ, η) ∈ Υ∗)→ ((ζ, κ, η) ∈ Υ∗)

(ii) �λ ((ζ, κ, η) ∈ Υ∗)→ ((ζ, (ξ � ψ)� τ, η) ∈ Υ∗) ∀ ζ, η ∈ Ω

(i) �λ ((ζ, (ξ � ψ)� τ, η) ∈ Υ∗)→ ((ζ, κ, η) ∈ Υ∗)

⇒�λ (∃γ{((ζ, ξ � ψ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗)}; γ ∈ Ω)→ ((ζ, κ, η) ∈ Υ∗)

⇒�λ (∃γ{(∃δ{((ζ, ξ, δ) ∈ Υ∗) ∧ ((δ, ψ, γ) ∈ Υ∗)}; δ ∈ Ω) ∧ ((γ, τ, η) ∈ Υ∗)};

γ ∈ Ω) → ((ζ, κ, η) ∈ Υ∗)

⇒�λ (∃γ, δ{((ζ, ξ, δ) ∈ Υ∗) ∧ ((δ, ψ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗)}; γ, δ ∈ Ω)

→ ((ζ, κ, η) ∈ Υ∗)

⇒�λ (∃δ{((ζ, ξ, δ) ∈ Υ∗) ∧ (∃γ{((δ, ψ, γ) ∈ Υ∗) ∧ ((γ, τ, η) ∈ Υ∗)}; γ ∈ Ω)};

δ ∈ Ω) → ((ζ, κ, η) ∈ Υ∗)

⇒�λ (∃δ{((ζ, ξ, δ) ∈ Υ∗) ∧ ((δ, ψ � τ, η) ∈ Υ∗))}; δ ∈ Ω)→ ((ζ, κ, η) ∈ Υ∗)

⇒�λ ((ζ, ξ � (ψ � τ) , η) ∈ Υ∗)→ ((ζ, κ, η) ∈ Υ∗) ∀ ζ, η ∈ Ω

Similarly we can show that from (ii)

�λ ((ζ, κ, η) ∈ Υ∗)→ ((ζ, ξ � (ψ � τ) , η) ∈ Υ∗) ∀ ζ, η ∈ Ω

⇒ ξ � (ψ � τ)D κ

⇒ κ ∈ bξ � (ψ � τ)c
⇒ κ ∈ bξc ⊥ bψ � τc
⇒ κ ∈ bξc ⊥ (bψc ⊥ bτc).

Similarly we can prove that κ ∈ bξc ⊥ (bψc ⊥ bτc)⇒ κ ∈ (bξc ⊥ bψc) ⊥ bτc
Therefore (bξc ⊥ bψc) ⊥ bτc = bξc ⊥ (bψc ⊥ bτc). Thus ⊥ is associative.

Moreover the identity element is b0c.
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Also let ξ ∈ ∆∗ and let ξ = ξ1 � ξ2 � · · · � ξn where ξ1, ξ2, · · · , ξn ∈ ∆

�λ ((ζ, ξ, η) ∈ Υ∗)→ (∃γi{((ζ, ξ1, γ1) ∈ Υ) ∧ ((γ1, ξ2, γ2) ∈ Υ) ∧ · · · ∧
((γn−1, ξn, η) ∈ Υ)}; γi ∈ Ω, i = 1, 2, · · · , n)

Since image of Υ is finite, we have image of Υ∗ also to be finite. Therefore
(C(Θ),⊥) is a finite semigroup with identity. �

Theorem 3.4. Let Θ = (Ω,∆,Υ) be an implication-based fuzzy semiautomaton
over the finite group Ω. Define a binary operation ` on Ĉ(Θ) by ∀ dξe, dψe ∈
Ĉ(Θ), dξe ` dψe = dξ � ψe. Then

(
Ĉ(Θ),`

)
is a finite semigroup with identity.

Proof. Can be proved as in previous theorem. �

Theorem 3.5. Let Θ = (Ω,∆,Υ) be an implication-based fuzzy semiautomaton
over the finite group Ω. Define C(Θ) = {bξc/ξ ∈ ∆∗} and Ĉ(Θ) = {dξe/ξ ∈ ∆∗}.
Then φ : bξc → dξe is a homomorphism of C(Θ) onto Ĉ(Θ).

Proof. Define φ : C(Θ)→ Ĉ(Θ) by φ (bξc) = dξe for all bξc ∈ C(Θ). Let ξ, ψ ∈ ∆∗

such that bξc = bψc and let ε be a very small value such that ε > 0.

⇒ (i) �λ ((ζ, ξ, η) ∈ Υ∗)→ ((ζ, ψ, η) ∈ Υ∗)

(ii) �λ ((ζ, ψ, η) ∈ Υ∗)→ ((ζ, ξ, η) ∈ Υ∗) ∀ ζ, η ∈ Ω

⇒ (i) �λ (ε)→ ((ζ, ψ, η) ∈ Υ∗)

(ii) �λ (ε)→ ((ζ, ξ, η) ∈ Υ∗) ∀ ζ, η ∈ Ω

⇒ dξe = dψe

⇒ φ (bξc) = φ (bψc)

Thus, φ is well-defined. Clearly φ is onto. Now

φ (bξc ⊥ bψc) = φ (bξ � ψc)

= dξ � ψe

= dξe ` dψe

= φ (bξc) ` φ (bψc)

φ is a homomorphism. Moreover, Ĉ(Θ) is finite since C(Θ) is finte. Thus φ :

C(Θ)→ Ĉ(Θ) is an onto homomorphism. �

Definition 3.4. Let Θ = (Ω,∆,Υ) be an implication-based fuzzy semiautomaton
over the finite group Ω. For all ξ ∈ ∆∗, define the fuzzy set ξΘ of Ω × Ω (i.e., )
ξΘ : Ω× Ω→ [0, 1] by �λ ((δ, ξ, κ) ∈ Υ∗)→

(
(δ, κ) ∈ ξΘ

)
for all (δ, κ) ∈ Ω× Ω.
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Theorem 3.6. Let Θ = (Ω,∆,Υ) be an implication-based fuzzy semiautomaton
over the finite group Ω. Then ξΘ is an implication-based fuzzy subgroup for each
ξ ∈ ∆∗.

Proof. Let ξ ∈ ∆∗.
(i) Let (δ1, κ1), (δ2, κ2) ∈ Ω× Ω.

�λ (((δ1, ξ, κ1) ∈ Υ∗) ∧ ((δ2, ξ, κ2) ∈ Υ∗))→ (((δ1δ2, ξ, κ1κ2) ∈ Υ∗))

→
(
(δ1δ2, κ1κ2) ∈ ξΘ

)
(ii) Let (δ, κ) ∈ Ω× Ω.

�λ ((δ, ξ, κ) ∈ Υ∗)→
(
(δ−1, ξ, κ−1) ∈ Υ∗

)
→

(
(δ−1, κ−1) ∈ ξΘ

)
→

(
(δ, κ)−1 ∈ ξΘ

)
�λ

(
(δ, κ) ∈ ξΘ

)
→

(
(δ, κ)−1 ∈ ξΘ

)
Therefore ξΘ is an implication-based fuzzy subgroup for each ξ ∈ ∆∗. �

Definition 3.5. Let Ω be a finite group with the identity element ′ε′. Let Υ and Φ

be two implication-based fuzzy subgroups on Ω× Ω. Then

�λ (∃ψ{((ξ, ψ) ∈ Υ) ∧ ((ψ, τ) ∈ Φ)};ψ ∈ Ω)→ ((ξ, τ) ∈ Υ ◦ Φ),

for all ξ, τ ∈ Ω.

Theorem 3.7. Let Ω be a finite group. Let Υ and Φ be two implication-based
fuzzy subgroups on Ω × Ω. Then Υ ◦ Φ product is also an implication-based fuzzy
subgroup on Ω× Ω.

Proof. Let (ξ1, τ1), (ξ2, τ2) ∈ Ω× Ω.

�λ (((ξ1, τ1) ∈ Υ ◦ Φ) ∧ ((ξ2, τ2) ∈ Υ ◦ Φ)))

→ (∃ψ1{((ξ1, ψ1) ∈ Υ) ∧ ((ψ1, τ1) ∈ Φ)};ψ1 ∈ Ω)∧

(∃ψ2{((ξ2, ψ2) ∈ Υ) ∧ ((ψ2, τ2) ∈ Φ)};ψ2 ∈ Ω)
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→ (∃ψ1, ψ2{((ξ1, ψ1) ∈ Υ) ∧ ((ψ1, τ1) ∈ Φ))∧

(((ξ2, ψ2) ∈ Υ) ∧ ((ψ2, τ2) ∈ Φ))};ψ1, ψ2 ∈ Ω)

→ (∃ψ1, ψ2{((ξ1, ψ1) ∈ Υ) ∧ ((ξ2, ψ2) ∈ Υ))∧

(((ψ1, τ1) ∈ Φ) ∧ ((ψ2, τ2) ∈ Φ))};ψ1, ψ2 ∈ Ω)

→ (∃ψ1, ψ2{(ξ1ξ2, ψ1ψ2) ∈ Υ) ∧ ((ψ1ψ2, τ1τ2) ∈ Φ)};ψ1, ψ2 ∈ Ω)

Υ and Φ are implication-based fuzzy subgroups

→ ((ξ1ξ2, τ1τ2) ∈ Υ ◦ Φ)

Let (ξ, τ) ∈ Ω× Ω.

�λ ((ξ, τ) ∈ Υ ◦ Φ)

→ (∃ψ{((ξ, ψ) ∈ Υ) ∧ ((ψ, τ) ∈ Φ)};ψ ∈ Ω)

→
(
∃ψ{((ξ, ψ)−1 ∈ Υ) ∧ ((ψ, τ)−1 ∈ Φ)};ψ ∈ Ω

)
→

(
∃ψ−1{((ξ−1, ψ−1) ∈ Υ) ∧ ((ψ−1, τ−1) ∈ Φ)};ψ−1 ∈ Ω

)
→

(
(ξ−1, τ−1) ∈ Υ ◦ Φ

)
Therefore Υ ◦ Φ is an implication-based fuzzy subgroup on Ω× Ω. �

Theorem 3.8. Let Θ = (Ω,∆,Υ) be an implication-based fuzzy semiautomaton
over the finite group Ω. Define ΨΘ = {ξΘ/ξ ∈ ∆∗}. Then (i) ξΘ ◦ ψΘ = (ξ ◦ ψ)Θ

for all ξ, ψ ∈ ∆∗ (ii) (ΨΘ, ◦) is a semigroup with identity.

Proof. Let ΨΘ = {ξΘ/ξ ∈ ∆∗}.
(i) Let ξ, ψ ∈ ∆∗ and (ζ, η) ∈ Ω× Ω

�λ
(
(ζ, η) ∈ ξΘ ◦ ψΘ

)
→

(
∃ω{((ζ, ω) ∈ ξΘ) ∧ ((ω, η) ∈ ψΘ)};ω ∈ Ω

)
→ (∃ω{((ζ, ξ, ω) ∈ Υ∗) ∧ ((ω, ψ, η) ∈ Υ∗)};ω ∈ Ω)

→ ((ζ, ξ ◦ ψ, η) ∈ Υ∗)

→
(

(ζ, η) ∈ (ξ ◦ ψ)Θ
)

Similarly we can prove that
�λ

(
(ζ, η) ∈ (ξ ◦ ψ)Θ

)
→

(
(ζ, η) ∈ ξΘ ◦ ψΘ

)
for all (ζ, η) ∈ Ω× Ω and ξ, ψ ∈ ∆∗.

Therefore ξΘ ◦ ψΘ = (ξ ◦ ψ)Θ for all ξ, ψ ∈ ∆∗.
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(ii) Let ξ, ψ, τ ∈ ∆∗ and (ζ, η) ∈ Ω× Ω.

�λ
(
(ζ, η) ∈ ξΘ ◦ (ψΘ ◦ τΘ)

)
→

(
∃ω{((ζ, ω) ∈ ξΘ) ∧ ((ω, η) ∈ ψΘ ◦ τΘ)};ω ∈ Ω

)
→

(
∃ω{((ζ, ω) ∈ ξΘ) ∧

(
∃κ{((ω, κ) ∈ ψΘ) ∧ ((κ, η) ∈ τΘ)};κ ∈ Ω

)
};ω ∈ Ω

)
→

(
∃ω, κ{((ζ, ω) ∈ ξΘ) ∧ ((ω, κ) ∈ ψΘ) ∧ ((κ, η) ∈ τΘ)};ω, κ ∈ Ω

)
→ (∃ω, κ{((ζ, ξ, ω) ∈ Υ∗) ∧ ((ω, ψ, κ) ∈ Υ∗) ∧ ((κ, τ, η) ∈ Υ∗)};ω, κ ∈ Ω)

→ (∃κ{(∃ω{((ζ, ξ, ω) ∈ Υ∗) ∧ ((ω, ψ, κ) ∈ Υ∗)};ω ∈ Ω) ∧ ((κ, τ, η) ∈ Υ∗)};κ ∈ Ω)

→
(
∃κ{

(
∃ω{((ζ, ω) ∈ ξΘ) ∧ ((ω, κ) ∈ ψΘ)};ω ∈ Ω

)
∧ ((κ, η) ∈ τΘ)};κ ∈ Ω

)
→

(
∃κ{((ζ, κ) ∈ (ξΘ ◦ ψΘ)) ∧ ((κ, η) ∈ τΘ)};κ ∈ Ω

)
→

(
(ζ, η) ∈ (ξΘ ◦ ψΘ) ◦ τΘ

)
Therefore �λ

(
(ζ, η) ∈ ξΘ ◦ (ψΘ ◦ τΘ)

)
→

(
(ζ, η) ∈ (ξΘ ◦ ψΘ) ◦ τΘ

)
.

Similarly we can prove that

�λ
(
(ζ, η) ∈ (ξΘ ◦ ψΘ) ◦ τΘ

)
→

(
(ζ, η) ∈ ξΘ ◦ (ψΘ ◦ τΘ)

)
.

Therefore ◦ is associative. Clearly 0Θ is the identity element of (ΨΘ, ◦). Thus
(ΨΘ, ◦) is a semigroup with identity element. �

Theorem 3.9. Let Θ = (Ω,∆,Υ) be an implication-based fuzzy semiautomaton
over the finite group Ω. Then the semigroups ΨΘ and C(Θ) are isomorphic.

Proof. Define φ : (ΨΘ, ◦) → (C(Θ),⊥) as φ(ξΘ) = bξc for all ξΘ ∈ ΨΘ. Let
ξΘ, ψΘ ∈ ΨΘ such that ξΘ = ψΘ

⇒ �λ ((ζ, η) ∈ ξΘ)→ ((ζ, η) ∈ ψΘ)

�λ ((ζ, η) ∈ ψΘ)→ ((ζ, η) ∈ ξΘ) for all ζ, η ∈ Ω

⇒ �λ ((ζ, ξ, η) ∈ Υ∗)→ ((ζ, ψ, η) ∈ Υ∗)

�λ ((ζ, ψ, η) ∈ Υ∗)→ ((ζ, ξ, η) ∈ Υ∗) for all ζ, η ∈ Ω

⇒ bξc = bψc

⇒ φ(ξΘ) = φ(ψΘ)
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φ is single-valued and one - to - one.

φ(ξΘ ◦ ψΘ) = φ((ξ � ψ)Θ)

= bξ � ψc

= bξc ⊥ bψc

= φ(ξΘ) ⊥ φ(ψΘ)

φ is a homomorphism. And clearly, φ is onto. Therefore ΨΘ is isomorphic to
C(Θ) �

4. CONCLUSION

The structure of a finite group’s implication-based fuzzy semiautomaton was
elaborately discussed in this paper. On this system two more different types
of relations are established. The relation thus established proves to be a rela-
tion of equivalence and congruence. The study proves that a finite semigroup
with identity element is constructed by the equivalence classes generated by
this equivalence relation. It is further confirmed that homomorphism or isomor-
phism connects these semigroups to one another.

REFERENCES

[1] L. A. ZADEH: Fuzzy Sets, Information Control, 8 (1965), 338–353.
[2] W. G. WEE, K. S. FU: A Formation of Fuzzy Automata and its Application as a Model

of Learning Systems, IEEE Transactions on Systems Science and Cybernetics, 3 (1969),
215–223.

[3] A. ROSENFELD: Fuzzy Groups, Journal of Mathematical Analysis and Applications, 35
(1971), 512–517.

[4] K. A. DIB, A. A. HASSAN: The Fuzzy Normal Subgroup, Fuzzy Sets and Systems, 98
(1998), 393–402.

[5] D. S. MALIK, J. N. MORDESON, P. S. NAIR: Fuzzy Normal Subgroups into Fuzzy Sub-
groups, J. Korean Math. Soc., 29 (1992), 1–8.

[6] N. P. MUKHERJEE, P. BHATTACHARYA: Fuzzy Normal Subgroups and Fuzzy Cosets, Infor-
mation Sciences, 34 (1984), 225–239.

[7] A. KUMAR RAY: On Product of Fuzzy Subgroups, Fuzzy Sets and Systems, 105 (1999),
181–183.

[8] D. S. MALIK, J. N. MORDESON, M. K. SEN: Products of Fuzzy Finite State Machines,
Fuzzy Sets and Systems, 92 (1997), 95–102.



EQUIVALENCE RELATIONS ON IMPLICATION-BASED FUZZY AUTOMATON 8881

[9] G. HOFER: Near Rings and Group Automata, Ph.D. Thesis, J. Kepler University, Linz,
(1987), 87–92.

[10] Y. FONG, J. R. CLAY: Computer Programs for investigation syntactic near rings of finite
group Semiautomata, Academia Sinica, 16(4) (1988), 295–304.

[11] P. DAS: On Some Properties of Fuzzy Semiautomaton Over A Finite Group, Information
Sciences, 101 (1997), 71–84.

[12] X. YUAN, C. ZHANG, Y. REN: Generalized Fuzzy Groups and Many-Valued Implications,
Fuzzy Sets and Systems, 138 (2003), 205–211.

[13] M. SELVARATHI, J. M. A. SPINNELI: Implication-Based Fuzzy Normal Subgroup of a Finite
Group, International Journal of Applied Engineering Research, 10 (80) (2015), 5–8.

[14] M. SELVARATHI, J. M. A. SPINNELI: Implication-Based Fuzzy Semiautomaton of a Finite
Group and its Properties, AIP Conference Proceedings, 1739 (020010) (2016).

[15] M. SELVARATHI, J. M. A. SPINNELI: Implication-Based Intuitionistic Fuzzy Subgroup of a
Finite Group, Global Journal of Pure and Applied Mathematics, 13(2) (2017), 377–392.

[16] Y. MINGSHENG: A New Approach For Fuzzy Topology (I), Fuzzy Sets and Systems, 39
(1997), 303–321.

DEPARTMENT OF MATHEMATICS

KARUNYA INSTITUTE OF TECHNOLOGY AND SCIENCES

COIMBATORE, TAMIL NADU, INDIA

Email address: selvarathi.maths@gmail.com


