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STABILITY ANALYSIS OF A DENGUE DISEASE TRANSMISSION MODEL
WITH INTRACELLULAR DELAY

B. N. R. KARUNA, K. KONDALA RAO!, K. LAKSHMI NARAYAN, AND B. RAVINDRA REDDY

ABSTRACT. In this paper, an analytical investigation of a dengue disease trans-
mission model with delay effect is studied. We find the basic reproduction
number R, for this model using Next Generation Method. All possible equilib-
rium points are established. The global stability of the viral free equilibrium E;
is studied by constructing a suitable Lyapunov’s function and the infected equi-
librium F is studied using Routh-Hurwitz criterion. Numerical simulations are
carried out to illustrate the results.

1. INTRODUCTION

Dengue fever and dengue hemorrhagic fever are the most common mosquito
borne infectious diseases spreading rapidly in tropical regions of the world.
Dengue is transmitted to humans through the bite of infected Aedes mosquito,
principally Aedesaegypti of the genus Flavivirus from the family Flaviviridae.
It is been observed that there are four active antigenically distinct serotypes:
DENV-1, DENV-2, DENV-3 and DENV-4 [1-2] which develop infections of varying
severity in human population. There exists a possibility of some serotypes be-
ing more successful at infecting a host population, or more pathogenic, or both
[3] because of the variations in the susceptibility and transmission of dengue
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infection [4-5]. The dynamics of interaction between the host and vector can be
analysed using compartmental models which are the most commonly used sort
of epidemic models.

A general model with only one virus and the population of susceptible and
infectious humans assumed as a constant was considered by Esteva and Varga
[6]. The authors also studied the models where the human population was
growing exponentially and has constant disease rate [7]; two serotypes of virus
and variable human [8]; the impact of vertical transmission and interrupted
feeding on the dynamics of the disease [9].

Natural delays that arise in the dynamics of vector borne diseases play a
very important role in the study of the dengue dynamics and virus transmis-
sion behaviour. It explains the dynamical behaviour of the susceptible hosts;
the infected hosts and the virus carrying Aedes mosquitoes from the mathemat-
ical view which can help us to understand the model law for the prevalence of
dengue fever. This in turn helps in better controlling of the spread of dengue
virus.

Assume that () is a bounded region. Let N, and N,, represent the human
and vector population respectively. Let S), I, and R, denote the susceptible
human population, infected population and recovered population respectively.
The mosquito population consists of the number of susceptible mosquitoes S,,
and the number of infectives I,,.

It is assumed that the human population has a constant birth and death rate
in. As only a fraction of eggs and larvae from its large pool develop into adult
mosquitoes, a constant recruitment rate A is considered which is independent
of the actual number of adult mosquitoes. The susceptible hosts have the prob-
ability of getting infected with the dengue virus at a rate %, where [, is the
transmission probability from infectious mosquitoes to susceptible humans; b is
the average number of bites per infected mosquito per day.

The infected host population has a death rate given by 1}, and the recovery
rate of the host population after infection is 7, ;. Also with the changing times,
there will be a change in the total recovered host population (R;). The differ-
ence between the recovered hosts from infection (v,/;,) and the total mortality
in healthy host (u,Ry) gives the rate changes for a healthy population in the
total time.
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Variations in the group S,, gives the probability of the the susceptible pop-
ulation being bitten by the dengue infected mosquitoes at a rate BmN—ZI”, where
B, is the transmission probability from humans to mosquitoes and y,, is the per
capita mortality rate of mosquitoes. The mathematical model that defines the
host-vector interaction is given as follows:

dSh, B bﬁh

ﬁ =Up ,uhSh(t) N, Im(t)sh(t)

dl b

=St — 7)ot = 7) — (i + ()
dR

The mosquito population is given by

ds, DB

g =t = In(t) S () = S (L)
dly  fb

T In () S (t) = pan I (8),

with the condition

Sy + Iy, + Ry =Ny, = Ry, = N, — S, — I,

A A
S+ Im = Npy =—— = Sy = Ny — Ly = — — I,

m m

Hence, the model for the human and vector population is given as follows:

dSh Bhb
at Fetn T m(t)Sh(t) — prSh(t)
dl b
d_th :e_QTfVih]m(t - T)Sh(t - T) - (/’Lh + ’Yh)]h<t>
dl,  Bmb
om_mz —
. B(t) S () = i Lo (1)
h thzh thzm Nm_#i

Thus, the dynamics of dengue transmission is described by the following system
of differential equations:
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% = pp(1 — sp(t)) — asp(t)in(t)

dip, -Qr ; )
@1 @ = ¢ Tt = in(t =) = Bt

d;_:@ =00 (1 = i (t))in(t) — tanim(t),

Where: a = 551}}\121: 6 = (:uh + ’Yh)’ Q = (Mm + ,uh)

2. BASIC PROPERTIES

Let C([—,0], R?)denote the Banach space of continuous functions mapping
the interval [—7, 0] into R? with the topology of uniform convergence, i.e., for
® € C'* the norm of ® is defined as ||®|| = sup_,<p<o{|P1(0)], |P2(0)], |P3(0)|}.

The initial conditions of the system (1.1) are

2.1 S(0) = ®1(0) > 0,in(0) = P2(6) > 0,im(0) = P3(6) > 0,

where

R = {(sp,in,im) € R*: 51, > 0,ip > 0,4y, > 0},
®,>0,8,>0,83>0,0 € [~7,0],

®,(0) > 0, B5(0) > 0, B5(0) > 0.

From the fundamental theorem of functional differential equations [10], it
can be seen that the system (1.1) has a unique solution(sy(t), ix(t), i,,(t)) satis-
fying the initial condition (1.2) for all time ¢ > 0.

Theorem 2.1. Consider the initial data s,(0) = ®.(6) > 0,in(0) = P2() >
0,im(0) = @3(0) > 0 for all § € [—1,0), with ®,(0) > 0, P2(0) > 0 and $5(0) > 0.
Then the solutions sp(t), in(t), im(t) of the system (1.1) are positive for all t > 0.

Proof. First we prove that s,(t) is positive. Let us assume the contrary i.e., let
t; > 0 be the first time such that s,(¢;) = 0. By the first equation of (1.1), we
have s} (t;) = pn, > 0. This means s,(t) < 0 for t € (¢, — ¢,t;) where ¢ is an
arbitrarily small positive constant. This leads to a contradiction. It follows that
sp(t) is always positive.
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Solving in(t1) > 0, i (t1) > 0 for all time ¢, > 0, we have
in(t1) = exp|—Bh][in(0) + /O " (0 — P)in (0 — T)exp[361d6] > 0
in(t2) = i Ocei—unts [ 80in(t2)in0)00
+ expl—fimt1 — /0  (bmin(t) )i ()6

/0 (bBuin(t1)) explimt + /O (0B (61))imn (0)d6]du > 0.

Let t; € [0,7], we have § — 7 € [0,7] for all & € [0,7]. As we have s,(0) =
®1(0),in(0) = P2(0),4,,(0) = P3(0) and from (1.5) we deduce that i,,(t) > 0,t; €
[0,7]. From equations (3) and (4), we see that s,(¢) and i,(¢) are all non -
negaive on the interval [0, 7].

Next, we consider the arguments for ultimate boundedness. O

Theorem 2.2. Let (sy(t),ix(t), i, (t)) be the solution of the system (1.1) satisfying
the conditions (1.2) then (sp(t),in(t),im(t)) are all bounded for all t > 0, where
the solution exists.

Proof. Let N(t) = sp(t) +in(t) + i (t). The invariant region where solution exist
is obtained as follows

0 < liminf N(¢) < limsup N(t) <k, (t — o0).
U

Since N(t) > 0 on [—7,0], N(t) > 0 for all ¢ > 0. Hence, from the evolution of
the system (1.1) and from the relation N (¢) = sp,(t) + i (t) + . (t), N(t) cannot
increase to infinity in the infinite time. The system solutions are bounded and
the solutions exist globally for all ¢ > 0 in the invariant and compact set

®:<Sh,ih,im) eRi,Sh‘i‘Zh‘i‘Zm:NSk

3. EQUILIBRIUM POINTS AND LOCAL STABILITY ANALYSIS

We now consider the equilibrium points of the system (1.1).
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3.1. Disease free equilibrium FE;.
Ey = (8,,0,0) = (1,0,0).

This is used to find the basic reproduction number which is defined as the
average of secondary infections generated by a single infected individual when
it is introduced into a completely susceptible population. The basic reproduction
number R, is obtained by next generation method [11]. The next generation
matrix is obtained from sub system of (1.1) considering the states-at-infection
(i, and 4,,). In matrix form, the dynamical system (1.1) is written as

d
Exp = fp<x> - vp(x),p =1,2,3.

Here, the disease compartments are i, and i,, and

0 ae @
0 0

I6] 0

) VDFE = )
i _bﬁm Hm

FDFE:[

and

1
Vo= [ b i :
B pm
The next generation matrix is F'V 1. The spectral radius of a matrix is repre-
sented by p(A). This is the dominant eigen value. So, p(FV~!) = vR,. The
square root is due to the two generations necessary for an infected vector to
reproduce itself [12].

We can see that the basic reproduction number R, equals the spectral radius

0 e
MO = bBm SL 5

Mh+Yh

of the following matrix

2 _A L —QT
b /BhIBm Lm e

N . The quantity R = V'R, is called the basic repro-
duction number of the disease.

and hence Ry =

3.2. The endemic equilibrium E-.
E2 - (éh)gfugm)
g — Be @+ M  (Ry—1)e 9 Be 9 (Ry—1)
>7 \Be @ + MR, B'e=9 + MRy Ro(Be 9 + M)/’
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where M = 5 and § = If— When R, < 1,the steady state value E, lies in
2 and when R, > 1, the endemic equilibrium F, also lies in €.

Let E*(s;,i},1:, be an arbitrary equilibrium. Then the characteristic equation
about £* is given by

—pp —adr, — A 0 —assy
3.1 A=| ae 9 e —5—=A e sre

There exist two types of possible non-negative equilibrium points namely
(a) Ey = (51,,0,0), the disease free equilibrium (DFE).
(b) Ey = (51, in, im), the positive or endemic equilibrium.

Theorem 3.1.

(1) If Ry < 1, then the infection free steady state E is locally asymptotically
stable for any time delay T > 0.

(2) If Ry > 1, then F; is unstable for any time delay T > 0.

Proof. For F;, equation (1.3) reduces to

—(pn 4+ N[N+ Mun + o + Y1) + (i + 1) — OébﬁmefQTS;Ze*M]

0
= (—pn — NN+ prA+ po+ pse ) =0,
where, p1 = pn + fin + VP2 = i (n + V1), P3 = —Roftn (s + v1). 1t is clear
that equation (7) has the characteristic root A = —pu;, < 0.

Next, we consider the transcendental polynomial
(3.2) N+ A+ po+p3e™) =0

when Ry < 1and 7 = 0, we have p; > 0, po+p3 = (pn+71) tm(1— Rp), for Ry < 1
the infection free steady state E; of the system (1.1) is locally asymptotically
stable.

If equation (1.4) has pure imaginary root A = iw, for some w > 0,7 > 0 we
have from equation (1.4) w* + (p? — 2ps)w? + (p3 — p3) = 0. Now, p? — 2p, =
B2+ p2, >0, p2 —p2 = (un +7n)?12,(1 — R2). Notice that p2 — p? > 0 when when
Ry < 1. Hence, equation (1.4) contains no purely imaginary roots for all 7 > 0.

So, the viral free equilibrium £ is locally asymptotically stable when R, < 1
and for any time delay 7 > 0.
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Let us denote g by g(\) = A2 + pi A + po + pse™™ = 0 where p; = pp, + fim +
Yhs D2 = tm(fth+Yn), P3 = —Rofm, when Ry > 1, g(0) = pim (pn+71)(1—Rp) < 0
and lim;_,, g(\) = +oo.

It follows from the continuity of the function ¢g(\) on (—o0, +00) that the equa-
tion g(A) = 0 has at least one positive root. Hence, the characteristic equation
(1.4) has at least one positive real root. So,FE; is unstable. For Ry > 1 the steady
state F; becomes unstable and the positive steady state > happens to be the
unique equilibrium in the interior of the feasible region. O

3.3. Existence of endemic equilibrium.

Theorem 3.2. If 7 = 0 and Ry, > 1,then the infected steady state E5 is locally
asymptotically stable.

Proof. The characteristic polynomial from (1.3) is

(3.3) A ai A+ agh 4 ag + e (b A+ by) = 0,
where
'e=QT + MR R 'e= QT 1 M
a = pn(B 67 0) + My, + H 0556 )
Ble=QT + M Be=Qr + MR,
Mu?(B'e @™ + MR M pp i Ro(Ble 9T + M
, = Mh(ﬁ_ 0)+MhMmRo+ Hn _o(ﬁ )
Ble=Qr + M Ble=9m + MRy

as = MRy and by = —M pipin, by = — M i} i,
Equation (1.5) takes the general form
(3.4) PA,T)+Q\,m)e ™ =0,

with
P()\,T) = )\3 +a1)\2 +a2)\~|—a3,Q()\77) = 51)\—1-62,
when 7 = 0, equation (1.3) takes the form \* + a;A\? + (az + by)X + (a3 + by) =0
2 le—Q‘r /e—QT

where, a; + b = Muhz(fefQTJMMRO) + pinpm o + M“hgﬁé’»ﬁm@w) = Mptnpn >0
ag + by = My pm(Ry — 1) > 0.

We see that a; > 0,a3 + by > 0,a1(as + by) — (as + b2) > 0. Hence, by Routh-
Hurwitz criterion, it follows that F, locally asymptotically stable.

In the following when 7 > 0, we investigate the existence of purely imaginary
roots A = iw(w > 0) to equation (1.3).
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Substituting A = iw into equation (1.3) and separating the real and imaginary
parts, we get

w3 — asw = byw cos wT — by sin wr,

a1w? — a3 = bjwsinwt + by coswT

Let
F(w,T) = |P(iw,7')|2 — ]Q(iwﬂ')\2
F(w,7) = W + cw* + cow® + ¢,
where
(i (B'e 9" + MRy)?
(T 1 M)
PAMP (3 + MRy
(e + M)
MR BB e + MY
(B'e=97" + M Ry)?
c3 = ay — by = (M )* (R5 — 1).

R +

M22
M T e T MRy

clza%—Zagz

coy = a5 — 2aya3 — b3 =

+ Ui B2 + — My,

Then X\ = iw is a root of the equation (1.3) if and only if F'(w, ) = 0. Let z = w?,

then the polynomial function F can be written as F(w, ) = h(w?, 7) and
(3.5) h(z,7) =2+ c12* + coz +c3 = 0.

Noticing that ¢; > 0,¢, > 0,¢3 > 0, for all 7 > 0, equation (1.7) has no positive
roots, and thus the characteristic equation (1.5) has no purely imaginary roots.
Also, P(0,7) + Q(0,7) = a3 + by > 0 for all 7 > 0 implies that zero is not
the root of equation (1.5). Summarizing the above, we obtain the following
conclusion. O

Theorem 3.3. When R, > 1, the infected equilibrium FE5 of the system (1) is
locally asymptotically stable. From biological point of view, the locally asymptotic
stability characterizes the chronic infection of the infected individuals. The results
prove that the time delay has no effect on the local asymptotic properties of the
endemic equilibrium state Fs.
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3.4. Global stability of E;. Suppose R, < 1, then Fj is globally asymptotically
stable in ). Define a Lyapunov funtional V : C' x C' x C' — R:

e 9T !
V= o b+ + e /t 1(0)in(0)d0.
Taking the time derivative of V,
V= Of@ijﬁm_u — )i — € iy — (i + Yn)in + € sy ()i (1)
implying

V = —(pn +yn)in[l — Ro(1 —i,)] — ae” i (1 — s3)
and V' < 0in Q and (1 — sp)i,, = 0,4, = 0 for Ry < 1;(1 — $p)im = 0,imip =0
for Ry = 1.
Hence, from Lyapunov-LaSalle theorem, we see that F; is globally asymptoti-
cally stable for R, < 1.

3.5. Permanence. In fact, for the system (1.1) we have

Theorem 3.4. There is an M > 0 such that for any positive solution (s, (t), in(t), im(t))
of the system (1.1), s,(t) < M,in(t) < M,i,(t) < M for all large t.

Proof. Set Vi(t) = e 9su(t — 7) +in(t). Then V/(t) = e s, (t — 1) + i), (t) =
—pe~ sy (t —7) — Bin(t) + ppe” 9 < =8, Vi(t) + pne 97, where 8, = min{u,, 5}.
Hence, we get boundedness V; (¢), that is there exists ¢, > 0 and M; > 0 such that
Vi(t) < M, for t > to. Then i,(¢) has an ultimately upper bound. It follows from
the third equation of the system (1.1) that 7,,(¢) has an ultimately upper bound,
say, their maximum is an M. Then the assertion of Theorem 1.6 now follows.
This completes the proof. This shows that the system (1.1) is dissipative. O

Definition 3.1. System (1.1) is said to be uniformly persistent if there is an n > 0,
such that lim inf, , . sp(t) > n, im inf, . i, (t) > n, lim inf, o i,,(t) > 7n for
any initial conditions of the system satisfying s;(t) > 0,i5,(t) > 0,4,,(t) > 0.

Theorem 3.5. System (1.1) is said to be permanent if Ry > 1. In order to prove
Theorem 1.7, we present he permanence theory for infinite dimensional system as
given by Hale et al. [13]

The semi group Y (t) is said to be point dissipative in X if there is a bounded
non empty set B in X such that, for any © € X, there is a yo = yo(z, B) such that
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Y (t)x € B fort > t,. Let X be a complete metric space. Suppose that X° is open
and dense in X, X° Cc X, X, C X, XN X, = ¢. Assume that Y(t) is C° - semi
group on X satisfying

Y(t): X° = X°

Y(t) : XO — X()
Let Yy(t) = Y(t)|x, and Ay be the global attractor for Yy(t).

(3.6)

Lemma 3.1. Suppose that Y(t) satisfies (1.4) and we have the following:

(i) There is a ty > 0 such that Y(t) is compact for t > t,.

(i) Y(t)is point dissipative in X.

(iii) Ay = Ugea,w(x) is isolated and has an acyclic covering M, where M =
{My, My, Ms, ...., M, }

(iv) Ws(M;)N Xog=¢, fori=1,2,...,n.
Then X, is a uniform repellor with respect to X°, i.e., there is an ¢ > 0 such that
for any x € X9 limy_, ., infd(Y (t)x, Xo) > ¢,where is the distance of Y(t)x from
X,

Proof. We start with proving that the boundary planes of R? repel the positive
solutions of the system (1.1) uniformly. Let us define

Co = {(¢1, P2, 03) € C([=T7,0], RE) : ¢1(0) # 0,02(0) = p3(6) =0, (0 € [—,0])}.

If C° = intC([—, 0], R}),it suffices to show that there exists an ¢, > 0 such that
for any solution u; of the system (1.1) initiating from C° lim inf; , o, d(us, C°) >
€o. To this end, we verify below that the conditions of Lemma 1.8 are satisfied. It
is easy to see that C° and C; are positive invariant. Moreover, conditions (i) and
(ii) of Lemma 1.8 are clearly satisfied. Thus, we only need to verify conditions
(iii) and (iv). There is a constant solution F; in Cj to s,(t) = 8y, in(t) = i, (t) =
0. If (sp(t),in(t), i, (t)) is a solution of the system (1.1) initiating from C), then
sp(t) — Spyip(t) — 0,4,(t) — 0 ast — oo. It is obvious that F; is an isolated
invariant.

Now, we show that W*(E;) N C° = ¢.

Assuming the contrary, there exists a positive solution (5, (t), 1 (t),im(t)) of
the system such that (3, (t),in(t), im(t)) — (51(t), in(t),im(t)) as t — +oo. Let us
choose ¢ > 0 small enough such that 3,(t) — € > §,. Let t, > 0 be sufficiently
large such that §, — € < §,(t) < §, + € for ty — 7.
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Linearising the system (1.1)at the DFE ($;,0,0), we get the following time-
delayed system for the disease compartments as:

i (t) = BBmin(t) = i (t)

3.7 ! ) .
G7 7 () = ae= Q7 (8), — )im(t) — Bin(t),

for e > 0 small enough, let A, (¢) be the principle eigen value of the system (1.5).
Since R, > 1, we can see that A\;(0) > 0 [14, Corrollary 1]. Thus we can restrict
e small enough so that, \;(e) > 0. For this small ¢, there exists 0 = d(¢) such that

)
— > 1-—¢
Yy + 1p + Sph
Im + n N
u > 5, —e>0.

im + ih + sy
We have for ¢ > t,:

iny () = bBtn(t) = pmim (t)
i (t) > ae™ 9 (8, — €)im(t) — Bin(t)

Let us consider v = (v, v9)7 is the positive eigen vector associated with \;(¢)
for the system (1.5).

Choose [ > 0 small enough such that lv,e*(©* < 4, (ty + ) and lveM ()t <
in(to + 0) for 0 € [—7,0]. Clearly, leM (v, v,)T satisfies (1.5) for t > t,. Then
by comparison principle, we get (i, (t),ix(t)) > le* (O (v, vy), for all t > to + 7.
Since the semi-flow of the system (1.5) is monotone and A(¢) > 0, letting
t — 400, we obtain lim;_, o 7/, (t) = 400, lim;, 1 @', (t) = +00, a contradiction.

Hence, F; is an isolated invariant set in C and W*(F;) N C° = ¢. Moreover
there is no subset of { £} that forms a cycle in Cy, i.e., to say that C repels the
positive solutions of the system (1.1) uniformly. By [15, Theorem 3], it then
follows that 3n > 0 such that lim inf;. o {sn(t), (%), im(t)} > n, which implies
the uniform persistence. Hence, incorporating this in Theorem 1.7, it follows
that the system (1.1) is permanent.

3.6. Global stability of E,. We assume that when R, > 1, the endemic-infection
equilibrium Fj is the only equilibrium point in the interior of the feasible region
2. We Construct a global Lyapunov functional.
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Let g(z) = 2 — 1 — Inz. Define a Lyapunov functional V' : C' x R x C' — R:

V(sn(8),in(t), im(t)) = 5ng <Sh_(t>) g (z’h_(t)) | B , (iT(t))

Sh th bBm " tm
- T t—0)i,(t—10
+mm@/g(%( )%( ))W.
0 Shim

Calculating the time derivative of along the positive solutions of the system
(1.1), we get

s . = St —T)p(t — 7
Va1 = pn — ,Uhi — [nSh + nSh + QSpin(t) — adp, A Jim )

in(?)
Qr :
= QT N /Be . £ — Qr: Zh(t> (:uh + ”Yh) - i -
+ 5“16 bﬁm lem( ) BG Zmzm(t) + bﬁm Hmlm + bﬂmumlm
— [Be9 i ()i (t) — BT, ()im] + ABpiminsy(t — T)ip(t —7)
— aSpimInsy, (t)in(t).
Using p, = pnsn + QSpim, A8him = FeTiy, ad), = W—Za‘)em we get
t 3 — [insp(t = T)ig(t —
fin < {nn [2 o Sh,( ) _ i} — a8ying |:Zh3h( - TT).Z (t—1)
5h sp(t) Shimin(t)
_ = gh - = EmZh(t>
— S | ——= | — ASpiy, | — )
mmd @) mlm | i (@)

We see that g : R, — R has the global minimum at z=1 and g(z)=0. Hence
Shyin, im > 0 ensures that 4 < 0 and V=0 if and only if (s),(t), ix(t),in(t)) =
(5h,in, im)- Hence, it also follows from stability theorems [1.16] that the infected
equilibrium F, is stable for any time delay 7 > 0 under the condition Ry > 1
i.e., all positive solutions in {2 converge to F,. From Lyapunov LaSalle invariance
principle, it shows that Fj is globally stable when Ry > 1.

U

4. NUMERICAL SIMULATIONS

In this section, we have carried out numerical simulations to illustrate the
analytical results for disease free equilibrium and endemic equilibrium points.
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4.1. Population dynamics when R, < 1. For the condition R, < 1, we fix the
parameter values as p;, = 0.098; 5,, = 0.98; 5, = 0.075;b = 0.9; v, = 0.143; p,p, =
0.35; N = 2300; A = 282; Q) = up + pm; 7 = 1.60; the basic reproduction number
Ry = 0.6566. The disease - free equilibrium FE| is globally asymptotically stable
as illustrate in Figure 1.

—eredeee mus
—— it .
mosquitoes

e e e s s s o < s s s

Population

Time

Figure 1 Stable variations of populations against time when 7 = 3.5 and R"U <l.

TABLE 1. Value of R, with p,,, parameter and the other parameters
remain the same for F;.

S.No. Yoo Ry

1 0.143 0.35 0.6566
2 0.143 0.55 0.4464
3 0.143 0.75 0.3257
4 0.143 0.95 0.2465

When mortality rate of the mosquitoes increases, the basic reproduction num-
ber will decrease. Thus the rate of spread of disease in the population can be
achieved by the decrease in basic reproduction number as mentioned in Table
1 for Ry < 1. Figure 2 shows the effects that occur in each population if the
mosquito death rate increases.

4.2. Population dynamics when Ry > 1. : For R, > 1, we fix the parameter
values as u;, = 0.0098; 3,, = 0.98; 5, = 0.075;b = 0.9; v, = 0.43; p,,, = 0.9;

N = 2300; A = 982; Q = uip, + ftm; T = 160; the basic reproduction number Ry =
1.2361. The endemic equilibrium is globally asymptotically stable as illustrated
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e L= ncr - b=
Tirmas

Numerical simulations indicating variations in each population with mosquito mortality

Fi 2
lgure rate in the disease free case.

Pogulziion

40
Time

Figure 3. Stable variations of the populations against time for the system (1) when R, > 1

in Figure 3.

TABLE 2. Value of R, with p,, parameter and the other parameters
remain the same for E,.

S.No. Yoo Hm Ry

1 0.43 0.29 3.5479
2 0.43 0.4 2.7664
3 0.43 0.6 1.9248
4 0.43 0.9 1.2361

The increased mortality rate of mosquitoes decreases the basic reproduction
number as mentioned in Table 2 for R, > 1. Figure 4 shows the changes in each
populations of the system (1.1) if the mosquito death rate increases.
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Fig 4: Numerical Simulation indicating variations
in each population which mosquito mortality rate in the endemic case.

5. CONCLUSION

In this chapter, we proposed and investigated a dynamic model for dengue
disease transmission, where we have also included the time delay that stands
for the fixed latent periods of mosquitoes. For the model system (1), we found
the basic reproduction ratio R, which is determined as the spectral radius of the
next generation operator. Analytical results are derived which are supported by
the numerical simulations. The occurrence of infection in vectors and hosts
depends directly on the basic reproduction number and the relationship is non-
linear. The model has a stable positive equilibrium when the basic reproduction
number is greater than one.
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