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SIGNED UNIDOMINATION OF SOME STANDARD GRAPHS
V. SOUJANYA! AND M. SIVA PARVATHI

ABSTRACT. Let G(V, E) a graph. A function f : V — {—1,1} is called a signed
unidominating function (SUDF) of G if }_, ¢y, f(u) = Lif f(v) = —1 and >
1if f(v) = 1 for each v € V. The weight of a signed unidominating function
f is defined as (f(V) = 3,y f(v)) and signed unidomination number is the
minimum weight of a SUDF of G and it is denoted by ~;,(G). In this paper
signed unidomination number of some standard graphs are discussed.

1. INTRODUCTION

Domination theory is one in the developing area of Graph Theory and ex-
panded collections of results in this area are extensively studied by Hayes at
el.[1,2] in 1998. The concept of signed dominating function of a graph was in-
troduced by Dunbar et al [3] and there is a variety of potential applications for
this domination. By assigning the values -1 or +1 to the vertices of a graph we
can model such things as networks of positive and negative electrical charges,
networks of positive and negative spins of electrons, and networks of people or
organizations in which global decisions must be made. Let G (V ,E ) a graph. A
function f : V' — {—1,1} is called a signed dominating function (SDF) of G if
F(N[]) =3 enp f(w) = 1 for each v € V. The weight of a signed dominating
function G is defined as W (f) = }_ ., f(v). The signed domination number of
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G is the minimum weight of a SDF of GG and it is denoted by ~,(G).

The Unidominating function was defined and studied by Anantha Lakshmi
[4] in 2015 and results on Unidomination number and upper unidomination of
some standard graphs are discussed. Let G(V, F) a graph. A function f : V —
{0,1} is called a unidominating function (UDF) of G'if >, () f(u) = Lif f(v) =
0 and > 1if f(v)= 1, for each v € V. The unidomination number is defined as
min{ f(V) : f is unidominating function of G}, Where f(V) = > . f(u) is the
weight of the unidominating function and it is denoted by ~, (G).

In this paper signed unidominating functions and signed unidomination num-
ber of a some standard graphs are discussed.

2. SIGNED UNIDOMINATING FUNCTIONS AND SIGNED UNIDOMINATION NUMBER
OF A GRAPH

Let G(V, E) be a graph. A function f : V — {-1,1} called a signed unidomi-
nating function (SUDF) of G if
foreachve V, > f(u)=1,if f(v)= -1

u€N|[v]

and > f(u)>1,if f(v) = 1.

u€N|v]

The signed unidomination number of a graph G(V, F) is the minimum weight
of a signed unidominating function of G where the weight of f is f(V) =
> wey J(u). In this section signed unidominating functions of some standard
graphs are discussed and the results on signed unidomination number of path,
cycle and complete graph are obtained.

Theorem 2.1. The Signed Unidomination number of a path P, is

(n;_6, ifn=0 (mod3)
n+4’ ifn=2(mod3)

.3
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Proof. Consider a path P, with vertex set V' ={vy,vs,...,v,}. Define a function
f:V—={-1,1} by

Flo) = 1, ifi =1,2 (mod 3)
Y] -1, ifi =0 (mod 3)

There are three possible cases arise in the process of proving f is a Signed
Unidominating function of P,.

Case 1: Let n = 0 (mod 3).

Sub case 1: For vertex v; € P, withi = 0 (mod 3).

If i # n, then f(v;) =-1 and the closed nbd of v;, contains 3 vertices of P,. So
> fw) = fvir) + f(vi) + fuip) =1 —1+1=1.Ifi = n, then f(v;) =1
uEN [v;]
and the closed nbd of v; contains 2 vertices of P,. So >  f(u) = f(v;1) +
u€N[v;]
flu) =1+1=2.

Sub case 2: For vertex v; € P, withi =1 (mod 3) , we have f(v;) = 1. If i # 1

then the closed nbd of v; contains 3 vertices of P, and > f(u) = f(v;_1) +
wEN [v;]

fi) + fuip) =1-1+1=1andifi=1, > f(u)= f(v)+ f(vit1) =2

u€N [v;]
Sub case 3: For vertex v; € P, with i = 2 (mod 3), we have f(v;) = 1. For

1 7& n—l, Z f(U) = f(Ui_1)+f<Ui)+f(Ui+1) =141-1=1 and fori = 77,—1,
wEN [v;]

> flu) = f(vaoa) + fvp—1) + f(vn) = 3.

UEN[vr—1]

From the above all cases, f is a signed unidominating function of P, with
n = 0 (mod 3). Therefore

FOV) =3 F0) = 3 £(0) + Foa) + fen ) + ()

ueV =
:(1+1—1)+(1+1—1)+---+(1+1—1)+1+1+1:n+6‘
(n —3) — terms 3
By the definition of signed unidomination number
@1) TP < 2

We know that degree of each vertex of path is 1 or 2. If f is a signed unidom-
inating function of P, then we can see that amongst three consecutive vertices
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in P, at least one vertex must have functional value —1 and at most two vertices
can have functional value 1. Therefore the sum of the functional values of three
consecutive vertices is greater than or equal to 1. That means

3 6 n
Zf(vi)ZL Zf(vi)ZL ceey f(UZ)Zl
i=1 1=4 i=n—2
Therefore
3 6 n—3
FO) =D f )+ f) 44 > fi) + [f(onz) + f(on-1) + f(va)]
i=1 =4 i=n—>5
S n+06

- 3
This is true for any signed unidominating function of a path P,. Therefore
min{ f(V) : f is signed unidominating function of P,} > %, Thus
n+6
3
From ( 2.1) and (2.2) we have, v,,(P,) = £, if n = 0 (mod 3).

3

(2.2) Vsu(Pn) =

Case 2: Let n = 1 (mod 3). Define a function f : V — {—1,1} by

Fop) = 1, if i = 1,2 (mod 3)
YT S1ifi=0(mod3),i £n—1and f(un i) =1

Sub case 1: For vertex v; € P, with i = 0 (mod 3).

Ifi=n—1, f(v)=—-1and 3 f(u)= f(vie1) + f(vi) + f(vita) = 1.

uw€N[v;]

Ifi=n-1,f(v;)=1land > f(u)=f(va2)+ f(vn-1) + f(va) = 3.

UEN[vn—1]

Sub case 2: For vertex v; € P, with i = 1 (mod 3), we have f(v;) = 1.
Then > f(u) = f(vi1) + f(v;) + f(vigr) =1 ,if i # 1 and i # n. Also

uw€N[v;]

>, flu)=f(v)) + fvy) =2and > f(u) = f(on1)+ f(on) = 2.

u€EN[v1] uEN[vn]

Sub case 3: For vertex v; € P, with i = 2 (mod 3), we have f(v;) = 1.
Then > f(u)= f(vie1)+f(vi))+f(viz1) = 1,ifi #n—2.Also, > f(u)=3,
u€NTv;] uEN [v;]
ifi=n-—2.



SIGNED UNIDOMINATION OF SOME STANDARD GRAPHS 7909

From the above three cases we observed that fis a signed unidominating func-
tion of P,. Now

n—

)= f) = )+ f(nma) + f(0am2) + f (1) + f(va)

ueV i=

QA I-D4+(+1-1) (1411

1+1+1+1
(n—4) — terms TR
n—4 n—+8
= 1)+4 = .
3 (1) 3
Since three vertices are taken as one group whose functional valuesare 1,1, —1
and the sum is 1 and there are ”T*A‘ such groups. By the definition of signed
unidomination number
n—+38
(2.3) You(Pn) < -

If f is any signed unidominating function of P, then the sum of the functional
values of any three consecutive vertices of P, is greater than or equal to 1.

Therefore,
3 6
FOV) =" Flo) + D flu) +
=1 =4
n—4
(2.4) b T F @)+ [ (W) + F(vnm2) + f(0amr) + f(va)]
1=n—6
n—4 n—+38
2—— () +42—

From (2.3) and (2.4), it is clear that ,,(P,) = “=.

Case 3: Let n = 2 (mod 3).
Define a function f : V — {—1,1} by

Flun) = 1,ifi = 1,2 (mod 3)
TN Z1ifi=0(mod3)

As shown in Case 1, for vertex v; € P, with 7 = 0 (mod 3),

> fu) = foim) + (o) + flui) =1,

u€N [v;]
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and for vertex v; € P, withi =1 (mod 3). and i # 1,

Z flu fvica) + f(vi) + f(vigr) = 1,

UEN[v;]

and > f(u) =2,ifi =1 (mod 3) and ¢ = 1, for vertex v; € P, with i =
w€N [v;]

2 (mod 3) and i # n,
Z f Uz 1)+f<Uz)+f(U@+1) 1,

u€N [v;]

and > f(u)=2,ifi=2(mod3)andi=n.
uE€N [v;]
From the above all possibilities, we have seen that f is a signed unidominating
function of P,. Now,

n—

) =D fw) =Y f(v) + f(var) + f(vn)

ueV i=

CQFI-D (411 -+ (1411

1+1
(n —2) — terms L
- n+4
-
By the definition of signed unidomination number, we have
n+ 4
(2.5) You(Prn) < .

But the sum of the functional values of three consecutive vertices is greater than
or equal to 1. Therefore,

3 n—2

4
26)  fOV) =D St 3 fw)+ f o)+ fo) =
=1 i=n—4
From (2.5) and (2.6), it is clear that ,,(P,) = “. O

Theorem 2.2. The Signed Unidomination number of a Cycle C,, is
(ﬁ, if n =0 (mod 3)

n+
. 3

, ifn=2 (mod 3).
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Proof. Let C,, be a cycle with n vertices with vertex set V' = {vy,v9,v3...0,}.
From Theorem (2.1), the function f : V' — {—1, 1} defined by

flvr) = 1, ifi =1,2 (mod 3)
Y] —1,ifi=0(mod3) ’

Vu; € V is also a signed unidominating function of C,,.
To find the signed unidomination number of C,,, three possible cases arise.

Case 1: Let n = 0 (mod 3). As shown in Case 1 of Theorem(2.1),

IV =3 s =5,

ueV

By the definition of signed unidomination number
n

If f is signed unidominating function of a cycle C,, then

3 6

FV) =30 fw) =3 Fw) + 3 fw) 4o+ 3 flo) = 5.

Therefore min{f(V') : f is singed unidominating function} > %. Thus

ueV i=1 i=4 3

(2.8) Yeu(Cr) > g

Therefore from (2.7) and (2.8), 7., (C\) = 3.

Case 2: Let n = 1 (mod 3).
As shown in Case 2 of Theorem(2.1),

FOV)=>" f(u)

ueV

_n+2
=

By the definition of signed unidomination number

2
2.9) ToulCo) < 2

If f is signed unidominating function of a cycle C,, with minimum weight, the
possibility of assigning functional values are (1,1,—1),(1,1,—1),...,(1,1,—1)
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and 1. Then
3 6 n—1
fV) = f(u):Zf(Ul)+Zf(Uz)+ + Zf(vl>+f(vn)
(2.10) ueV i=1 i=4 i=n—3
n—1 1_n+2
=3 T3
Thus
(2.11) AR

Therefore from (2.9) and (2.11), v,,(C,) = 2.

Case 3: Let n = 2 (mod 3). From As shown in Case 3 of Theorem(2.1), f is a

signed unidominating function of C,,. Then f(V) = Y f(u) > %52 + 2 = =,
ueV

By the definition of signed unidomination number we have

n+4

(2.12) You(Ca) < =5

To get the minimum weight, the possibility of assigning functional values is
(1,1,-1),...,(1,1,—1),1,1. Then f(V) = 3 f(u) > 2.

ucv

This is true for any signed unidominating function. Therefore

4
2.13) ToulC) 2 22

From (2.12) and (2.13), 7,.(C,) = %3, O

Theorem 2.3. The Signed Unidomination number of a complete graph

_J 1L, ifn=1(mod 2)
7SU(K)_{ n, ifn=0(mod?2)

Proof. Let K, be a complete graph of n vertices with vertex set V' = {vy,vs, v3,
...,v,}. To find the signed unidomination number of K,, the following cases

arise.
Case 1: Let n = 1 (mod 2).
1, if 7 is odd
Define a function f : V' — {—1,1} by f(v;) = '
—1, if 7 is even

Now we check the condition for Signed unidominating function at every ver-
tex v; of K,, and for K,,,d(v;) =n — 1.
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n+1
2
and “* vertices are of -1. Then for every vertex of K,

S s ="t P =1

2
ueV

By the definition of function, there are vertices are of functional value 1

for v € V5, (K,) > 1. By the definition signed unidomination number, ~,, (K,)
< 1. Therefore s, (K,) = 1.

Case 2: Let n = 0 (mod 2).
Defined a function f : V. — {-1,1} by f(v) = Vv € V. Forv € V, ),

ueV
f(u) = n > 1. Therefore f is a signed unidominating function of K,. Now

f(V) = n and by the definition of signed unidominating function v, (K,) < n.
By the definition of the function, each vertex is of functional value 1. If any

vertex v; € K, , f(v;) = —1 it fails to the condition of signed unidominating
function since > f(u)=n—2# 1.
uEN [v;]
Therefore v, (K,) > n. Thus v, (K,) = n. O
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