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JORDAN GENERALIZED DERIVATIONS IN GAMMA NEARRINGS

B. MAHABOOB!, K. SREENIVASULU, M. RAJAIAH, Y. HARNATH, C. NARAYANA,
AND J. PETER PRAVEEN

ABSTRACT. This research article explores on Jordan generalized derivations in
Gamma nearrings. The main objective of this talk is to prove one most impor-
tant result in Gamma nearings namely: let N be a two torsion free I'-nearring.
If N has two elements p and q so that for any o € T',7yyy[p,¢lo = 0 or
[p, ¢layyyr = 0 implies » = 0 for all y € N,y € T then every Jordan gen-
eralized (o, 7) derivation on N is a generalized (o, 7) derivation. In order to
present an innovative proof to this result four prerequisites in terms of lemmas
are proposed. Moreover elegant proofs for these three lemmas have been de-
picted. In this discourse we crave to present some fundamental characteristic
properties of Gamma nearrings and an evolution in the conjecture of Gamma
nearrings. The innovatory proofs of three lemmas proposed here ensure a way
for young researchers.

1. INTRODUCTION

Hvala [1] is the first researcher to introduce the concept of generalized deriva-
tions in rings and derived a number of significant results in classical rings.
Thammam El-Sayiad [2] and Daif investigated the generalized derivations in
semiprime rings. Aydin [3] investigated the phenomenon of generalized deriva-
tions of prime rings.Ceven and Ozturk [4] studied the concept of Jordan gen-
eralized derivations in Gamma rings. Ali and Choudary [5] proposed some
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ideas concerning with generalized derivations of semiprime rings consider a
[-nearring N with the (o, 7) Jordan generalized derivation and if p,q,r € N a
two torsion free I'-nearring, then

(@) da(p, g)alp, gla- = O(whenp, gloa = pag — qap)

(iD) d0a(p,a)ByBlp, qla = 0 for any y € N.
By using these, one can prove that a two torsion free I'-nearring has two ele-
ments p and q so that for any « € T" we have ryyy[p, ¢l = 0 or [p, ¢layyyr =0
implies r=0 for all y € N,~ € I" then every Jordan generalized (o, 7) derivation
on N is a generalized (o, 7) derivation.

Let N be a I'-nearring and s:N—N be an additive map.Then s is called a deriva-
tion if s(yaz) = s(y)az + yas(z),y,z € N,a € I' and s is called a Jordan deriva-
tion, if s(yay) = s(y)ay + yas(y),y € N,a € T.

Let N be a I'nearring and g: N—N be an additive map. Then g is called
a generalized (o, 7) derivation if there exists a derivation s: N—N such that
gyay) = g(y)ao(z2) + 7(y)ad(z), for all y,z € N,«a € T Finally, g is called a
Jordan generalized derivation, if there exists a derivation s: N—N such that
9(y*) = g(y)aoc(y) + 7(y)as(y), for all y,z € N,a € T.

Lemma 1.1. Let N be a I'-nearring and if p, g, r € Mand «, 5 € I'. Then

(D g(pagtqap) = g(p)ac(p)+g(p)ac(q)+g(q)ac(p)+g(q)ac(q)+7(p)ac(p)+
7(p)ac(q)T(q)ao(p) + T(q)ac(p).
(i) g(pagBp+qBpap) = g(p)ao(q)Bp+7(p)Bs(q)ap+paqBs(p)+g(q)Bpac(p)+
7(q)Bpas(q) + qagBs(p).
(iii) In particular, g(paqap) = pag(q)ac(p) + pat(q)as(p) + s(p)agap.
(iv) g(pagar + ragap) = g(p)agar + g(r)aqao(p) + pas(q)r(r) + g(r)agap +
g(p)agqao(r) + ras(g)at(p).

Proof.

(D g(pag+qap) = g((p+q)a(p+q)) = g(p+q)ac(p+q)+7(p+q)as(p+q) =
g(p)ac(p)+g(p)ao(q)+g(q)ao(p) +g(q)ac(q) +7(p)ao(p) +7(p)ac(q) +
T(q)ao(p) + 7(¢)ao(q)-

(i) Replacing q with pfSq + ¢fSp in (i)
g(pa(pBq+qBp)+(pBa+aqBp)ap)) = g(papBq+paqgBp+pBaap+qbpap) =
g(p)ac(q)Bp + 7(p)Bs(q)ap + pagBs(p) + g(q)Bpac(p) + 7(q)Bpas(q) +
qaqBs(p)g(p)agap).
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(iiD) g(pagap) = g(pa(qap)) = pag(q)ac(p) + pat(g)as(p) + s(p)alphagap.
(iv) g(pa(qap)) = pag(q). If we change p with par in (iii), we get
g((par)aga(par)) = g(par)ao(p)a(par)+7(par)as(q)a(par)+pagas(par) =
(9(p)ac(r)o(por)+7(p)as(r))ac(q)a(par)+7(par)as(q)a(par)+paga(s(p)ar+
pas(r) = (g(p)ao(r)ac(q)a(par)+7(p)ad(r)ac(q)a(par)+7(par)as(qg)a(par)+
paqas(p)ar + pagpas(r).
O

Lemma 1.2. If 6,(p, q) = g9(pag) — g(p)ao(q) — T(p)as(q) for p,q € N and o € T.
Then

(D ba(p,q) + dalg,p) =0
(i) dalpha(p,q+r) = dulpha(p, q) + 0u(p,T)
(iiD) dulpha(p +q,7) = da(p, 1) + dalq,7)
(iv) 0 — alpha + B(p,q) = du(p,q) + 08(p, q), forallp, q, € Manda, 3 € T.

Proof.

(D) da(p; q) = g(paq) — g(p)ac(q) — 7(p)as(q) dalq,p) = g(qap) —g(q)ao(p) —
7(qas(p). By Lemma 1.1 (i) gives 0,(p, q¢) + da(q,p) = 0.

(D da(p,g +7) = glpalg + 1)) — g(p)ac(q + 1) — T(pas(q + 1) = g(pag) +
g(par)—g(p)a(o(q) +o(r)) —7(p)a(s(q) +s(r)) = g(p alphaq) + g(par) —
g(p)ao(q) — g(pac(r) — 7(p)as(q) — 7(p)as(r)
= g(paq) — g(p)ao(q) — 7(p)as(q) + g(par) — g(p)ao(r) — T(p)as(r)
= 5a(p> Q) + 0q ( )

(iiD) dalp+4q,7) = g((p+@ar)) — g(p + @)ac(r) — 7(p + g)as(r)
= g(par) + g(qar) — (g(p) + 9(q))ac(r) — (7(p) + 7(q))as(r) = g(par) +
g(qar) — g(p)ao(r) — g(g)ac(r) — 7(p)as(r) — 7(g)as(r) =
g(p)ao(r)—7(pas(r)+g(qa(r)—g(g)ao(r)—7(qg)as(r) =

(V) dars(p; @) = 0a(p; @) +05(p; @) = g(paq) —g(p)ao(q) —7(p)as(q)+g(pBe) —
9(p)Ba(q) — 7(p)Bs(q) = dalpha(p, q) + 08(p, q).

O

Lemma 1.3. Let N be a two torsion free I'-nearring and if p,q,r € N and o, € T,
then

(@ dalpha(p, q)alp, gl = O(when[p, gla = paq — qap)

(i) 64 (p, q)BxB[p, gla = 0foranyy € N.
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Proof.

(i) change r by paq in Lemma 1.1 (iv), we obtain
g(pagapaq+pagaqap) = g(pag+paq) = g(paq) + g(paq) = g(p)ac(q) +
T(p)as(q) + g(p)ac(q) + 7(p)as(q).

(i) one can setp = paqgByLBqgap + qapByLpaq. Then, since

g(p) = g(palqByBq)ap + qa(pBybp)ag and g(p) = g(paq)ByL(qap) +
(qap)ByB(paq) by Lemma 1.1 (iii) and 1.1 (iv).

g

2. MAIN RESULT

Theorem 2.1. Let N be a two torsion free Gamma nearring. If N has two elements
p and q so that for any o € T’ one can have ryyy[p,qlo = 0 or [p,qlayyy r=0
implies r=0 Yy € N~ inl then every Jordan generalized(o, ) derivation on N is a
generalized (o, ) derivation.

Proof. Let m,n be fixed elements of N satisfying the property rvyy~y[m,n|, = 0 or
[m, n]oyyyr = 0 implies r=0. Then by Lemma 1.3 (ii), one can obtain

(2.1) da(m,n) =0 Vael.

The main objective is to Show dupn.(p, ) = 0,p,q¢ € I'. In Lemma 1.3. (ii), one
can change p by p + m, we have:

504(]) + m, Q)Byﬁ[p + m, Q]a =0
da(p +m,q)ByB((p + m)ag — qa(p+m) = 0.

By Lemma 1.2 (iii), one can have
da(p, 0)BYB(P, @) t0a(p, ) ByB(m, q)a+da(m, ¢) ByB(p, ) a+dulpha(m, q) ByB(m, g)a = 0.

By Lemma 1.3. (ii), as d.(p, ¢) ByB[p, qja = 0 and d,(m, q) ByL[m, gl = 0, so that
one can see

(2.2) ba(p. q)ByBIm, qla+ da(m, q)ByBlp,qla =0 y,p,ge N and «a,f €l
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Now change ¢ by ¢ + n in (2.2) and by Lemma 1.2 (ii), one can see

da(p, g +n)ByB[m, q + nla + da(m, ¢ + n)ByB[p, g + nja =0
da(p, @) BYBIm, gla + 64(p, q)ByBIm, na + 6(p,n)ByBIm, gla +
+0a(p, 1) By BIm, nla + da(m, ) ByBIp; dla + da(m, q) By Blp, nla +
+0a(m, n)ByBIp, glo + da(m, n)BzB[p,nja =0,

or by first and second equations, one can see

(2.3) 0o (P, @) ByBIm, na 4 8o (p, n) ByLIm, qlo +
0o (m, n) ByBlm, nlo + 0o (m, q) ByBlp, n]o = 0.

Changing p by m in (2.3) and by (2.1) together with the result that N is a two
torsion free, one can see

da(m, q)ByBlm,nja =0, ¢,y € N and «,p €.
Hence by hypothesis, one can have
(2.4) da(m,q) =0, g€ N,ael.
Further change q by n in (2.2), by (2.1) and the hypothesis
(2.5) da(p,n) =0, pe NyaeT.

That is g(pan) — g(p)ac(n) — 7(p)as(n).
Substituting equation (2.4) and (2.5) in (2.3), one can have

ba(p, q)ByBIm,nja = 0.

Now by hypothesis, one can see d,(p,q) = 0,p,¢ € N,a € I'. Thatis g is a
generalized(o, 7) derivation on N. O

3. CONCLUSIONS AND FUTURE RESEARCH

The above talk focuses on (o, 7)-Jordan Generalized Derivations in Gamma
Nearrings and three lemmas which are prerequisites to establish a main result
on (o, 7)-Jordan Generalized Derivations in Gamma Nearrings. In this discourse
we crave to present some fundamental characteristic properties of Gamma near-
rings and an evolution in the conjecture of Gamma nearrings. The innovatory
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proofs of three lemmas are proposed here so that it opens a way for young re-
searchers.In this discourse we crave to present some fundamental characteristic
properties of Gamma nearrings and an evolution in the conjecture of Gamma
nearrings. The innovatory proofs of three lemmas are proposed here so that it
opens a way for young researchers.
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