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AN EQUITABLE TOTAL COLORING OF
SOME CLASSES OF PRODUCT OF GRAPHS

S. MOIDHEEN ALIYAR1, K. MANIKANDAN, AND S. MANIMARAN

ABSTRACT. An equitable total coloring of a graph G is an assignment of col-
ors to all the elements (vertices, edges) of the graph G such that adjacent or
incident elements receive the different color and for any two color classes dif-
ferent by at most one. In this paper, we prove some theorems on equitable total
coloring for strong products of path and cycle.

1. INTRODUCTION

All graphs considered here are finite, simple and undirected. LetG = (V (G), E(G))

be a graph with the sets of vertices V (G) and edges E(G) respectively. An equi-
table total coloring of G is a mapping f : V (G) ∪ E(G)→ {1, 2, . . . , k}, where k
is a proper coloring satisfying the following conditions.

(1) f(u) 6= f(v) for two adjacent vertices u, v ∈ V (G),

(2) f(e) 6= f(e
′
) for two adjacent edges e, e′ ∈ E(G),

(3) f(v) 6= f(e) for any vertex v ∈ V (G) and for any edge e ∈ E(G) incident
to v,

(4) ||Ti| − |Tj|| ≤ 1; i, j = 1, 2, . . . , k. Ti = Vi ∪ Ei; 1 ≤ i ≤ k.

A total coloring of graph G is a coloring of the vertices and the edges of G such
that any two adjacent or incident elements (vertices, edges) have different color.
The total chromatic number of a graph G denoted by χ′′

(G), is the minimum
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number of colors that required in a total coloring. Total Coloring Conjecture
formulated by Behzad [1] and Vizing [7], says that ∆(G)+1 ≤ χ

′′
(G) ≤ ∆(G)+2

for a simple graph G. A total coloring of graph G is said to be equitable if the
number of elements (vertices, edges) are colored with each color different by at
most one. The minimum number of colors that required for an equitable total
coloring of graph G is called the equitable total chromatic number of G and is
denoted by χ′′

e (G). In 1973, Meyer [6] introduced the concepts of an equitable
coloring and the equitable chromatic number. In 1994, Fu [4] investigated the
concept of an equitable total coloring and the equitable total chromatic number.
He raised the conjecture that for any simple graph G, then χ

′′
e (G) ≤ ∆(G) +

2. Manikandan et al. [5] has proved the equitable coloring of some convex
polytope graphs.

Theorem 1.1. [2] For cycle graph Cn with maximum degree ∆(G), then

χ
′′

e (Cn) =

{
∆(G) + 1, if n ≡ 0 mod 3
∆(G) + 2, otherwise.

In this paper, we study the conjecture on equitable total coloring of strong
product of path and cycle.

2. RESULTS AND DISCUSSION

Definition 2.1. [3] Consider G and H be two graphs. The strong product G�H,

defined by V (G � H) = {(g, h)|g ∈ V (G), h ∈ V (H)} and E(G � H) = E(G �

H) ∪ E(G×H).

Theorem 2.1. The equitable total coloring of Pn � Pm and its chromatic number
is ∆(Pn � Pm) + 1 for all n,m ≥ 3 and n,m ∈ Z+.

Proof. Here ∆(Pn�Pm)+1 is the equitable total chromatic number of Pn�Pm. In
this graph of strong product having n(R1, R2, . . . , Rn) rows andm(C1, C2, . . . , Cm)

columns. We divide ∆(Pn � Pm) + 1 into three equal parts, say X1, X2 and X3.

There are three cases to be considered.
Case (i): If n ≡ 0(mod 3) and m ≥ 3.
Color all the vertices in R1 using X1 color and Color all the elements in R2

with X2 and R3 with X3 color. Then assign the colors to all the elements in
the remaining rows R4, R5, . . . , Rn−1 of Pn � Pm using X1, X2 and X3 colors
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cyclically using a repeated pattern with the minor adjustment to the repetition
to attains the equitable total coloring conditions. Color all the vertices in Rn

using X3 color. Then assign the colors to all the edges between R1 and R2

using X3 color and the edges between R2 and R3 with X1 colors and the edges
between R3 and R4 with X2 colors. Now, we color the remaining edges between
(R4, R5), (R5, R6), . . . , (Rn−1, Rn) using the colors with the color X3, X1 and X2

cyclically using a repeated pattern with the minor adjustment to the repetition.
Finally, we color the remaining edges in R1 and Rn using X2 color which sat-

isfy the conditions of equitable total coloring.
Case (ii): If n ≡ 1(mod 3) and m ≥ 3.
By case (i), assign colors to all the vertices ofR1, all the elements inR2, R3, . . . , Rn−1

and edges between (R1, R2), (R2, R3), . . . , (Rn−1, Rn) of Pn � Pm. Now, color all
the vertices inRn usingX1 color. Finally, we color the remaining edges inR1 and
Rn using ∆(Pn � Pm) + 1 color according to satisfy the conditions of equitable
total coloring.
Case (iii): If n ≡ 2(mod 3) and m ≥ 3.
According to case (i), assign colors to all the vertices of R1, all the elements
R2, R3, . . . , Rn−2 and edges between (R1, R2), (R2, R3), . . . , (Rn−2, Rn−1) of (Pn�

Pm). Now, color all the vertices in Rn−1 using X1 color and Rn using X2 color.
Then color all the edges in Rn−1 using X3 color and at each maximum degree
vertex in Rn−1 use the remaining colors of X1 and X3 to the edges which are
incident from Rn. Finally, we color the remaining edges using ∆(Pn � Pm) + 1

color according to satisfy the conditions of equitable total coloring.
Hence, The equitable total chromatic number is ∆(Pn � Pm) + 1. �

Theorem 2.2. The equitable total chromatic number of Pn � Cm for all n,m ≥ 3

and n,m ∈ Z+

χ′′e(Pn � Cm) =

{
∆(Pn � Cm) + 1, if m ≡ 0(mod 3)

∆(Pn � Cm) + 2, otherwise.

Proof. There are two cases to be considered.
Case (1): If m ≡ 0(mod 3)

Here ∆(Pn�Cm) + 1 is the equitable total chromatic number of Pn�Cm. In this
graph of strong product having n (R1, R2, R3, . . . , Rn) rows andm (C1, C2, . . . , Cm)

columns. We divide ∆(Pn � Cm) + 1 into three equal parts, say X1, X2 and X3.
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Subcase (1.1): If n ≡ 0(mod 3)

Color all the vertices in R1 using X1 color and Color all the elements in R2 with
X2 and R3 with X3 color. Then assign the colors to all the elements in the re-
maining rows R4, R5, . . . , Rn−1 of (Pn�Cm) using X1, X2 and X3 colors cyclically
and Color all the vertices in Rn using X3 color. Then assign the colors to all the
edges between R1 and R2 using X3 color and the edges between R2 and R3 with
X1 color and the edges between R3 and R4 with X2 color. Then we color the re-
maining edges between (R4, R5), (R5, R6), (R6, R7), . . . , (Rn−1, Rn) using the col-
ors of X3, X1 and X2 cyclically.

Finally, we color the remaining edges in R1 and Rn using X2 color which
satisfy the conditions of equitable total coloring.
Subcase (1.2): If n ≡ 1(mod 3)

By subcase (1.1), assign color to all the vertices in R1, all the elements in
R2, R3, . . . , Rn−1 and edges between (R1, R2), (R2, R3), . . . , (Rn−1, Rn) of (Pn �

Cm). Now, color all the vertices in Rn using X1 color. Finally, we color the re-
maining edges in R1 and Rn using ∆(Pn � Cm) + 1 colors according to satisfy
the conditions of equitable total coloring.
Subcase (1.3): If n ≡ 2(mod 3)

According to subcase (1.1), assign color to all the vertices in R1, all the elements
in R2, R3, . . . , Rn−2 and edges between (R1, R2), (R2, R3), . . . , (Rn−2, Rn−1) of
(Pn � Cm). Now, color all the vertices in Rn−1 using X1 color and Rn using X2

color. Then color all the edges in Rn−1 using X3 color and at each maximum
degree vertex in Rn−1 use the remaining colors of X1 and X3 to the edges which
are incident from Rn.
Finally, we color the remaining edges using ∆(Pn � Cm) + 1 colors according to
satisfy the conditions of equitable total coloring.

Hence, the equitable total chromatic number of (Pn �Cm) is ∆(Pn �Cm) + 1.
Case (2): If m 6≡ 0(mod 3)

Here, ∆(Pn�Cm)+2 is the equitable total chromatic number of (Pn�Cm). In this
graph of strong product having n (R1, R2, . . . , Rn) rows and m (C1, C2, . . . , Cm)

columns. We divide ∆(Pn � Cm) + 2 into four parts, say X1, X2, X3 and X4. X1

with three colors, X2 with three colors, X3 with two colors and X4 with the
remaining colors of ∆(Pn � Cm) + 2.
Subcase (2.1): If n is odd and m is even:
Color all the vertices of R2, R4, R6, . . . , Rn−1 and all the edges of R3, R5, R7,
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. . . , Rn−2 using X3 color. Then color all the edges of R2, R4, R6, . . . , Rn−1 and
all the vertices of R3, R5, R7, . . . , Rn−2 using X4 color. Then assign the colors
to all the edges between R1 and R2 using X1 color and the edges between
R2 and R3 with X2 color. Then color the remaining edges between (R3, R4),

(R4, R5), . . . , (Rn−1, Rn) using the colors of X1 and X2 cyclically. Finally, we
color the remaining elements in R1 and Rn using ∆(Pn �Cm) + 2 colors accord-
ing to satisfying the equitable total coloring conditions.
Subcase (2.2): If both n and m are odd:
Assign X3 color to all the vertices of R2, R4, R6, . . . , Rn−1 from C1 to Cm−1 and
all the edges of R3, R5, R7, . . . , Rn−2 from C1 to Cm. Then color all the edges of
R2, R4, R6, . . . , Rn−1 from C1 to Cm and all the vertices of R3, R5, R7, . . . , Rn−2

from C1 to Cm−1 using X4 color. Color the edges of Cm using one of the color of
X3 and one of the color of X4 and assign the remaining color of X3 and X4 in the
edges of C1. Then color the edges between (R1, R2), (R2, R3), (R3, R4), (R4, R5),

. . . , (Rn−1, Rn) using the colors of X1 and X2 cyclically. Now, we color the re-
maining elements inR2, R3, R4, . . . , Rn−1 using the missing colors of bothX1 and
X2. Finally, we color the remaining elements in R1 and Rn using ∆(Pn�Cm)+2

colors according to satisfying the equitable total coloring conditions.
Subcase (2.3): If both n and m are even:
Color all the vertices of C1, C3, C5, . . . , Cm−1 from R1 to Rn−2 and all the edges
of C2, C4, C6, . . . , Cm from R1 to Rn−1 using X3 color. Then color all the edges
of C1, C3, C5, . . . , Cm−1 from R1 to Rn−1 and all the vertices of C2, C4, C6, . . . , Cm

from R1 to Rn−2 using X4 color. Color the edges of Rn−1 using one of the color
of X3 and one of the color of X4 and assign the remaining color of X3 and X4

in the edges of Rn. Then color the edges between (C1, C2), (C2, C3), (C3, C4),

. . . , (Cm, C1) except the edges of R1 using the colors of X1 and X2 cyclically
using a repeated pattern with the minor adjustment to the repetition to attains
the equitable total coloring conditions. Now, we color the vertices of Rn−1 and
the remaining edges between (Rn−1, Rn) using the missing colors of both X1 and
X2. Finally, we color the remaining elements in R1, Rn using ∆(Pn � Cm) + 2

colors according to satisfying the equitable total coloring conditions.
Subcase (2.4): If n is even and m is odd:
Assign X3 color to all the vertices of R2, R4, R6, . . . , Rn−2 from C1 to Cm−1 and
all the edges of R3, R5, R7, . . . , Rn−1 from C1 to Cm. Then color all the edges of
R2, R4, R6, . . . , Rn−2 from C1 to Cm and all the vertices of R3, R5, R7, . . . , Rn−1
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from C1 to Cm−1 using X4 color. Color the edges of Cm using one of the color of
X3 and one of the color of X4 and assign the remaining color of X3 and X4 in
the edges of C1.

Then assign the colors to the remaining edge of (Pn � Cm) in the following
way: at each maximum degree vertex in Rp from C2 to C (m+1)

2

, using X1 color to
the edges which are incident from Rp−1 and use X2 color to the edges which are
incident from Rp+1. Then at each maximum degree vertex in Rp from C (m+3)

2

to
Cm using X2 color to the edges which are incident from Rp−1 and use X1 color to
the edges which are incident from Rp+1. Both the color will be given cyclically
in order from p = 2, 4, . . . , n− 2. At each vertex in Rn from C2 to C (m+1)

2

, use X1

color to the edges which are incident from Rn−1 and from C (m+3)
2

to Cm use X2

color to the edges which are incident from Rn−1. Then color the vertices of Cm in
R2, R4, R6, . . . , Rn−2 using the missing colors of X1 and in R3, R5, R7, . . . , Rn−1

using the missing colors of X2. Now, we color the remaining edges between
(C1, C2) and (Cm, C1) using the missing colors of both X1 and X2 colors.

Finally, we color the remaining elements in R1, Rn using ∆(Pn�Cm)+2 colors
according to satisfying the equitable total coloring conditions.
Therefore, the equitable total chromatic number of (Pn�Cm) is ∆(Pn�Cm)+2.
Hence, the equitable total chromatic number of Pn � Cm for all n,m ≥ 3 and

n,m ∈ Z+ χ′′e(Pn � Cm) =

{
∆(Pn � Cm) + 1, if m ≡ 0(mod 3)

∆(Pn � Cm) + 2, otherwise.
�

Theorem 2.3. The equitable total coloring of Cn�Cm for all n,m ≥ 3 and n,m ∈
Z+

χ
′′

e (Cn � Cm) =

{
∆(Cn � Cm) + 1, if n,m ≡ 0(mod 3)

∆(Cn � Cm) + 2, otherwise if both n,m are not prime.

Proof. There are two cases as follows:
Case (1): If n,m ≡ 0(mod 3)

Here, ∆(Cn � Cm) + 1 is the equitable total chromatic number. In this graph of
strong product having n(R1, R2, . . . , Rn) rows and m(C1, C2, . . . , Cm) columns.
We divide ∆(Cn � Cm) + 1 into three equal parts, say X1, X2, X3.

Color all the elements in R1 using X1 color and R2 with X2 color and R3

with X3 color. Then assign the colors to all the element in the remaining rows
R4, R5, . . . , Rn of (Cn�Cm) usingX1, X2 andX3 colors cyclically. Then assign the
colors to all the edges between R1 and R2 using X3 color and the edges between
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R2 and R3 with X1 color and the edges between R3 and R4 with X2 color. Then,
we color the remaining edges between (R4, R5), (R5, R6), . . . , (Rn, R1), using the
colors of X3, X1 and X2 cyclically which satisfy the conditions of equitable total
coloring.
Therefore, The equitable total chromatic number of (Cn�Cm) is ∆(Cn�Cm)+1.

Case (2): If both n,m are not prime:
Here, ∆(Cn � Cm) + 2 is the equitable total chromatic number. In this graph of
strong product having n(R1, R2, . . . Rn) rows and m(C1, C2, . . . , Cm) columns.
Subcase (2.1): If both n and m are even:
We divide ∆(Cn �Cm) + 2 into four parts, say X1, X2, X3 and X4. X1 with three
colors, X2 with three colors, X3 with two colors and X4 with the remaining col-
ors of ∆(Cn � Cm) + 2.
Color all the vertices ofR1, R3, R5, . . . , Rn−1 and all the edges ofR2, R4, R6, . . . , Rn

using X3 color. Then color all the edges of R1, R3, R5, . . . , Rn−1 and all the ver-
tices of R2, R4, R6, . . . , Rn using X4 color. Then assign the colors to all the edges
between R1 and R2 using X1 color and the edges between R2 and R3 with X2

color. Then color the remaining edges between (R3, R4), (R4, R5), . . . , (Rn, R1)

using the colors of X1 and X2 cyclically which satisfy the conditions of equitable
total coloring.
Subcase (2.2): If n is even and m is odd:
We divide ∆(Cn �Cm) + 2 into four parts, say X1, X2, X3 and X4. X1 with three
colors, X2 with three colors, X3 with two colors and X4 with the remaining
colors of ∆(Cn � Cm) + 2.

Assign X3 color to all the vertices of R1, R3, R5, . . . , Rn−1 from C1 to Cm−1 and
all the edges of R2, R4, R6, . . . , Rn from C1 to Cm. Then color all the edges of
R1, R3, R5, . . . , Rn−1 from C1 to Cm and all the vertices of R2, R4, R6, . . . , Rn from
C1 to Cm−1 usingX4 color. Color the edges of Cm using one of the color ofX3 and
one of the color of X4 and assign the remaining color of X3 and X4 in the edges
of C1. Then color the edges between (R1, R2), (R2, R3), (R3, R4), . . . , (Rn, R1)

using the colors of X1 and X2 cyclically. Now, we color the remaining vertices
in Cm and edges between (Cm, C1) using the missing colors of both X1 and X2

which satisfy the conditions of equitable total coloring.
Subcase (2.3): If n is odd and m is even:
We divide ∆(Cn �Cm) + 2 into four parts, say X1, X2, X3 and X4. X1 with three
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colors, X2 with three colors, X3 with two colors and X4 with the remaining
colors of ∆(Cn � Cm) + 2.

Color all the vertices of C1, C3, C5, . . . , Cm−1 from R1 to Rn−1 and all the edges
of C2, C4, C6, . . . , Cm from R1 to Rn using X3 color. Then color all the edges of
C1, C3, C5, . . . , Cm−1 from R1 to Rn and all the vertices of C2, C4, C6, . . . , Cm from
R1 to Rn−1 usingX4 color. Color the edges of Rn using one of the color ofX3 and
one of the color of X4 and assign the remaining color of X3 and X4 in the edges
of R1. Then color the edges between (C1, C2), (C2, C3), (C3, C4), . . . , (Cm, C1)

using the colors of X1 and X2 cyclically. Now, we color the vertices of Rn and
the remaining edges between (Rn, R1) using the missing colors of both X1 and
X2 which satisfy the conditions of equitable total coloring.
Subcase (2.4): If n ≡ 0(mod 3) and m is odd:
We divide ∆(Cn �Cm) + 2 into four parts, say X1, X2, X3 and X4. X1 with three
colors, X2 with three colors, X3 with three colors and X4 with the remaining
colors of ∆(Cn � Cm) + 2.

Color all the elements in R1 using X1 and X4 color and R2 with X2 and X4

color and R3 with X3 and X4 color. Then assign the colors to all the element
in the remaining rows R4, R5, . . . , Rn of (Cn � Cm) using (X1, X4), (X2, X4) and
(X3, X4) colors cyclically. Then assign the colors to all the edges between R1

and R2 using X3 and X4 colors. To color the edges between R2 and R3 use X1

color. To color the edges between R3 and R4 assign X2 and the X4 colors. The
edges between R4 and R5 use X3 and the edges between R5 and R6 assign X1

and X4 colors. To color the edges between R6 and R7 assign X2 color. Use the
above process cyclically for all the edges between (R7, R8), (R8, R9), . . . , (Rn, R1)

which satisfy the conditions of equitable total coloring.
Subcase (2.5): If m ≡ 0(mod 3) and n is odd:
We divide ∆(Cn �Cm) + 2 into four parts, say X1, X2, X3 and X4. X1 with three
colors, X2 with three colors, X3 with three colors and X4 with the remaining
colors of ∆(Cn � Cm) + 2.

Color all the elements in C1 using X1 and X4 color and C2 with X2 and X4

color and C3 with X3 and X4 color.Then assign the colors to all the element in
the remaining columns C4, C5, . . . , Cn of (Cn �Cm) using (X1, X4), (X2, X4) and
(X3, X4) colors cyclically. Then assign the colors to all the edges between C1

and C2 using X3 and X4 colors. To color the edges between C2 and C3 use X1

color. To color the edges between C3 and C4 assign X2 and X4 colors. The edges
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between C4 and C5 use X3 and the edges between C5 and C6 assign X1 and X4

colors. To color the edges between C6 and C7 assign X2 color. Use the above
process cyclically for all the edges between (C7, C8), (C8, C9), . . . , (Cn, C1) which
satisfy the conditions of equitable total coloring.
Therefore, the equitable total chromatic number of (Cn � Cm) is ∆(Cn � Cm) +

2. �

Open problem: If m and n are prime, then the equitable total chromatic
number (Cn � Cm)?
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