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MINIMUM DOMINATING MODIFIED SCHULTZ ENERGY
M. R. RAJESH KANNA! AND S. ROOPA

ABSTRACT. In this article we have defined a new matrix called minimum domi-
nating modified Schlutz matrix and hence minimum dominating modified Schlutz
energy. Upper and lower bounds for minimum dominating modified Schlutz
energy are presented. At the end of this article minimum dominating modi-
fied Schlutz energies for some standard graphs like star graph, complete graph,
crown graph, cocktail graph, complete bipartite graph and friendship graphs
are computed.

1. INTRODUCTION

Study on energy of graphs goes back to the year 1978, when I. Gutman [3]
defined this while working with energies of conjugated hydrocarbon containing
carbon atoms. All graphs considered in this paper are assumed to be simple
without loops and multiple edges. Let A = (a;;) be the adjacency matrix of
the graph G with its eigenvalues A\, A2, A3, -, \,. The sum of the absolute

eigenvalues values of G is called the energy £(G) of G, i.e., £(G) = Z | Ail-
=1

1.1. Modified Schultz index. In 1997 S. Klavzar and I. Gutman introduced
modified Schlutz index [5] which is defined by

UG = Y dw)d(vy)d(vs,v;).

{viv; }CV(G)
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Rajesh Kanna et.al [7] defined minimum dominating energy of a graph. Moti-
vated by this we now define minimum dominating modified Schultz energy of a
graph.

1.2. Minimum dominating modified Schultz energy. Let GG be a simple graph
of order n with vertex set V' = {v;,vs,...,v,} and edge set E. A subset D of V
is called a dominating set of G if every vertex of V-D is adjacent to some ver-
tex in D. Any dominating set with minimum cardinality is called a minimum
dominating set. Let D be a minimum dominating set of a graph . The mini-
mum dominating modified Schlutz matrix of G is the n x n matrix defined by
AG(G) = (wy),

d(v;)d(vj)d(v;,vy) if vv; € BE(GQ)
where z;; = 1 if i=jand v, € D

0 otherwise.

The characteristic polynomial of AZL.(G) is denoted by f.(G,\) =
det(\] — AL.(G)). The minimum dominating modified Schlutz eigenvalues of
the graph G are the eigenvalues of A%.(G). Since AL (G) is real and symmet-
ric, its eigenvalues are real numbers and we label them in non-increasing order
A1 = Ay = --- > \,. The minimum dominating modified Schlutz energy of G is

defined as EL.(G) : = Z |\
i=1

Note that the trace of_Ag* (G) = Domination Number = k.

2. MAIN RESULTS AND DISCUSSION

2.1. Properties of minimum dominating modified Schultz eigenvalues.

Theorem 2.1. Let G be a graph with vertex set V = {vy, vy, ..., v, }, edge set E. If
A1, Ag, ..., A, are the eigenvalues of minimum dominating modified Schultz matrix
AL.(G) then

M Y N\ =|D|
=1

(i) Y A =|D|+2) di’dj *d}).
=1

1<j
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Proof: (i) We know that the sum of the eigenvalues of AL, (G) is the trace of

— —
(i) Similarly the sum of squares of the eigenvalues of AZL.(G) is trace of
[Ag. (G))?

n n n
. 2 __ Loy
e E )\z = § E :zw%z
i=1

=1 j=1

— Z zi)? + Zx”xﬂ = Z(wn)Q + 22(3317)2

i#] i<y

— Z Ti)* + 2Zd v;)? 2d(vi, v;)?

1<j

_ 27232 _|D’ 27232
= |D|+2) d’d d}; = 2M, where M—7+Zdi d2d2,.

1<j 1<j

2.2. Bounds for minimum dominating modified Schlutz energy. MClelland’s
[8] gave upper and lower bounds for ordinary energy of a graph. Similar bounds
for £P5.(G) are given in the following theorem.

Theorem 2.2. Let G be a simple graph with n vertices and m edges and P =
|det AL. (G)| then

\/\D|+22d2d A% +n(n—1)Pr < EP5.(G) < \/ (ID!+2Zd2dj2d?j>-

1<) 1<j

Proof. Cauchy Schwarz inequality is

n n

(o) = (L) ().

i=1 i=1 =1
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If a; =1 and b; =| \; | then

(S = () (5

[EP 5. (Q))* < n(|D| + 22 dfdfd%) [From Theorem 2.1]

i<j
— EP.(G) < n<|D| +23° dﬁdj?d?j).
i<j
Since arithmetic mean is greater than or equal to geometric mean we have
1
mrseyd IR PYES) ) (R PV ECE
Z#J i
1

=:H!M”1] n(n =1
-] -l

2
n

ZM.’:l:

= |detAL.(G)|» =
(2.1) S TINA = nm—1)Pr
i#]
Now consider,
n 2
€75 (G = (Z A )
—ZM R
7]
[EP5-(G))? > |D| +2) _d’d;*d?; +n(n — )P+ [From Theorem 2.1 and Equation (2.1)]

i<j

ie., EP5:(G) > [ID|+2Y " d2d?d +n(n — 1)Px.

1<j
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4

Theorem 2.3. If \(G) is the largest minimum dominating modified Schlutz eigen-
| D[ + 22 didd;

value of AE.(G),then \;(G) > <
n
Proof. For any nonzero vector X, we have by [1], A\;(A) = {X/AX}
roof. y nonzero v , we have by [1], Ai(4) = max | 7+
D[ +2) " did;d;;

/

A i<j . . .
SA(G) > JJ, JJ= = where J is a unit column matrix. O

n

Just like Koolen and Moulton’s [4] upper bound for energy of a graph, an
upper bound for £%5.(G) is given in the following theorem.

Theorem 2.4. If G is a (n,m) graph with |D| + 2~ d;*d;*d}; > n then
i<j
2
D] +23,_; di*d;*d; N

n

EPs.(GQ) <

(n—1) | [D]+2) dd d% -

1<J

n

2
(yD\ +2 ZKjdidedfj)

Proof Cauchy-Schwartz inequality is: (327, a;b;)” < <Z a?) (Z bf)
=2 =2

Put a; = landb; =| \; | then

(iw)lf}ium

=2 =2

= [EP5:(G) =M< (n—1) <|D| +2) ditd d} - Af)

1<j

= EPg.(G) < M\ + J (n—1) <\D| + 22 did;?d;; — A%)

1<j

i<j

Let f(z) =2+ J (n—1) (\D| +2) " dd d] - x2> :

For decreasing function
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flla)<0=1-— z(n_1) <0
(n—1) (DH-QZ did;?d;; — :c2>
1<j
Di+2) _ di*d;*d
o> i<jn
Since |D|+2) d;*d;’d}; > n, we have
1<j
D2 diddY b2 didd
z‘<jn S z‘<jn S )\1
D2 di*d;ds,

S f) < f( )

D[ +2) " d’d d},

i, EP5.(G) < f(\) < f( j; )
D] +2) " d’d d},
ie, EPg(G) < f( ’j{b )

The proof of the theorem follows.
O

Milovanovi¢ [6] bounds for minimum dominating modified Schlutz energy of
a graph are given in the following theorem.

Theorem 2.5. Let G be a graph with n vertices and m edges. Let
IA1] > [Xa] > ... > |\,| be a non-increasing order of Schultz eigenvalues of AL, (G)

then £Pg. (G)> n(|D\ +2%° dﬁdﬁdgj) —a(n) (M| = |A\])? where

1<j

a(n)= n[2](1 — £[2]) and [z] denotes the integral part of a real number.

Proof. For real numbers a, ay, as, ..,a,, A and b,by,bs, .., b,, Bwitha <a; < A
and b < b; < BV i=1,2,...,n the following inequality is valid.
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— a)(B — b) where a(n)= n[2](1 — 1[%]) and

a/l 4 al

equahty holéls if and onlyifa; =ay= ... =a,and by =by = ... =b,.
Ifaz—\)\z|, Z—\)\Zl,a—b—])\ ]andA:B:\)\l\ then

>IN - (ZIA )] < atmy(xl - b
=1
ButZyA 2 =D+ 2% d%d,*d and EP.(G) < \/ (yD\+2Zd2dj2d3j)

i<j 1<j
then the above inequality becomes

n(ID]+2)" d2d %) = (€%5-(G))* < a(m)(Al = Aal)?

1<j

ie., 5Ds*(G) > \/n<|D] + 22 dideQd?]) —a(n)(|\] = |>‘n’)2-

i<j
O

Theorem 2.6. Let GG be a graph with n vertices and m edges. Let

M| > |A2] > ... > |\| > 0 be a non-increasing order of eigenvalues of AL.(G)

then

D]+ 2%, d*d;*dZ + n| ||\,
5DS*(G) Z ‘ | Zz<] n| 1|| ’

(Al + [Anl)
Proof. Let a; # 0, b;, r and R be real numbers satisfying ra; < b; < Ra;, then the
following inequality holds. [Theorem 2, [6]]

Zb2 + rRZaZ <(r+R Zaibi.
=1
Putb; = |\, a; =1, r = |/\n] and R = |A1] then

n n n

> I+ |A1||An121 < (Ml + MDD I

=1 ; =1
ie., [D|+2) dPdld] + Ml Aaln < (M| + [Aa))EPs(G)
i<j
D[ +2) " dd;*d; + n|\ ||\
i<j

(IMa] + [Anl)

gDS* (G) 2
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U

The question of when does the graph energy becomes a rational number was
answered by Bapat and S.Pati in their paper [2]. Similar result for minimum
dominating modified Schlutz energy is obtained in the following theorem.

Theorem 2.7. If the minimum dominating modified Schlutz energy E¥s.(G) is a
rational number,then £ 4. (G) = 0(mod 2).

Proof. Proof is similar to theorem 5.4 of [7]
O

2.3. Minimum dominating modified Schultz energy of some standard graphs.

Theorem 2.8. For n > 2, the Minimum dominating modified Schultz energy of
complete graph K, is (n® — n?) +v/n6 +2n5 + nt — 2n3 4+ 2n2 + 1.

Proof. Let K,, be a complete graph with vertex set V' = {vy, vq, v3, ...... ,Un t. Then
the Minimum dominating modified Schultz matrix of complete graph is,
1 -1 (=12 ... (-1 (-1 (n—1)
(n—1)? 0 (n=1% ... (n=1?% (=12 (n-1)
n-12 =12 0 ... (-1 (-1 (n—1)
AL (K,) =
(-1 (-1)? (-1 ... 0 (-1 (n—1)
-1 -1? (-2 ... (=12 0  (n—1)
(=12 (=12 (-1)? ... (-2 (n-12 0

nxn

2 (nS7n2+1)+\/n6+2n5+n472n3+2n2+1 (n37n2+1)7\/n6+2n5+n472n3+2n2+1
2 2

Spec(Ag* (Kyn)) = -
n—1 1 1
The Minimum Dominating Modified Schultz energy is,

EL(K,) =n®—n?*+vVn® 4+ 2n5 +nt — 2n3 + 2n2 + 1.
U

Theorem 2.9. The Minimum dominating modified Schultz energy of star graph
Ki,1is2n — 4+ V4n3 — 8n2 — 8n + 21.
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Proof. Let K ,_, be a star graph with vertex set V' = {vg, v1, v, ..., Uy_1}.

The Minimum dominating modified Schultz matrix of star graph is,

AP (K1) =

SpeC(Ag* (Kl,n—l)) =

The Minimum dominating modified Schultz energy is

-2

1

n
n
n

NN O I
N O N3

o N N3

N NS

nxn

n—2

1

EL(Ki, 1) =2n—4+V4n3 — 8n2 — 8n + 21.

2n—3+v4n3—8n2—8n+21 2n—3—4n3—8n?—8n+21
2 2
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g

Theorem 2.10. The Minimum dominating modified Schultz energy of cocktail
party graph is 16n(n — 1)

Proof For n > 2, consider cocktail party graph K,., with vertex set V' =

U{ui, v;}. Then the Minimum dominating modified Schultz matrix of cocktail

i=1
party is AL (K, x2) =
ul U Un—1 Un V1 V2 Un—1 Un
uy 1 4(n —1)2 4n—1)2 4n-1)2|8(n—-12 4(n-1)*2 4(n—1)2 4(n—1)2
ug | 4(n —1)2 0 4n—-1)2 4(n-1)2 | 4(n—-1)2 8(n-1)>? 4n—1)2 4(n-1)2
u3 4(n—1)% 4(n—1)2 4n—1)%2 4n—-1)72% | 4n-12 4(n-1)32 4(n—1)% 4(n—1)2
Un—1 | 4n—1)2 4(n—1)2 6 4(n — 1)2 | 4(n — )2 4(n — 1)? 8(n—1)2 4(n—1)2
Un | 4n—1)2 4(n—1)2 4(n—1)? 0 4(n—1)% 4(n-—1)2 4(n—1)2 8(n—1)2
vi | 8(n—1)2% 4(n—1)32 4(n—1)% 4(n—1)2 1 4(n —1)? 4(n—1)% 4(n—1)2
ve | 4n—-1)2 8(n-1)>2 4n—1)%2 4n—-1)72 | 4(n—1)2 0 4(n—1)% 4(n—1)2
vy | 4n—-1)2 4(n-1)*2 4n—1)2 4n—-1)2% | 4n-12 4(n-1)*2 4(n—1)2 4(n—1)2
Un—1 | 4(n—1)2 4(n—1)2 8(n f )2 4(n—-12 | 4(n—-1)2 4(n 7 1)? 0 4(n f 1)2
vn | 4(n—1)2 4(n—1)2 4n—1)%2 8n—-1)2 | 4n—-12 4(n-1)32 4(n —1)2 0
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0 —8n?—16n+7) —(8n*—16n+8) X%

Spec(AL. (K, x2)) =
n—2 1
where, X = 8n® — 16n*> + 8n + 1 and

n—1

Y = 64n® — 256n° + 384n? — 272n3 + 128n? — 80n + 33. The Minimum dominat-

ing modified Schultz energy is,

EL.(Kpxa) = 16n(n — 1)

g

Theorem 2.11. For n > 2, the Minimum dominating modified Schultz energy of

the crown graph is

ifn=2

{2%5

n® —22n% +23n — T+ Vnb — 4n® + 6nt — 603 +9n2 — 10n +5 if n > 3.

Proof. Case: 11fn > 3,

The Minimum dominating modified Schultz matrix of crown graph is AZ. (S°) =

V1 V2 V3 Un (751 u us Un
vy 1 2(n—1)2 2(n-12% ... 2m-12|3(n-1% (n-1)%2 (n-1)2 (n—1)2
va | 2(n —1)2 0 2n—1)2 ... 2n—=-12| (n—-12 3(n-12 (n—-1)2 (n—1)2
vz | 2(n—1)2 2(n—1)2 0 oo 2 =12 =12 (n—-12 3(n-1)>2 (n—1)2
v.n 2(n'—1)2 2(n.—1)2 2(n.—1)2 6 (n—.1)2 (n—.1)2 (n—'1)2 3(n.— 1)2
ur [ 3n—1%2 (m-1)2 ®©-1D% ... (n-1)2 1 2(n —1)2  2(n—1)2 2(n —1)2
uz | (n—=1)2 3n-12 nw-1D2 ... ®-1)2|2mn-1)>2 0 2(n —1)?2 2(n —1)2
uz | (=12 (-1 3n-1)2 ... ®-12|2n—-1)2 2(n-—1)>2 0 2(n —1)2
u.n (n—'1)2 (n—'1)2 (n—'1)2 3(n'— 1)2 Q(n'— 1)2 Q(n'—l)2 2(71'—1)2 6
X+VY X-VY R+VS R-VS
0 —(4n*—-8n+4) 2% > - >
Spec(AL.(S8Y)) =
pec(As-(5n)) n—2 n—2 1 1 1 1
where

X =

3n3 —6n°+3n+ 14+ vVInb — 36n5 + 54nt — 42n2 + 33n2 — 30n + 13

2




Y

R

S
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_3n® —6n® 4+ 3n+1—v/9nb — 36n° + 54nt — 42n? 4 33n% — 30n + 13

2
- 0 —=10n* 4+ 17Tn — 7+ v/n® — 4n® + 6n* — 6n° +9n? — 10n + 5
N 2
- n?—10n° 4+ 17n — 7 — v/n® — 4n® + 6n' — 6n% 4+ 9n? — 10n +5
- : _

Then Minimum dominating modified Schultz energy,
EL.(S%) = n® —22n? + 23n — 7+ v/nb — 4nd + 60t — 603 + 9n2 — 10n + 5.

Case: 2 if

n=2

Then the Minimum dominating modified Schultz matrix is Crown graph is,

100 Vol —y/Bil
0010 2 2

By | et
Looo/,,

The Minimum dominating modified Schultz energy, EZ.(S°) = 2v/5.

Theorem 2.12. The Minimum dominating modified Schultz energy of friendship

graph EE.(F}) is equal to (16n — 12) + v/128n3 + 256n2 — 416n + 169].

Proof. For a friendship graph F3' with vertex set V' = {v,, v1, U2, ..., Un, Uni1, Unt2, -y U2

Then the Schultz matrix of friendship graph is AZ. ()

Vo U1 v2 v3 V4 U5 Ve vt V2n

Vo 1 22n 22n 22n 22n 22n 22n 22n 22n

v1 | 2%2n 0 22 (32-1) (32-1 ((32-1) (3-1) (32-1) (32 -1

va | 22n 22 0 (32-1) (32-1) ((32-1) (3-1) (32-1) (32 -1

vy | 22n (32-1) (32-1) 0 22 (32-1) (32-1) (32-1) (32-1)

vy | 220 (32 -1) (32-1) 22 0 (32-1) (32-1) (32-1) (32-1)

vs | 22n (32-1) (32-1) (3%2-1) (3%2-1) 0 22 (32-1) (32-1)

ve | 2°2n (32-1) (32-1) (3%2-1) (32-1) 22 0 (32-1) (32 -1)

vy | 22n (32-1) (3%2-1) (3%2-1) (3%-1) (3%-1) (3%-1 0 (32-1)

von | 22n (32 -1) (3%2-1) (32-1) (32-1) (32-1) (32-1) (3%2-1) 0 (@t 1)x (2nt1)
_4 12 (16n711)+\/128n32+256n27416n+169 (1677,711)7\/128n32+256n27416n+169

Spec(AL. (Fi) =
n n-1 1 1
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Minimum dominating modified Schultz energy is,

ER.(FI") = (16n — 12) + v/128n% + 256n% — 4161 + 169.
O

Theorem 2.13. The Minimum dominating modified Schultz energy of the complete
bipartite graph is 4mn? — 4n? 4+ 4m*n — 4m? — m + 2.

Proof. For the complete bipartite graph K,,, (m < n) with vertex set V =
{uy, ug, ..., Uy, V1, Vg, ..., v, } The @ minimum dominating modified Schlutz matrix
of complete bipartite graph is AL, (K,,,) =

V1 V2 U3 ce Um Uy (75) Uus c. Unp
v | 1 2n% 202 ... 202 | mn mn mn ... mn
ve 202 1 2n% ... 20| mm mm mn ... mn
vy [2n% 20?2 1 ... 20| mm o mn mn ... mn
U | 202 202 202 ... 1 |mn mn mn ... mn
up |lmn mn mn ... mn| 0 2m? 2m? 2m?
us |mn mn mn ... mn|2m? 0 2m? ... 2m?
us |mn mn mn ... mn|2m? 2m? 0 2m?
U, | MN Mmn mn mn | 2m? 2m? 2m? 0

Spec(AL (Kyn)) =

XHY XY
—2n2+1 —2m? +2 5
m—1 n—1 1 1

where X = (2m — 2)n? + 2m?n — 2m? + 1 and
Y = (4m? — 8m + 4)n* + (8m? — 4m®)n® + (4m* + 8m?® — 8m? + 4m — 4)n?
—(8m* 4+ 4m?)n + 4m* 4+ 4m? + 1.

Minimum dominating modified Schultz energy is,
B2 (K,,) =4mn? — 4n® + 4m®n — 4m® — m + 2. O
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3. CONCLUSIONS

In this article we defined minimum dominating modified Schlutz energy of a
graph. Upper and lower bounds for minimum dominating modified Schlutz en-

ergy are established. A generalized expression for minimum dominating mod-
ified Schultz energies for star graph, complete graph, crown graph, complete
bipartite graph, cocktail party graph and friendship graphs are also computed.
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