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ON SOME SANDWICH THEOREMS OF ANALYTIC FUNCTIONS
INVOLVING NOOR-SALAGEAN OPERATOR

WAGGAS GALIB ATSHAN'! AND AQEEL AHMED REDA ALI

ABSTRACT. The main object of this paper is to find sufficient conditions for
certain normalized analytic functions to satisfy sandwich conditions. We obtain
some subordination and superordination results involving by Noor-Salagean
operator DIY", .

1. INTRODUCTION

Let H = H(U) be the class of analytic functions in the open unit disk U =
{#z € C:|z] < 1}. For n a positive integer and a € C. Let H|a, n] be the subclass
of H consisting of functions of the form:

f2)=atan 2" +app 2"+ (a €C).

Also, let S be the subclass of H consisting of functions of the form:
(1.1 f(z):z—l—Zak 2.
k=2

Let f, g € H. The function f is said to be subordinate to g, or g is said to be
subordinate to f, if there exists a Schwarz function w analytic in U with w(0) =0
and |w(z)| < 1z € U, such that f(z) = g(w(z)), In such a case we write f < g
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or f(z) < g(2) (¢ € U). If g is univalent function in U, then f < g if and only if
f(0) =g¢(0) and f(U) C g(U).

Let p, h € H and (r,d,t,2) : C3* x U — C. If pand ¢(p(2), 2p (2), 2%p (2); 2)
are univalent functions in U and if p satisfies the second-order differential su-
perordination.

(1.2) h(z) < P(p(2), 20 (2), 2°p" (2); 2),
then p is called a solution of the differential superordination (1.2).
(If f is subordinate to ¢ , then g is superordinate to f.) An analytic function q is
called a subordinant of (1.2), if ¢ < p for all the functions p satisfying (1.2).
An univalent subordinant ¢ that satisfies ¢ < ¢ for all the subordinants ¢

of (1.2) is called the best subordinant. Miller and Mocanu [11] have obtained
conditions on the functions /, ¢ and ) for which the following implication holds:

h(2) =< Y(p(2), 2p (2), 2%p" (2); 2) = q(2) < p(2).

Let f given by (1.1) and g is defined by
g(z):z—l-Zbkzk zeU.
k=2

Then the Hadamard product (or convolution) f x g of the functions f and g is
defined by

(f*g)(z):z+2akbkzk z e U.
k=2

Definition 1.1. [4] For f € S, A\ > 0 and m € N, the operator DY’ is defined by:
Dy S =S,
DYf(2) = f(2),
Dif(z) = (1= \) f(2) = Azf'(2) = Daf(2),

Dyf(z) = (1= A) DY f(2) + A2 (DY f(2)) = Da (DY f(2)), (2 € U).
=2+ Y ey 1+ (k= 1) N a2k
The operator DY is called the generalised Salagean operator.

Definition 1.2. [13] Let f,(z) = W and f;71(z) be defined as
(1.3) fal2) # £71(2) = —
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then the operator I, : S — S is defined as

e —1
} f 2.

L) = £ 6+ £ 6) = | =

which is called Noor integral operator.

Using (1.3), we have the following recursive relation for Noor integral opera-
tor.

2 (Lnpaf (2)) = (1) Lf (2) = n Lo f (2).

By taking convolution of the Noor integral operator and generalized Salagean
operator, Fayyaz and Noor defined a new operator named Noor-Salagean oper-
ator as follows:

Definition 1.3. [10] For f € S, A > 0 and m € N, the operator
DI}, + S — Sis defined as
DIy, f (=) = (DY + 1) f(2),

for z € U and each nonnegative integer m, n.

By simple computations, we can have the following relations. For m,n €
Nand \ > 0, we have

7

DI f(2) = (L= A) DI, f (2) + Az (DIT,f (2))

(1.4) 2(DIT, . f(2) = (n+1) DITf () —n DIF, f ().

Ali et al. [2] obtained sufficient conditions for certain normalized analytic func-
tions to satisfy

!

zf (2)
f(z)
where ¢, and ¢, are given univalent functions in U with ¢, (0) = ¢ (0) = 1. Also,
Al-Ziadi and Atshan [3] obtained differential sandwich theorems for analytic
functions associated with convolution structure. Atshan et. al [3-8] studied
sandwich theorems for another conditions. Al-Ameedee et. al [1] obtained
sandwich results for certain classes of analytic functions.

¢ (2) < < ¢ (2),

The main object of the present paper is to find sufficient conditions for certain



8458 W. G. ATSHAN AND A. A. R. ALI

normalized analytic functions f to satisfy:

¢ (2) < < q2(2),

(Df;?nﬂf <z>)‘5
4

and

0 (2) < ( tDIY,  f (2) + (1 —t) DIY, f (2)

z

)6 < ¢2(2)

where ¢; and ¢, are given univalent functions in U with ¢;(0) = ¢2(0) = 1.

2. PRELIMINARIES

In order to prove our subordination and superordination results, we need the
following definition and lemmas.

Definition 2.1. [11] Denote by () the set of all functions f that are analytic and
injective on U\E (f), where

E(f)={¢€0U: LLI%f(Z)ZOO}
and are such that f'(¢) # 0 for £ € OU\E(f).

Lemma 2.1. [11] Let q be univalent in the unit disk U and let 6 and ¢ be analytic
in a domain D containing q(U) with ¢ (w) # 0 when w € ¢q(U). Set Q(z) =
2q (2) ¢ (q(2)) and h(2) = 0 (q(2)) + Q (). Suppose that

(1) Q (z) is starlike univalent in U,

(i) Re{ G} > 0for = € U.
If p is analytic in U with p (0) = ¢ (0) ,p (U) C D and

(2.1) 0(p(2)+2p (2)6(p(2)) < 0(q(2) +2¢ ()0 (q(2)),
then p < g and q is the best dominant of (2.1).

Lemma 2.2. [12] Let q be convex univalent in function in U and let « € C, § €
C/{0} with

Re{l1+ Z(j//((j} > maz{0, —Re <%> ).

If pis analytic in U , and

(2.2) ap(z) + Bzp (2) < aq (2) + B2q (2),
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then p < q and q is the best dominant of (2.2).

Lemma 2.3. [12] Let q be convex univalent in U and let 8 € C, further assume
that Re(B) >0.If P € H|q(0)]NQ and p(z) + Bzp’ (2) is univalent in U, then
(2.3) q(2) + B2q (2) < p(2) + B2p (2),
which implies that ¢ < p and q is the best subordinant of (2.3).
Lemma 2.4. [9] Let q be convex univalent in the unit disk U and let 6 and ¢ be
analytic in domain D containing q (U). Suppose that
- 0'(a(2))

0 Re{(b(g—(z))} > 0forzeU,

(i) Q (2) = 2¢ (2) ¢ (¢ (2)) is starlike univalent in U.
Ifp € H[q(0),1]NQ, with p(U) C D,0(p(2)) + 2p (2) ép(2) is univalent in U
and

(2.4) 0(q(2)+2¢ (2)6(q(2) < 0(p(2)) +2p (2) o (p(2)),

then q < p and q is the best subordination of (2.4).

3. SUBORDINATION RESULTS

Theorem 3.1. Let ¢ be convex univalent function in U with ¢(0) =1, 0 # ¥ €
C, 0 > 0 and suppose that q satisfies:

(3.1) Re {1 2 (Z)} > max{O, —Re (£> } .
q (2) v
If f € S satisfies the subordination

32) (1—¥(n+1)) (Dfi”n;lf(f«')>5 U ) (DI/(ranf(z))E (p%l{f%)

z An

< q(2)+ 524 (2),

then
m é
(3.3) (M) < q(z) ,

z

and q is the best dominant of (3.2).

Proof. Define the function p by

5 - (Pl
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Differentiating (3.4) with respect to z logarithmically, we get

zp (2) 5 ( z (fo?nﬂf (Z))/ B 1) .

p(Z) DI}T\r,Ln—&—lf (Z)

Now, in view of (1.4), we obtain the following subordination

2 (2) DIy.f(z) DIPS ()
() ‘5<” (fofmf(z) 1>+<Df§?n+1f(Z) 1))
therefore,

2 (2)  (DIPf(2)\° DIy f (2) DIy f (2)
5 ( P > (n (DI/(’anf(z) B 1) * (DI/(’anf(z) B 1)) '

The subordination (3.2) from the hypothesis becomes

p(z)+ %zp' (2) <q(z)+ %zq/ (2).

An application of Lemma 2.2 with # = ¥ and « = 1, we obtain (3.3). d

Putting ¢ (z) = (1£2) in Theorem 3.1, we obtain the following:
Corollary 3.1. Let 0 # ¥ € C,6 > 0 and
2 )
Re {1 + 1 _ZZ} > maX{O, —Re (6) } )
If f € S satisfies the subordination

(1-V(n+1)) (1%”0(2))5 +U(n+1) (Dl?jnﬂf@))a (DDIi;niﬁ‘?z))

Z An

1-2242%
= ( (172)25 >’
DI )\ (1+z
2 1—2)’

and q(z) = (12) is the best dominant.

11—z

then

Theorem 3.2. Let ¢ be convex univalent function in U with ¢ (0) = 1,q(2) #
0(z € U) and assume that q satisfies

0 2q (2)
(3.5) R6{1_5+C]l—(,2)}>0’

where U € C/{0},6 > 0and z € U.
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Suppose that —VUzq (z) is starlike univalent in U, if f € S satisfies:
(3.6) ¢ (0,n, \,m,V; 2) < 6q(2) — Uzq (2),

where

G7) 6(mn\ ;) (tmmlf + (L=t DI f <Z>>‘S

(3.8) — U (tD]/\an( 2)+ (1 —t) DIy f (2 ))5

—1

then
5

<q(z

(tD]mf( )+(1—t)D] . 1f 2) )

(tDI A (2) + (1 =) DI f (

z

and q(z) is the best dominant of (3.6).

Proof. Define the function p by
tDIY,\f (2) + (1= ) DI, f (2)\°
p(z) = ,

z

(3.9)

by setting :

0 (w) =dw and ¢ (w) = -V, w #0.
We see that 0 (w) is analytic in C, ¢ (w) is analytic in C/{0} and that ¢ (w) #
0,w € C/{0}.

Also, we get

Q(2) =24 (2) ¢4 (2) = —¥zq (2),

and
h(z)=0q(2) +Q(2) = 6q () — Vzq (2).

It is clear that @ (z) is starlike univalent in U,

o )y _ geqr — % L2 ) Gy S0,

Q (2) q (2)
By a straightforword computation, we obtain
(3.10) op(z) — Uzp (z2) = (6,n, A\, m, V; 2) |

where ¢ (§,n, A\, m, V; z) is given by (3.7). From (3.6) and (3.10), we have
0p(2) =Wz p (2) <6q(2) —Vzq (2).
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Therefore, by Lemma 2.1, we get p(z) < ¢(z). By using (3.9), we obtain the
result. O

Putting ¢ (z) = iigz (-1 < B < A<1)in Theorem 3.1, we obtain the follow-
ing corollary:

Corollary 3.2. Let —1 < B< A< 1and

) z2B
1o 24 ==
Re{ \D+(1+Bz)}>0’

where U € C/{0} and z € U, if f € S satisfies

1+ Az A—B
on, Am,V;z)<[6 —Vz— ),
¢ (0, A, m, T;2) ( (1+Bz> Z(1+Bz)2)

and ¢ (6,n, \,m,V; z) is given by (3.7),

tDIF, . f (2) + (1 —t) DI f (2)\° PREPE
14+ Bz

z

_ 14+ Az

=15 IS the best dominant.

and q (z)

4. SUPERORDINATION RESULTS

Theorem 4.1. Let g be convex univalent function in U with ¢ (0) = 1,5 > 0 and
Re{¥} >0. Let f € S satisfies:

m 1)
Cgﬁ§ﬂﬁ)€HM@JN@,
and
m 0 m ) m
(1—T(n+1)) (M) V(1) (Dfmj (2)) (Dl?[f:,nff(z)> |
An+1

be univalent in U. If
m )
(41 q(2)+<2d (2 <<1_¢@+4»<25%g22)

1)
LW@J@Y(D%J@)

+ U(n+1) ( . DI ] B

bty < (P O

z

then
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and q is the best subordinant of (4.1).

Proof. Define the function p by

DI™ 1)
(4.2) p(z) = (M+1f(z)) |
Differentiating (4.2) with respect to z logarithmically, we get
! Djm !
4.3) v () _ 2 :r\b,n—&-lf =) |\
p(2) DIA,n-Hf (2)

After some computations and using (1.4) , from (4.3), we obtain

DIy, f(2)\° DIy, f()\° ( DIy, f(2)
(1= (o + 1)) (F22) 4 ¥ o 1) (2252 (55

—p()+ % (2),
and now , by using Lemma 2.3, we get the desired result. O

Putting ¢ (z) = ﬁ—j in Theorem 4.1, we obtain the following corollary:

Corollary 4.1. Let § > 0 and Re {V} > 0. I f f € S satisfies:

m 0
(2Rl iy o.ane
and
DI, 1 f (2))' DI f (N [ DImf (=
v (5 (251 (51,

be univalent in U. If

2 v m é
(1—2 +23z> < = T(na1) <Dfm+1f(z))

(-2 z

R ( pha <i>> ,
n+1
then 5
(1—1_—2) - ( DI, 1 f (2) ) ,
and m
¢(z) =1

is the best subordinant.
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Theorem 4.2. Let ¢ be convex univalent function in U with ¢ (0) = 1, and assume
that g satisfies:

/

—0
(4.4) Re{qT(z)} -0,
where nn € C/ {0} and » € U. Suppose that —Vzq (z) is starlike univalent function
in U, let f € S satisfies:

<th§'fn+1f (2) + (1 - ) DIT, f (2)

z

) e H1g(0).11NQ.

and ¢ (6, m,n, \,V; z) is univalent function in U, where ¢ (§, m,n, A\, V; z) is given
by (3.7). If
(4.5) dq(z) — Uzq (2) < @ (d,n, A\, m,¥;2),

then

tDIY,\f (2) + (1= ) DI, f (2)\°
q(z) < . :
and q is the best subordinant of (4.5).

Proof. Define the function p by

tDIP f (2) + (1= t) DI f(2)\°
(4.6) p(z)—( Snsrf (2) <Z ) DI ())7
by setting 6 (w) = dw and ¢ (w) = —V¥ ,w # 0, we see that 6 (w) is analytic in

C, ¢ (w) is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}. Also we get
Q(2) = 2¢ (2) dq (2) = —Vzq (2).
It is clear that @) (z) is starlike univalent function in U,
0 (¢(2) } {—5Q' (2) }
e =Req——=7 >0.
{ ¢ (q(2)) v
By a straightforword computation, we obtain

4.7) o (0,n, A\,m,V;z) =dp(z) — \I/zpl (2),

where
¢ (57 n? A) m’ \I[; Z)
is given by (3.7). From (4.5) and (4.7), we have

0q(z) —Wzq (2) < dop(z)—Up (2).
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Therefore, by Lemma 2.4, we get ¢(z) < p(z). By using (4.6), we obtain the
result. O

5. SANDWICH RESULTS

Concluding the results of differential subordination and superordination, we
arrive at the following “sandwich results”.

Theorem 5.1. Let ¢; be convex univalent function in U with ¢,(0) = 1, Re{¥} > 0
and let ¢ be univalent function in U, q(0) = 1 and satisfies (3.1), let f € A

satisfies:
DIy L f (2)
(28 D' g
and
DIP, o f (2)\° DIy, f(:)\° ( DIT,f (2)
(1—\If(n+1))<—z ) —i-\I’(n—i—l)( . ) DI T () ,

be univalent in U. If

m P d
i (2) + % 2q,(2) = (1 =W (n+1)) (M)

m b m
T (et 1) (D&nﬂf (z)) ( DI (2)

v,
DIy, o f (Z)> <@t H 20 (%)

z

then
DI, () \
R IRTAC
and ¢, and g are respectively , the best subordinant and the best dominant.

Theorem 5.2. Let ¢, be convex univalent function in U with ¢,(0) = 1, and satisfies
(4.4), let g, be univalent function in U, ¢5(0) = 1, satisfies (3.5), let [ € S satisfies

(tD[;’anf (z)+(1—1) tDIY, f (2)
z

1)
) €eH[1,1]NQ,

and
¢ (57 n? A? m7 \Ij; Z)
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is univalent in U , where ¢ (6, m,n, \, V; 2) is given by (3.7) . If ¢y (2) — Wzq, (2)
< ¢ (0,n, A, m, V; 2) < 0gz (2) — Vzg, (2) , then

0 (2) < <tDI§jan(z) + (1 —1t) DI, f (2)

z

)5<q2<z>,

and qiand qs are respectively , the best subordinant and the best dominant.
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