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ABSTRACT. We consider the Euler-Bernoulli beam equation with variable coef-
ficients p(x)wy(x,t) + (EI(x)ws,(x,1)),, = 0 in the domain (0,1) clamped at
one end and controlled at the other end, in force and in moment, as well as
its corresponding Cauchy problem % y(t) = Ay(t); y(0) = yo in the appropri-
ate state space. For this boundary value problem, we establish existence and
uniqueness results adapting the standard strategy presented in [7,9]. Indeed,
using its weak formulation, we adapt the techniques of Faedo-Galerkin raised
in [7,9] to show the existence and uniqueness of weak solution for the case
of the linear boundary conditions. Finally, we develop a stable and convergent
numerical method by the finite element method. This method is validated by
numerical simulations.

1. INTRODUCTION

In this paper, we establish existence and uniqueness theorems and develop a
numerical method for an Euler-Bernoulli beam with variable coefficients. This
beam is clamped at one end and controlled at the other end, in force and in
moment by a linear combination of the velocity, velocity of rotation and the
position term (respectively the angle of rotation) in the control of force (respec-
tively moment). The vibrating beam system can be described as follows:
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(1.1) p(x)wy(z,t) + (EI(2)wyy(z,t),, =0, 0<z<1,t>0
(1.2) w(0,1) = w,(0,8) =0, t>0

(1.3) —EI(Dwee(1,t) = (2uiiwy + prowyy + cw,) (1,t), t >0

(1.4 (BI()wWa), (1,t) = (porwy + 2uswy + fw) (1,8), t>0

(1.5) w(z,0) = wo(z), w(z,0) =vp(x), 0<z<1

where w(z,t) is the transversal deviation at position x and time ¢. We suppose
that « >0, > 0 and p;; > 0, 1 <4, j <2 are constants such that

(1.6) pa2 >0 and  praapior > (a1 + ,u22)2-

In the system (1.1)—(1.5), we assume that the length of the beam is equal unity.
Also, the function p(z) is the mass density of the beam and the function E1(x)
is its flexural rigidity of the beam satisfying the following conditions:

(p(x), EI(x)) € [C*(0,1)]*,with p(z) >0, EI(z) >0,

for all x € (0,1).

This system has been studied by My Driss Aouragh and Naji Yebari [1] where
it is shown that a set of generalized eigenfunctions of problem (1.1)-(1.4) forms
a Riesz basis for the appropriate Hilbert space and that the spectrum-determined
growth condition holds. In addition, to study numerically the spectrum of sys-
tem, they used the finite difference scheme with the QZ method [8,12].

A study of existence and uniqueness of weak solution was made by Bomisso
et al [5] who analyzed a flexible Euler-Bernoulli beam with a force control in
rotation and velocity rotation (a study with constant coefficients). The same
study of this type was made for an Euler-Bernoulli beam with tip body and
passivity-based boundary control (a study with variable coefficients) by Miletic
et al [11]. Their studies were based on the Faedo-Galerkin’s method and the
work of Lions et al in [9]. We adapt the same procedure to study the existence
and uniqueness of the problem (1.1) under the conditions (1.2)-(1.4). The
main difficulty lies in the appearance of the time terms which appear in the
definition of the weak solution of boundary value problem. The presence of this
time terms can, greatly, complicate the application of standard techniques stated
in [7,9]. We overcome this difficulty by adapting these standard techniques. In
addition, we develop a numerical method which preserves unconditionally the
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results obtained in the continuous case. We derive an error estimate for a semi-
discrete approximation and establish convergence.

The paper consists of five sections. In section 2, after proving that the problem
is well posed in the sense Cj-semigroup of contractions, we show that this sys-
tem is Lyapunov stable. In section 3, from the weak formulation, we show the
existence, uniqueness and higher regularity of the weak solution. In section 4, a
semi-discrete numerical method is constructed using the finite element method
and in section 5, the numerical simulations are presented in order to illustrate
the results obtained.

2. PRELIMINARIES

2.1. Semigroup formulation. Let us introduce the following spaces:
Hg(0,1) = {w € H*(0,1) : w(0) = w,(0) = 0} .
The Hilbert space is defined by:
H = HZ(0,1) x L*(0,1)

with the inner product

(w, ) = / pg:Tadz + / EI(f)ae () + a(f2)e (1), (1) + BALTo(L)

where w = (f1,1)" € H, v = w; = (f2,92)" € H and we denote by ||.||; the
corresponding norm. The superscript T stands for the transpose.

Let H = (H%(0,1) N H*(0,1)) x H%(0,1) and we consider A : D(A) C H — H
an linear operator with the domain

D(A) = {(f,9) € B : ~EI(1) f1a(1) = 2p119(1) + praga(1) + afu(1),
2.1) (BI() fre()), (1) = p219(1) + 211220.(1) + B (1)}

defined by

A g9(.)
(2.2) A <g) = <_$ (E[(.)fm(.))m) '
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Now (1.1)-(1.5) can be written as a following Cauchy problem:
Sy(t) = Ay(t)
y(0) =yo € H

where y(t) = (w(.,t), w: (., 1)), y(0) = (wo, v)” for all t > 0.
We give the proof on the well-posedness result of the system (1.1)-(1.5):

(2.3)

Theorem 2.1. The operator A defined by (2.1)-(2.2) is closed, densely defined and
dissipative. Furthermore, A is invertible with A~! being compact and A generates
a Co-semigroup of contractions on H denoted by {S(t)},5

Proof. We start by showing that A is the dissipative operator.
For all w = (f,g)" € D(A),

(Aw,w)y = < (g(as), —ﬁ (El(x)f:c:c($))m)T () g)T>H

_ / — (BI(2) o), la)dz + / EI(2)gu(2) o ()

+ag.(1)f.(1) + Bg(1) f(1).

Integrating twice by parts, using (1.2)—(1.4) and taking real part, we obtain:

Re(Aw, w)y = —(M21|9(1)|2+u12|9m(1)l2+2u22|gx(1)9(1>|+2uu\g(1>gm(1)l> <0.

Thus, A is a dissipative operator. Now let us show that the operator A is max-
imal i.e. prove that for all (f,g)” € H, we can find (w,v)" € D(A) such that
(I — A) (w,v) = (f,g). This leads us in an equivalent way to seek (w, v) solution
of the following system:

v = w—f
2.4  plr)w+ (BEl(@)we(z,1)),, = pl@)(g+f)
(25) —EI(l)wm(l, t) = (2,&111) + 120z + aww) (1, t)
(2.6) (EI()wge), (1,t) = (1210 + 2900, + fw) (1,t)

with w € H*(0,1) N H%(0,1) ,v € H%(0,1) and g € L*(0,1).
Now, multiply (2.4) by ¢ € H%(0,1) and after integrating twice by parts and
using the conditions (2.5)-(2.6), we obtain:

(2.7) a(w, p) = L(y)
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a(w,¢) = / ple)ywipdz + / (BI(@)war) @nad + ctwn(Lga(1) + Bu(L)p(1)

L(p) = /0 p(r)(g + fedr + 2p110(1) (1) + p12v2 (1) (1) + parv(1)p(1)
+ 249005 (1)p(1).

We easily show that, for all ¢ € H%(0, 1), the bilinear form a(.,.) is continuous,
coercive and the linear form L(.) is continuous on Hz%(0, 1).

Thus, according to the Lax-Milgram theorem, there exists a unique solution
w € HY0,1) N H%(0,1) for (2.7). Then the operator A is maximal.
Next, the domain D(A) is clearly dense in # and the operator is closed.

Finally, we prove that A~! exists. For any ¥ = (g1, ¢92)?, we need to find a
unique ® = (f1, f2)7 € D(A) such that A® = ¥ which yields

folz) = qi(z), g€ HE(0,1)
(EI(2)(f1)an),e = —pla)ga(x), g2 € L*(0,1)
f1(0) = (f1)z(0)=0
—EI(1)(f1)e(1) = 2p1191(1) + pa2(91)2(1) + a(f1)(1)
(BIC)(f1)ex(1), (1) = p21g1(1) + 2p09(91)2(1) + B(f1)(D).

A direct computation shows that the above solution is given by:

(o) =gi(a),
fi(z) —fo fo - Bf(1 a(fi).(1 ) fg f p(x x)drdn

—(p2191(1) + 2M11(91)x(1))]§1;é) - (2M1191(1) + Mlz(gl)x(l))ﬁ(g) déds.

\

Thus, A~! exists and is bounded on H. Furthermore, the Sobolev embedding
theorem implies that A~! is compact on H. O

Now according to Lumer-Phillips theorem (see [13]), the statement of the
theorem follows.

Theorem 2.2. (2.3) has a unique mild solution y(t) = S(t)yo € C([0;00); H) for
all Yo € H.
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2.2. Stability in the sense of Lyapunov of (2.3). The idea of this part is that
if there exists a functional ¥V > 0 on Hilbert space A such that %V < 0 (the
generalized time derivative of V) and the set {z : V(z) = 0} does not contain
any complete negative orbit except the trivial one = = 0 then the system is
Lyapunov stable.

Notice that the total mechanical energy of the system (1.1)—(1.5) is given by :

1 1 1
(2.8) E(t,w)= 5 (/ p(x)widx +/ El(z)w?,dzx + aw?(1) + 5@02(1)) :
0 0

The time derivative of the energy function E(t) along the classical solutions of
(1.1)-(1.5) is

(2.9)

d
S Bt w) =2 (22 + p11) Wi (1, )y (1, 1) — poqwi (1,8) — pagwp, (1, 1) < 0.

The property of semigroup contractions in Theorem 2.1 implies that ||.||3 is a
good candidate for the Lyapunov functional for (2.3).
Let the functional V : H — R defined as follows

(2.10)
1

! 1 [t 1 1
V(y) = Iyl = ; / El(a)u,dr + 5 / playuide + Sawl(1,1) + 3 Bu?(Lt).

Analogously as in (2.9), for all classical solutions y it follows that:
(2.11)

EV(Z/) = EH?JH?{ = =2 (pa2 + p111) Wea (1, )wy (1, £) — poawy (1, 8) — powi, (1,¢) < 0.

So, the time evolution of the Lyapunov functional along the classical solutions is
non-increasing. Furthermore, from Theorem 2.1, the decay of energy along the
classical solutions can be extended to mild solutions. Hence, V is the Lyapunov
functional for (2.3). The system (2.3) is stable in the sense of Lyapunov. Now,
applying LaSalle’s invariance principle [10], the stability result is enunciated as
follows:

Theorem 2.3. Assume that y(t) is the mild solution of (2.3) for all yo € H. Then
y(t) = 0 € H when t — oc.
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3. EXISTENCE, UNIQUENESS AND HIGHER REGULARITY OF THE WEAK SOLUTION

Before defining the weak solution of the boundary problem, let’s define what
is called "intermediate spaces" (see [9]), which spaces will be useful in the fol-
lowing.

Let X and Y two hilbert spaces. Let <, >x and <, >y be the inner products
in X and Y respectively. X is densely embedded in Y and suppose that the
canonical injection of X into Y is continuous. The space X may be defined as
the domain of an operator A which is self-adjoint, positive and unbounded in Y.
The norm in X being equivalent to the norm of the graph

(lully + Aul})? . we D) = X.
We denote by D(S) the set of elements u such that the antilinear form
vie<u,v >y, veEX
is continuous in the induced topology by Y. Then
(3.1) <u,v >x=< Su,v >y,

which defines S as an unbounded operator in Y, with domain D(S), dense in Y.
S is a self-adjoint and strictly positive operator. Indeed, there exists a constant
M such that

< Sv,v >y=|lvllx > Mljvlly.
Using the spectral decomposition of self-adjoint operators, for ¢ real or complex,
the powers S? of S, may be defined. In particular, we take § = % and we shall
use the fractional space

(3.2) A=S3.

The operator A is self-adjoint and positive in Y, with domain X. From (3.1)-
(3.2), we deduce

<u,v >x=< Au,Av >y, VYu,v e X.
We give the following definition of the intermediate spaces [X, Y], :

Definition 3.1. Let X and Y be two Hilbert spaces that we assume to be separable
with X C Y, X being dense in Y with continuous injection and A defined by (3.2).
The intermediate space [X,Y], is defined by

[X,Y],=D(A""), 0<6<1
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with D(A'~%) the domain of A'~% and the norm of [X, Y], equal norm of the graph
1

of A% e (Jlully + (1A ull})> .

From the properties of the spectral decomposition, we immediately have that
X is dense in [X,Y],. Furthermore, according to the duality theorem, we have
for all 6 € 0,1, [X,Y], = [Y',X']:_s. In the next paragraph, we arbitrarily
choose § = 1.

3.1. Definition of weak solution. Let ¢ € H%(0,1). Multiplying (1.1) by ¢, in-
tegrating twice by parts over (0, 1) and using (1.2)-(1.4), we have the following
identity:
1 1
(3.3) / p(x)wypdr + / El(2)wepredr + cw,(1)o,(1) + Sw(1)p(1)
0 0
+ 2pn1we(1)@a (1) + p12war(1)d2(1) + pa1wi(1)9(1) 4 2p20we (1)p(1) = 0.

In order to give the definition of the weak solution, we will adapt the ideas of
the authors H.T. Banks et al [2] and Evans [7] to the problem (1.1)-(1.5).
We build the following functional spaces:

X =R x HE(0,1) = {6 = (6(1), 6:(1),9) . ¢ € H3(0,1) ]
and
Y =R?x L*(0,1) = {Z = (2(1),2,(1), 2) , 2 € L*(0, 1)}
with the following respect inner product
<</51, $2>X = ((91) 2z (¢2)m>L2(0,1) and (21, z2)y = (pz1, Z2>L2(0,1)-

We notice that X is densely embedded in Y and suppose that the canonical
injection of X into Y is continuous. Therefore, we obtain a Gelfand triple :
X CY =Y’ C X' where X’ is the dual of X and Y’ the dual of Y. Consider the
bilinear forms " : X x X — Rand a® : Y x Y — R defined as follows:

0V (31,62) = (Bl Ga)x + a(61)a(1)(62)a(1) + Bon(1)62(1)

a® (21, %) = 2p1121 (1) (22)2 (1) + pr12(21)2(1)(22)2 (1) + pr2r21(1)22(1) + 2p125(21)0 (1) 22(1).

We can now define the weak solution. In it, note that (.,.)x x represents the
duality pairing between X and X’.



A NUMERICAL METHOD BY FINITE ELEMENT METHOD... 8493

Definition 3.2. Let T > 0 be fixed. We say that w = (w(1),w,(1),w) is a weak
solution of problem (1.1) — (1.5) on (0,1) if

we L*0,T;X) with @, € L*(0,T;Y), 1y € L*(0,T;X")
and satisfies
(3.4) (o, B x.xr + aD (1, @) + a® (1iy, §) = 0

almost everywhere on t € (0,T) and for all ¢ € H%(0,1), with the following initial
conditions

(3.5) (0) = 1y = (wo(1), (wo)a(1),w0) € X,

(3.6) @(0) =t = (vo(1), (v0)(1), v0) € Y.

Remark 3.1. In the Definition 3.2, notice that the assumptions w € L*(0,T; X)
and w; € L*(0,T;Y) implies that w € C ([O,T} XY
ification on a set of measure zero (see [9]). This gives meaning to the initial
conditions (3.5)-(3.6).

) after, possibly, a mod-

For the proof of the existence of the weak solution, we will need the following
lemma whose proof appears in [5,11]:

Lemma 3.1. Let H%(0,1) be a subspace of H?(0,1). Then there exists a infinite
sequence of functions {¢;};-, such that {¢;};>, is an orthogonal basis of Hz(0,1)
and {¢;};°, is an orthonormal basis of L*(0,1).

3.2. Existence of the weak solution.

Theorem 3.1. There exists a weak solution w of weak formulation (3.4)-(3.6)
such that

(3.7) W e L= (0,T; X)
(3.8) @ € L% (0,T;Y)

(3.9) WeC ([O,T] X, Y]%)
(3.10) iy € C <[O,T] X, Y]’%) .

Proof. This proof is based on the Faedo-Galerkin’s method. According to Lemma
3.1, there exists by extension an infinite sequence of functions {¢;}, that is
an orthogonal basis for X and an orthonormal basis for Y. Consider such a
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sequence. Introduce the following finite dimensional spaces spanned by {¢;}!"
defined as

Vm € N, Vin i= span{él, ,qgm} = {i aquj, with o, € R} )
j=1

Step 1 : Construction of approximate solutions
We seek @ = 1y, (t) € V,, the approximate solution of the problem in the form:

=1

where ¢;,(t) € R (0 <t < T, i = 1,..,m) are the solutions of the weak
formulation (3.3) on V,,. So for a fixed integer m, we have:

(311) <(wm)tt> QB>Y + a(l)(wma (5) + a(2)<<wm)t7 ¢E) = 07 VQB € ‘A/m

with the initial conditions:

(3.12) Wi (0) = timo, Wimo = Y _ Qi — o in X when m — oo,
i=1
(3.13)
(0n)e(0) = 0 (0), D (0) = Bmo, Do = > Bim®s — o in Y when m —» o0
i=1
Thus, according to the general results on the systems of the second order differ-
ential equations , one is assured of the existence of a solution w,, € C?([0;T], X)
of (3.11) - (3.13), for0 <t < T.
Step 2 : A-priori estimates on approximate solutions
Let £ : R x X — R the energy functional for the trajectory % analogous to that
defined by the expression of the Lyapunov functional (2.10).

. 1 [t 1! 1 1
E(t,0) = 5/ EI(z)w?,dx + 5/ p(x)widr + §aw§(1,t) + 551@2(1, t)
0 0

A

E(t, ) = [ (@, v)]|
Assuming that there exists a solution w,, € C? ([0; 7], Vm> to (3.11) on some

interval [0; 7]. Let’s take (i0,,,); = ¢ in (3.11), we obtain

~

(@)t (D)e)y + ' (@i, (Win)e) + @l ((@a)e, (D)) = 0
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and
d ~, .

for all t € [0, 7]. So we have uniform boundedness of the solution on [0, 7] :

A

E(t,1y,) < E(0, 1), t>0

which implies that :

(3.14) {Wm}eny isboundedin C'([0,77;X)
(3.15) {(Wm)i},eny isboundedin C([0,7];Y).

We further to show that { (i, )y },,cy is bounded.
Let m be fixed. We Consider ¢ € X and ¢ = ¢, + @, such that ¢; € V,, and @,
orthogonal to V,, in Y. Hence {(Wm)se, £1)y = 0. From (3.11), we have:

()it O)y = =a® (0, 8) = D ((tn)r, §) < M Gallx < M6l
where M is a positive constant which does not depend on m. This implies that
{(tm)it}, e is bounded in  C <[0, T] ;X’) .

Step 3 : Passage to the limit

According to the Eberlein-Smulian Theorem [6], we can extract weakly conver-
gent subsequences {wn, };cx» { (W, )t }ey a0 { (W, )it} and @ € L2 (0, T3 X)),
Wy € L*(0,T;Y) , wy € L? (0,T; X') such that:

(3.16) {0y} —w in L*(0,T;X)
(3.17) {(Wp,)e} —w; in L*(0,T;Y)
(3.18) (W)t} — 0y in L2 (O,T;X/>.

Let mo € N. For all functions ¢ € L> <0, T, Vm()) of the form

(3.19) Pz t) =Y a;(t)d;(x)
j=1
where «; € L? (0, T;R) and for all m; > my, the formulation (3.11) becomes:

T
(3.20) | by + 0t @) + 0 ()i, 9)] e = .
0
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Therefore, passing on to the limit in (3.20) for m = m; when | — oo and using
the convergence results (3.16)—(3.18), one obtains:

T
(3.21) / (s, §)x xr + D (i, @) + a'? (i, )] dt = 0.
0

Then () y, ¢)+aM (i, p)+a® (i@, ¢) =0 a.eon [0,7] forall ¢ € L?(0,T; X).
The functions ¢ of the form (3.19) are dense in L? (0,7; X). So (3.21) is well
defined for all ¢ € L?(0,7;X). We thus obtain the expression of the weak

formulation almost everywhere on [0, 7]. w is well the solution of (3.3).
Regarding additional regularities, we have that «w follows the regularity (3.7)-
(3.8), by definition of weak solution and the important results (3.14)-(3.15).
O

In addition, note that (3.9) follows directly from Remark 3.1 after possible
modification on a set of measures zero and the regularity of (3.10) is deduced
from Remark 3.1 and from the previous duality theorem.

3.3. Uniqueness of the Weak Solution. Let us state the following theorem on
the uniqueness of the solution for the weak formulation.

Theorem 3.2. The weak formulation (3.4) with the conditions (3.5) — (3.6) has
a unique solution w.

Proof. This proof is an adaptation of proof of Theorem 8.1 pp. 290 — 291 in [9].
First let us show that the solution @ satisfies the conditions (3.5)-(3.6). Let
¢ € C%([0,T],X) such that ¢(T) = 0 and ¢,(T") = 0. Integrating the identity
(3.4) over [0, 7], we get:

T
| [t rcic + a0,6) + a® (i, 6)] dr = 0.
0

By integrating by parts over [0, 7’| under the duality pairing, we have:
(3.22)

~ ~

| [ty + . 6) + a1, 8)] dr = (14000, (0 x50 = ((0), (0D

Similarly, for a fixed m, it follows by integrating twice by parts (3.11):
(3.23)

/0 (i, )y + 0 (i, 8) + a@((W)is 8)| dT = (B0, 0))y = {imo, (0
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Using (3.12)-(3.13) with (3.16)—(3.18), and passing to the limit in (3.23) along
the convergent subsequence {u,,, }, this gives:

(3.24)

T
/ ({0, du)y +a (@, 8) +a® ()i, &) | dr = (20, (0)y — (b, &u(0))y-
0
Comparing (3.24) with (3.22), we have w(0) = @y and 0y = @,(0). Thus the
initial conditions are satisfied.
Let us now show the uniqueness of the weak solution of (3.4).
Let 0 < s < T be fixed and introduce an auxiliary function:

~

$:00,T[ =R
tHl/}(yj){ftu?(T)dT, 0<t<s
0, t>s.

By replacing ¢ by ¢ in (3.4) and by integrating by parts on ]0, 77, we obtain

~

[ [y = o)) + a2 (), () e

Il
o

[ 5 [0y = 30000600 ar = [ a0
This is equivalent to

Sy — )] == [, amar

Therefore,

1. . 1 ~ ~
i)l + 2a(0).9(0)) < 0.
The bilinear form a™(.,.) is coercive. Hence w(s) = 0 et 1)(0) = 0. Since
s € ]0, T was arbitrary then @ = 0. O

3.4. Higher regularity results. Before showing the theorem of higher regu-
larity (Theorem 3.3) of the weak solution w solving (3.4)-(3.6), let’s state a
following lemma which is proved in [9].

Lemma 3.2. Let X and Y two Banach spaces, X C Y with continuous injection,
the space X being reflexive. We set:

Cy ([0,T];Y) = {w € L*(0,T;Y) : t — (f,w(t)) is continuous on [0,T],Vf € Y'}
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which denotes the space of weakly continuous functions with values in Y. Thus we

get
L0, 7;X)NCy, ([0, T];Y)=C, ([0, T]; X) .

Theorem 3.3. After; possibly, a modification on a set of measure zero, the weak
solution w of (3.4)-(3.6) satisfies

w e C([0,T]:X)
@, € C([0,T];Y).

Proof. This proof is an adaption of standard strategies in section 8.4 of [9] pp.
297 — 301 and in section 2.4 of [14].

Considering Lemma 3.2, it follows from (3.7) and (3.9) thatw € C,, ([0,77]; X).
Similarly (3.8) and (3.10) imply w; € C,, ([0,7];Y).

Let £ € C*(R) a scalar cutoff function such that {(z) = 1if x € J CC [0,T]
and ¢(z) = 0 else. Then the function ¢ is then compactly supported. Let 7° be
a standard mollifier in time. Using convolutional regulation of distributions, we
define

w® =nx&w € CF(R, X).
w® converges to w in X and w; converges to w; in X almost everywhere on
J. Hence, E(t,1¢) converges to E(t,) almost everywhere on J. Since * is
smooth, we obtain by a straightforward calculation on J:

(3.25)

d . d d . d 2 d . 71°
) =<2 G + ) | 02(0) 507 0] = o | Gasio)| e | 0]
Passing to the limit in (3.25) as ¢ — 0, we obtain:
(3.26)

d - d d d 2 d 2
L B(t1) = 2 gy + i) [@wawaw(w] s th x<t>] i [%wa)}

in the sense of distributions on .J. (3.26) holds on all compact subintervals of
[0, T, since J was arbitrary.

Let ¢ € [0, 00[ be fixed and (t,),.y a sequence such that lim,__, ¢, = t. Let
(Vn)nen be defined by

v = St e [t 5 N (0) 0 1) 3 () — )+
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Then

(3.27) Up = E(t, ) + E(t,, ) — (W (t), 1 (tn))y — (0(t), 0(t,)) x

Since w, w; are weakly continuous and E is continuous in ¢, we have, passing to
the limit in (3.27):

lim v, = 0.
n—oo

Therefore, this implies that
lim |1y (¢) — @:(t,)]|3 = 0and lim ||w(t) — w(t,)]|5% = 0.
n—oo n—oo

Finally, w € C' ([0,7]; X) and w; € C' ([0,T];Y). O

4. SEMI-DISCRETE SCHEME BY THE FINITE ELEMENT METHOD (FEM)

4.1. Piecewise Cubic Hermite Polynomials. In this subsection, we recall the
construction of these functions as for example in [5,15] and another references.

We construct an appropriate piecewise space of C'-functions on Q = [0, 1].
Let us start with the reference domain ) = [0,1] where Q = (0,1). We first
introduce the local nodal basis functions on the reference domain (see Figure 1)
defined by

(4.1) Ni(§) =267 =32 +1, No(§) =& 26 +¢,

(4.2) N3(€) = =267 +3€%, Ny(§) =€~ ¢

We need to use the Hermite cubic nodal basis functions in an arbitrary interval
rather than the reference interval [0, 1]. This can be done by transforming our
formulas in (4.1)-(4.2) to an arbitrary interval, for example [z;; ;] with the func-
tion ¢ : [z, z,] — [0,1] as ((z) = 7=+
1=1,2,3,4, defined as

i(x) = Ni(C(2)),  ale) = (2r — 21) (N2(C()))
Us(x) = N3(C(2)),  a(x) = (2r — 21) (Na(C(2))) -

Notice that the nodal value of ;(x) is equal the nodal value of N;(z) for
i=1,2,3,4, and ¢;(x) preserves the properties of the Hermite cubic nodal basis
functions.

This leads to functions v; : [z, z,] = R,
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Let n be a fixed integer and let us introduce a partition of ) = [0, 1] defined
by Q, = U7, where Z,, = [2,,;%ps1] for m = 1,2,...,n — 1, is called an
element of this partition, and we assume that these elements are formed by
node points 0 = z; < x5 < ... < x,_1 < x, = 1, with n — 1 being the number of
elements. Notice that, if the subdivision is uniform, let us denote the step length
by h = 1/n and Z,,, = [mh; (m + 1)h] = [Tmn; Timt1]-

For each element of Z,,, we will use the notation v,,; = [T Tm+1] — R,
1 = 1,2,3,4, to denote the Hermite cubic local nodal basis functions defined
over this element. At each node z;, i = 1,2,...,n, we define two global nodal
basis functions as follows.

At z1, we define

if =¢& 220 if x¢& [x;20
b1(z) = 0 if @ ¢ [z () = 0 if @ ¢ [z,

Y11(x) if € [x1;2] Yr 2(z) if =€ ;.

At x,,, m =23, ...,n— 1, we define

0 ifr ¢ [xm_1;Tmi] 0 ifr ¢ [xm_1;Tmi]
¢2m—1(x) = @ZJm_l,g(I) if z € [me_l;flfm] 7¢2m(x) - ¢m—1,4(x) if z S [xm—l; mm]
Y (x) if x € [ Tiaa] Vo) if x € [x; Tinaa] -

And at z,,, we define

Gon_1(z) = 0 if v ¢ [2,_1; 2] on (1) = 0 ifx ¢ [x, 1;2,)

Uno1g(z)  ifx € [@p_1; 2, Un-14(z)  ifx € [zy_1;2,).

Thus, the nodal value for ¢,,(z;) form =1,2,...,2nand j = 1,2, ..., n is given as
follows:
0 it z; #x; 0 if ;£

’ Pai(z;) = ’

0522‘71(13]') =

for i = 1,2,...,n. Notice that the nodal values for ¢,,, m = 1,2,...,2n — 1,2n
are carried from the properties of the Hermite cubic local nodal basis functions
Ymi, © = 1,2,3,4. Here, we plot the standard Hermite cubic global basis func-
tions with nodes z; = 0, o = 0.2 and 3 = 0.4 on the domain [0, 1] to give a
visualization of these global basis functions (see Figure 2).
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081

0.6

0.4

02r

FIGURE 1. The standard FIGURE 2. First six of the
Hermite cubic local ba- Hermite cubic global basis
sis functions N;(§), i = functions with six nodes
1,2,3,4. partition on [0, 1].

Finally, our Hermite cubic finite element space is defined as:

Sh = Span {¢17 ¢27 sy ¢2n717 ¢2n} :

With the separation of variables, the approximate solution w;, € S" which we
seek can be written as follows:

n

wp(z,1) = Z (Wi () P2i—1(x) + (0;)2 () 2 ()]

i=1
for wy,(1,t) = w,_1(t) and (wy,).(1,t) = w,(t).
4.2. Space discretization. Let X" and S" be the respective finite dimension

subspaces of X and H%(0,1) such that ¢;, j = 1,..., N (with N = 2n ) be fixed
basis for S*. We obtain the following approximating problem :

Problem G": Find @), = (wy,(1), (wp)(1),wy) € C*([0; ), X™) or more simply
find the last component w;, € C?([0; 00), S") such that for each ¢ € (0; o)
(4.3) c((wn)u(t), &;) + a((wn)e(t), &;) + b(wn(t), ¢;) =0, ¢; € S
with
wh(., 0) = U)g S Shand (wh)t(.,O) = UJ{L € Sh,
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where the inner products ¢ and b are bilinear forms such as :

((wn)alt). ;) = / () (wn)udryd,

b(wn(t), ¢5) = /0 EI(2)(wh)ez (@) zedr + a(wn)e(1)(d;):(1) + Bwn)(1)(¢;)(1)
and « is bilinear form such as :

a((wn)e(t), ) = 2pa1(wn)e(1) ()2 (1) + pa2(wn)ar(1)(¢;)x(1)
+ pi21(wr)e(1)(05) (1) + 2422 (wh )oe (1) (65) (1)
By separation of variables, w;, can be written in the form: wy,(,t) = 3.~ | @;(t)¢;(x)
with wy,(z,0) = SN, digi(x) and (wy)(z,0) = SN l;¢s(x) where W, d, [ are
respectively, vector representation of the functions wy, wy(z,0) and (wp,):(z,0)
defined as follows:

W = [ Wy ... W, Wiy Woy ... Wnal ,
d = [Jl JQ Jn Czlx (jgx Jnx}T,
S AU D A S WA L

Equation (4.3) is equivalent to the following equation:
4.4) MWy, +CW,+ KW =0, with W(0)=d and W,(0)=1.

M is the mass matrix and K is the rigidity matrix. For all i,5 = 1,..., N, the
corresponding matrices M, C' and K are given by:

M;; = c(¢i, ;) = /O p(x)pig;d,
Cij = a(bi, ¢5) = 2011105 (1)(0)2(1) + p112(i) 2 (1) (#5)2 (1) + pa21(0:) (1) (¢5)(1)
+ 2p22(93)2 (1) (95)(1),
Kij = b(ds, ¢5) = /0 EI(2)(¢i)22(0j)eadr + adi)2(1)(¢5)2(1) + B(0:)(1)(¢5)(1).

Remark 4.1. The matrices M and K are symmetric, defined and positive therefore
M and K are invertible. It follows from the theory of linear differential equations
that (4.4) has a unique solution. This implies the existence and the uniqueness of
the solution of problem G".
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4.3. A-priori error estimates. In this subsection, the a-priori error estimates
for the semi-discrete solution approximation (4.3) are obtained. We will use a
method used in [3,4] to obtain error estimates.

The projection of weak solution w to S* on H%(0, 1) denoted by w, is such that:

b(w —w,,¢) =0 forall ¢ € S"
Using the projection, we divide the error e;,(t) = w(t) — wy(t) such that e, (t) =
e(t) + ep(t) with e(t) = wy(t) — wi(t) and e, (t) = w(t) — wy(t).
Let us state the following proposition [3] which will be useful in the rest of our
work.
Proposition 4.1. Let w € C*((0,T); H%(0,1)) and w, € C*((0,T), S") then
(45) C((eh)tt<t)7 gb) + a’((eh)t(t)v ¢) + b(e(t)a (b) = Oa fOT' Clll Qb € Sh'

We set Hx(0,1) = {w € H*(0,1) : w(0) = w,(0) = 0}. From Proposition 3.2.
of [4], we have the following estimations almost every in ¢, and where Cf; is a

constant:

(4.6) ||€p||H?E(0,1) = |lw - prHg(o,l) < CHhZHIU”Hg;(OJ)
4.7) H(ep)t“H?E(O,l) = [Jw; — (wp)tHHfE(o,n < CHh2||wt||H;4E(o,1)
(4.8) 1(ep)eell 201y = llw — (wp)eell 2201y < Cuh®|[wiel g1 0,1)-

The following lemma gives an estimate of the error e(t) = w,(t) — wy(t).
Lemma 4.1. Let w € C*([0,T) ; H£(0,1)) N C?((0,T); H%(0,1)) then,
(4.9 e« r20,1) + e 20,1y < Ve Ar
with
T T
Ar = [ IO + 3 s e Ollugon + 3K [ 1o
0 ; 0

+ed(0) 22,0 + VI + KlleO)l2.0,1) + VEI(€0)e(0) 12019

where K is a constant.

Proof. It is easy to show that the error e checks the weak formulation (3.3) for
all ; € S" or (4.3). Using ¢; = e;, we obtain the energy expression for e
analogously to (2.8):

(4.10) B(t,¢) = eleult) ei®) + ble(t),e(t)) = lee) oo + et By oy
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From (4.10), and since b and ¢ are inner products, we have

d
%E(t, 6) = C(ett(t)a et(t)) + b(e(t), et(t»'

Taking ¢ = ¢; in (4.5) and considering the fact that a(e.(t), e;(t)) > 0, we obtain

%E(t e) < —c((ep)u(t), ei(t)) — al(ep)i(t), ex(t))-

Thus for all t € (0,7),

@i [ e <= [ en®am) - [ a0
Since ¢, € C1([0, T); H2(0,1)) N C2((0,T); H%(0, 1)), then for any ¢ € (0,T),
4.12)

[ a0, =allen)0). )  atlep)0)e0) ~ [ at(ep)ate()

Using (4.11) and (4.12) we obtain
td
.1 —FE. <
(4.13) /0 2 B(,e) <

-/ c((ep>tt<t>,et<t>>(a<<ep>t<t>,e<t>> ~ alen0).e(0) - [ a<<ep>tt<.>,e<.>>).

By integration and using Cauchy Schwarz’s inequality, Young’s inequality and
the fact that [a(w, ¢)| < Kf|wl| gz 0,1) 19l 52 0,1) With K = & (11 + pa2 + pra1 + pi22),
(4.13) yields

Elt,e) < B/tE(.,e) gy

with

T T

Ko = [ el + 8K max ey + 85 [ el
+llex(0) 1220y + (1 + K)le(0) 3z 0,1 + K 1(ep)e(0) 172, 0.1)-

By applying the Gronwall inequality and using the fact that (a + b)? < 2a? + 202,

we get the result (4.9). O

Now, we give an important result for the convergence of the semi-discrete
scheme:
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Theorem 4.1. Let w the solution of (3.3) . Assume that w € C*([0,T); H%(0,1))N
C?([0,T); H2(0,1)) , wy € L*([0,T); H5(0,1)) and the expressions (4.6)-(4.9).
Then, for all t € (0,T)

lw(t) = wn (Ol 0.) + llwelt) = (wn)e(®)ll 201

< Gk (lw®) g + loe®) o)

T
4V [ [ O llugion + 3K mas 0) g o
0 b

T
3K [ lgn)] + 4V ol = w2
0

+V1+ K|wg — ngH?E(o,l) + VE|w; — waH]%J(O,l) :

Furthermore, if wl! and w! are respectively Hermite interpolations of wy and of wy,
then :

[w(t) = wa()l[ 13 0.) + [lwe(t) = (wn)e(®) ]| L2(0.0)

< Cph?

(nw(t)n%(o,l) ; Hwt(t)qu(o,l))
Ve (<T £ BIT) s [ (0)llg05) + 31 s () o

+(2+ \/E)leHH‘lE(O,l) +2v1+ KHwOHHéE(O,l))] '

Proof. We know that

[w(t) = wn (Ol 0.0) + llwit) = (wn)e(®)ll20.0) < [lw(t) = (wp) ()] 2 0,1)

(4.14) + [Jwe(t) = (wp)e ()| 22(0,1)
+ lle@)l a2 0,1) + llee(®)L20,1)-
Using Lemma 4.1, (4.14) and (4.6)-(4.8), we get the Theorem 4.1. O

5. NUMERICAL SIMULATIONS

In this section, we show through simulations, the efficiency of the numerical
method developed in the previous section.
In what follows, we will take : EI = p = 1.
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5.1. Order of convergence (0.0.c). In order to verify the order of convergence
proved in previous section, simulations are performed for different space dis-
cretization steps.

We take v = = 107" and 11 = 2, pia2 = 3, pio1 = 5, py2 = 10 (according the
conditions (1.6)). In following tables, the [*-error norms of e, are listed. The
o.0.c. results are given for fixed At = 10~2 and varying space discretization step
h =5 ,n=23,4,506,7, on the space interval [0, 1]. The order is calculated

using the following formula:
(0.0.c), =log|[(en)i/(en)i-1] /log (hi/hi—1), i=1,..,5.
For the initial conditions, we take two cases:
Case a) wo(x) = —0.62° 4+ 0.42%, vy =0 (table on the left)

1
Case b) wy(x) = 5352, vp =0 (table on the right).

At | h llen ]| 0.0.C At | h llen ]2 0.0.C
1072 & [3.398%1071 | — 1072| 1 |8314%107' | —
1072 ] & |1.735% 107" | 1.2 1072 ¢ |2.078% 107" | 2.0002
1072 | | 5.28%107% | 1.71 1072 | £ | 5.19% 1072 | 2.0014
1072 ] 55 | 1.43%107% | 1.88 1072 | & | 1.29%107% | 2.0042
1072 | L | 3.7%107° | 1.95 1072 & | 32x%107% | 2.0112
1072 | 535 | 8.95%107* | 2.04 1072 | 55 | 7.61%107* | 2.0704

We thus notice that the choice of the initial conditions have an impact on the
speed of convergence.

5.2. Energy decay and representation of solution w(x,t) = (w(1,t), w,(1,t), w(x,t)).
Now, we present the numerical simulation for the case a), the energy decay, tip
position w(1,t), tip angle w,(1,t) and deflection w(z,t) of the beam over time.

Then we discuss according to the values of the different variables, «, (3, 11;;.

5.2.1. Energy decay. As for the graphical representation of energy decay, we set
firstly « = 8 = 0 and p1; = pos = 9y = 0 and we vary puo (see Figure 3).
Secondly, we set 1o = 1, 11 = peo = p2; = 0 and we vary a, 5 (so that we
always have o = 3) (see Figure 4). These two figures are as follows.
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05 ; ; ; ; ; ; ; : : 06
By,=01

a=f=0.1
0.45 1 I a=p=1

By -p=5
= | | 05¢ azbe

20 25 30 35 40 45 50

15 20 25 30 35 40 45 50

time t time t
FIGURE 3. Energy for dif- FIGURE 4. Energy for dif-
ferent values of 1. ferent values of « and £.

We notice that the choice of these values has an influence on the rate of energy

decay.

5.2.2. Representation of each component of the solution w(x,t). Firstly, we will
represent the tip position and tip angle and then the deflection.

Graphical representation of tip position w(1,¢) and tip angle w,(1,1).

e Weset « = 8 =0 and py; = poo = po; = 0. Then we vary 5.

w(L,t)

——
=
|
“x(l t)

20 25 30 35 40 45 50
time t

10 15 20 25 30 35 40 45 50 0 5 10 15
time t

FIGURE 5. Tip position. FIGURE 6. Tip angle
e We set 1112 = 1 and 11 = e = por = 0. Then we vary a, 5 (so that we

always have a = ().
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w(l,t)
w_(L,t)

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
time t time t

FIGURE 7. Tip position FIGURE 8. Tip angle

Graphical representation of deflection w(x,t): First, we choose a = =
0.1, 11 = poe = oy = 0 and p12 = 1 (see Figure 9). Next, Figure 10 is obtained
with the arbitrary values o = § = 0.1 and 11 = 2, poe = 3, o1 = 5, 12 = 10.

02 0.05

w(x,t)

time t X 150 time t

FIGURE 9. Deflection w(x,t) FIGURE 10. Deflection w(z,t)
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