Advances in Mathematics: Scientific Journal 9 (2020), no.10, 8525-8546
BBV ML ISSN: 1857-8365 (printed); 1857-8438 (electronic)
https://doi.org/10.37418/ams;j.9.10.79

GENERALIZED L£-CONTRACTIVE MAPPING THEOREMS IN PARTIALLY
ORDERED SETS WITH b-METRIC SPACES

SEONG-HOON CHO

ABSTRACT. In this paper, the notion of generalized £-contractions is introduced
in partially ordered sets with b-metric spaces and a new fixed point theorem for
such contractions is established. An example and an application to differential
equation are given to support the validity of the main theorem.

1. INTRODUCTION AND PRELIMINARIES

Banach’s contraction principle, which plays a very important role in nonlinear
analysis, has been generalized and expanded by many researchers.

In particular, Chatterjea [3] gave a generalization of Banach contraction prin-
ciple as follows.

Theorem 1.1. [3] Let (X, d) be a complete metric space, and T' : X — X be a
C-contraction, i.e.

1
Jda € (0, 5) : Va,y € X, d(Tx, Ty) < ald(x, Ty) + d(y, Tx)].
Then T has a unique fixed point.

Choudhury [5] introduced a generalization of the notion of C-contraction and
he obtained the following result which is a generalization of Theorem 1.1.
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Theorem 1.2. [5] Let (X,d) be a complete metric space, and T : X — X be a
weakly C-contraction, i.e.

Ve,y € X, d(Te, Tg) < 3[dw, Ty) + dly, Ta)) = pld(z, Tg), d(y, T)

where ¢ : [0,00) X [0,00) — [0,00) is continuous with p(z,y) =0 < z =y = 0.
Then T has a unique fixed point.

Harjani et al. [8] extended the result of [5] to partially ordered sets with
metric spaces.

Theorem 1.3. [8] Let (X, <) be a partially ordered set. Suppose that there exists
a metric d on X such that (X, d) is a complete metric space.

Let T : X — X be a non-decreasing mapping, i.e. Tx =< Ty whenever © < y,
such that

1
Vo,y € X oy 2w, d(Te, Ty) < gld(z, Ty) + d(y, Tx)] — @(d(z, Ty), d(y, Tx))

where ¢ : [0,00) X [0,00) — [0, 00) is continuous with p(z,y) =0 < x =y = 0.
Assume that there exists xo € X such that xy < Tx.
If either T is continuous or x,, = x for any non-decreasing sequence {z,} C X
with
lim d(z,z,) =0,

n—oo

then T has a fixed point. Further if for x,y € X, there exists z € X such that either
z 2 xorz =y, then T has a unique fixed point.

Let 6 : (0,00) — (1, 00) be a function. Consider the following conditions:

(A1) 0 is non-decreasing;
(02) v{t,} C (0,00),

lim 0(t,) = 1< lim ¢, = 0;

n—oo n—oo

(#3) Ir € (0,1) Al € (0,00):
. 0(t)—1
lim ——— =

l;
t—0+ tr
(#4) 6 is continuous on (0, o).

Denote O1,3 by the family of all functions 0 : (0,00) — (1, c0) satisfying con-
ditions (61), (02) and (63), and ©,94 by the class of all functions ¢ : (0, 00) —
(1, 00) such that (1), (02) and (64) holds.
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Recently, Jleli and Samet [10] introduced the notion of #-contractions and
gave a generalization of the Banach contraction principle in generalized metric
spaces, where # € O;,3. Also, Ahmad et al. [1] extended the result of Jleli and
Samet [10] to metric spaces by using 6 € O,.

Very recently, Cho [4] introduced the notion of £-contractions by introducing
the concept of L-simulation function and obtained fixed point result for such
contractions in the setting of generalized metric spaces, which is a generaliza-
tion of result [10].

In the paper, we introduce the concept of a new type of contraction maps
which is generalization of C-contractions and weak C-contractions, and we es-
tablish a new fixed point theorem for such contraction maps in the setting of
partially ordered sets with b-metric spaces.

Recall the concept of £-simulation functions.

A function € : [1,00) x [1,00) — R is called £-simulation [4] if and only if it
satisfies the following conditions:

€D &(1,1) =1;

(£2) &(t,s) < § Vs, t > 1;

(&3) for any sequence {¢,}, {s,} C (1,00) with ¢, <s, ¥n=1,2,3,---

lim ¢, = lim s, > 1= lim sup&(t,, s,) < 1.

n—oo n—oo n—oo

Denote £ by the family of all £-simulation functions.
Note that £(¢,t) < 1Vt > 1.

Example 1. [4] Let &, &0, &, Ewe © [1,00) X [1,00) — R be functions defined as
follows, respectively:

(1) &l(t,s) = % Vt,s > 1 where k € (0,1);

(2) &u(t,s) = 7oty Vi s =1, where ¢ : [1,00) — [1,00) is non-decreasing and

lower semicontinuous such that ¢~ ({1}) = 1;
1 if (s, 1) = (1,1),

) &t,s) =42 ifs<t,
otherwise,
Vs,t > 1, where A € (0,1);
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(4) Euelt, s182) = Ty Vhsis2 > 1 where ¢ : [1,00) X [1,00) = [1,00) is

continuous such that )(u,v) = lifand only if p = v = 1.

Czerwik [6] introduced the concept of a b-metric.

A function d : X x X — [0,00), where X is a non-empty set, is called b-
metric [6] on X if and only if it satisfies the following conditions:

forall z,y,z € X

(d1) d(z,y) = 0if and only if z = y;

(d2) d(z,y) = d(y, z);

In this case, the pair (X, d) is called a b-metric space.

Also, Czerwik [7] gave a generalization of this concept by replacing constant
2 in condition (d3) with constant s > 1 as follows:

Let X be a non-empty set, and d : X x X — [0, c0) be a function such that for
all z,y,z € X

(d1) d(z,y) = 0if and only if z = y;

(d2) d(z,y) = d(y, x);

(d3) d(z,y) < s[d(z,2) + d(z,y)] where s > 1.

Then d is also called a b-metric and (X, d) is called a b-metric space.
Note that if s=1, then a b-metric reduce to a metric.

Let (X, d) be a b-metric space, {z,} C X be a sequence and =z € X. Then we
say that

(1) {z,} is convergent to x (denoted by lim,,_,., z, = z) if and only if for all
e > 0, there exists ny € N such that

Vn > ng, d(z,,z) <€, e lim d(z, x,) = 0;

n—o0

(2) {z,} is Cauchy if and only if for all ¢ > 0, there exists nq € N such that

Vn,m > ng, d(z,,m) <€, de lm d(z,,z,) = 0;
m,n—o0

(3) The b-metric space (X,d) is complete if and only if every Cauchy se-
quence in X is convergent to some point in X.
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Note that every convergent sequence in a b-metric space has a unique limit.
In fact, if lim,, ., d(z,z,) = 0 and lim,,_,, d(y, z,,) = 0, then

d(z,y) < sld(z, z) + d(zn, y)]

which yields d(x,y) = 0, and = = y.

Also, note that every convergent sequence in a b-metric space is a Caucy se-
quence.

Khamsi and Hussein [11] defined a toplogy o, on b-metric space (X, d) by

U€og<=VreU Je>0:B(x,e) ={y:d(z,y) <e} CU.

Let (X, d) be a b-metric space.

Amap T : X — X is called continuous at z € X if for any V' € o, containg
Tz, there exists U € o, containg x such that 7U C V.

We say that amap 7' : X — X is continuous whenever it is continuous at each
point in X.

Proposition 1.1. Let (X, d) be a b-metric space, and let T : X — X be a map.
Then the followings are equivalent.
(1) T is continuous at x € X;
(2) Ve >0, 36 > 0:
d(z,y) < 6 = d(Tx,Ty) < ¢

(3) T is sequentially continuous at z, ie. lim, .. d(Tx,,Tz) = 0 for any
sequence {x,} C X with lim,_,, d(z,,z) = 0.

Remark 1.1. [9] If d is a b-metric on X, then d is not generally continuous in each
coordinates.

Proposition 1.2. [2] Let (X,d) be a b-metric space. If d is continuous in one
variable, then d is continuous in other variable. Moreover, we have that Vx €
X, Vr>0

(1) B(z,r) € og4;
(2) X\Blz,r] € a4
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2. FIXED POINT THEOREMS

Let (X, <) be a partially ordered set.
A mapping T : X — X is called non-decreasing if and only if for z,y € X,

x <y implies Tz < TY.

Now, we prove our main result.

Theorem 2.1. Let (X, <) be a partially ordered set. Suppose that there exists a
b-metric d on X such that (X,d) is complete. Let T : X — X be a non-decreasing
mapping such that for all x,y € X withy <z

@1) (T, Ty) > 0 = £(0(sd(Tz, Ty)), 9(1%5[‘“1"’ Ty) + d(y, Tz)))) > 1.

Assume that there exists xo € X such that xo < Txq. If T is continuous, then T
has a fixed point.

Proof. Suppose that 2o < T'z,. Since T' is non-decreasing,
o = Txy < T?x.
Inductively, we have
xo =X Twg = T?x0 X TPxo- - X T'wg X T wg < -+ .
Let {z,,} C X be a sequence defined by

Tp=Tx, 1 =T"29,Yn=1,2,3,--

Then
Tp STy, VN =1,2,3,---.

If , = x,4, for some n > 1, then x,, = Tz, and the proof is finished. Thus
assume that

Ty =X XTpyr and x, # T, Vn=1,2,3,---

It follows from (2.1) that

1 <€(0(sd(Ty 1, T)), H(ﬁ[d(wnl, Ta,) + d(zn, T 1))
=05, Pn11)), O A0, Zir) + s 7))

1
1+s

=£(0(sd(n, vpn11)), 0( d(Tp-1,%n11)))
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6(1__}_5d<xn717 Tn+1))

T 0(sd(zn, Tnr1))

which implies
1
(2.2) O(sd(xp, Tny1)) < Q(Ed(xn_l, Tpi1))

and so

23 O(sd(xy, Tni1)) < 9(1 s

<O A, @) + (i, 201a)]).

d(l’n—la xn—i—l))

Since ¢ is non-decreasing,

Sd(l’n, xn—s—l)

S
<—[d(l’n,1, xn) + d<xna anrl)]

1+s
which implies
2
11 Sd(:vn,:vn+1) < %Hd(mn_l,xn).
Thus we have
s 52
md(xn, Tpi1) < T Sd(xn, Tpi1) < g Sd(xn,l,xn).

Hence
d(xp, Tpe1) < d(xp_1,2,),Yn =1,2,3,--- .

Since {d(x,_1,2,)} C [0,00) is a decreasing sequence, there exists r > 0 such
that

lim d(z,_1,z,) =1
n—oo

We now show that » = 0. Suppose that r # 0. Let ¢, = 0(sd(x,,z,+1)) and
Sp = Q(ﬁd(xn_l,xnﬂ))Vn =1,2,3,--- . Then it follows from (2.2) that

t, <s,Vn=1,2,3,---.

We have
lim ¢, = 6(sr).

n—oo
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It follows from (2.3) that
O(sd(xp, Tni1))

1
<6( d(Tn-1,Tnt1))
2.4) b
<0( T [d(2p—1,2n) + d(Ty, Try1)])

S
<O(5ld(@n-1,20) + d(2n, Tns1)))-
Letting n — oo in (2.4), we have

nll_{glo Sp = 0(sr).

Hence
1 < lim sup&(0(t,,sn)) <1
n—oo

which is a contradiction. Thus we have

lim d(z,_1,2,) =0
n—oo

and so
lim O(d(xp—1,2,)) = 1.

n—o0

We show that {z,} is a Cauchy sequence. On the contrary, assume that {z,}
is not a Cauchy sequence. Then there exists an ¢ > 0 for which we can find
subsequences {,,)} and {z,x)} of {z,} such that m(k) is the smallest index
for which m(k) > n(k) > kVk =1,2,3,---

d(:cm(k), l’n(k)) > ¢ and d(l‘m(k)_l,l'n(k)) < €.
Since m(k) > n(k) > kVk=1,2,3, -,
:En(k) j ZEm(k) Vk = 1, 2, 3, ML
It follows from (2.1) that
1
1 <E(0(sd(Tn(k), Tm(k))); 0
<E(O(sd(@n@ry, Tm(r))) (1+S

0(151d(@nm)—1, Tm(r)) + A(Tm@i) -1, Tni))])
Q(Sd(xn(k) ) Z‘m(k)))

[d(@nk)—1, Tm(r)) + A Tm(r)—15 Tngk))])

<
which implies

1
O(sd(2n(r), Tm(r))) < 837 [d(@n1, Tm(ry) + A1, Tuir)])-



Hence we have

(2.5)

We infer that

GENERALIZED L-

S€

<8A(Tn (ks Tim(k))
1

<
1+s
1

1+s

<

A(Tn(k)—1> Tm(k))
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[A(Trk)=1, Tm(k)) + A ()=15 Tk))]

€ + d(Tn(r)—15 Tm@))]-

<SA(Tr(k), Tn(k)) + 5A(Tn(hy, Tngry-1)

(2.6)

SSQd(xm(k)a T(ky—1) + 82d($m(k)f1, Tn(k)) + 8A(Tn(k), Tn(k)—1)

<s2d(xm(k), To(ky—1) + s%e 4+ SA(Tp(ky, Tn(k)—1)-

Letting n — oo in (2.6), we obtain

2.7)

lim d(z,
k—ro0

(=1, Tm(k)) < S%€.

By taking £ — oo in (2.5) and applying (2.7), we have

which implies

lim sd(mm(k),xn(k)) = lim

k—00

S€

< lim sd(@p(k)s Tn(k))

k—00

k—soo 1+ s

[A(Zp(k)=1, Zr(r)) + A (e)—15 Tnk))]

8533
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Let ¢, = Q(Sd(mm(k), [En(k))) and Sy = H(ﬁ[d(xn(k)—h :L‘m(k)) + d(l'm(k:)—ly Jin(k))]).
Then
e < spVk=1,2,3,---, and lim ¢, = lim s; > 1.

k—o0 k—

Hence
1< klim sup &(ty, sp) < 1

%
which is a contradiction.

Thus {z,} is a Cauchy sequence, and so there exists =, € X such that

lim d(z,,z,) = 0.

n—oo

Since 7' is continuous,

lim d(Tx., xpq1) = lim d(Tz,, Tx,) = 0.

n—oo n—oo

Thus we have

d(l’*, TZE*) S s lim [d(ZL‘*7ZL’n+1) + d(In+1,TJ;*)] =0.

n—o0

Hence z, = Tx,. O

Theorem 2.2. Let (X, <) be a partially ordered set. Suppose that there exists a
b-metric d on X such that (X,d) is complete. Let T : X — X be a non-decreasing
mapping such that (2.1) holds. Assume that there exists xq € X such that xq <
Txo. If, for any non-decreasing sequence {x,,} with lim,_, d(z,z,) = 0,

(2.8) Tp T
then T has a fixed point.

Proof. Following proof of Theorem 2.1, we have a sequence {x, = T"xy} C
X,x9 € X suchthatforalln =1,2,3,---,

Ty R Tpi1, Tn # Tpyr, lim d(z,,z,) =0and lim d(z,_1,z,) = 0.
n—oo n—oo

It follows from (2.1) and (2.8) that
1
1+s

—€(0(sd(T Ta,)). O ) + (. T )

0(ld(we, 2ns1) + d(wy, T.)])
O(sd(Tx,, Txy))

1 < &(0(sd(Tx,, Ty)), 6( [d(zs, Tzy) + d(z4, T2.)]))

<
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which implies

(2.9) O(sd(Txy, Txy)) < 9(1 s [d(zy, Tpy1) + d(zp, Tx))]).
Hence
1
(T2, 3051)) < e 2ai) + g, T)
1
<175 [d(24, Try1) + 8d(xp, 24) + sd(4, TTs)]

1
<1—+Sd(m*7 Tpi1) + d(Tn, ) + d(xs, Tx,)).

Thus

lim sd(Tz., xp1) < d(zy, Txy).

n—o0

Hence

d(xy, Tx,) < lim [sd(zy, Tpy1) + SA(Tpi1, Tas)] < d(y, Txy)

n—oo

which implies

d(zy, Tz,) < lim sd(zpi1, T2y) < d(xy, Tx,)

n—0o0
and so

lim sd(zp41,Tx,) = d(xy, Txy).

n—oo

It follows from (2.9) that

sd(Tzy, Tz,) <

*y4n n7T*
T3 5[4 Tngn) + d(zn, To)] <

[d(x, Tpy1) + d(xy, Tz ).
By letting n — oo in above we have

1
1+s
which is a contradiction if d(z., Tz,) > 0.

Hence d(x,,Tz.) = 0, and hence z, = Tx,. O

d(xs, Tr,) < d(xy, Tz,)
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Theorem 2.3. Let (X, <) be a partially ordered set. Suppose that there exists a
b-metric d on X such that (X,d) is complete. Let T : X — X be a non-decreasing
mapping such that (2.1) holds. Suppose that there exists ©o € X such that zy <
Tz, and assume that either T is continuous or (2.8) is satisfied. If for x,y € X,
there exists z € X such that either z < z or z = y, then T has a unique fixed point.

Proof. By Theorem 2.1 or Theorem 2.2, T" has a fixed point.
We show that the fixed point of 7" is unique. Let v = Tw and v = Tv. We
consider the following two cases.

Case 1. Let v < u.
Suppose that u # v. Then d(u,v) > 0, and form (2.1) we have

| <€(0(sd(Tu, Tv)), 0(—— [d(u, Tv) + d(v, Tu)]))

I+s
= (0w, 0), 05— [d(u, ) + dlo, w)])
<9(1L+5[d(u, v) + d(v,u)])
0(sd(u,v))
which implies
0(sd(u,v)) < 0(1—L[d(u, v) +d(v,u)]) = 0(%_{_8[d(u, v)]) < 0(d(u,v))

which is a contradiction. Thus v = v, and 7" has a unique fixed point.

Case 2. If u £ v, then there exists z € X such that z < u or z < v.
Suppose that z < u. Since 7' is non-decreasing,

Tl < T vn=1,2,3---.
It follows from (2.1) that Vn =1,2,3, - --

| <€(0(sd(Tu, T"2)), 9(1—is[d<u, T2) + d(T" 2, T")))

=£(0(sd(u, T"z)), Q(ﬁ[d(u, Tm2) +d(T" 2, u)]))

0(d(u, T 2) + d(T" " 2, u)])
O(sd(u, Tz))

<

which implies

O(sd(u,T"z)) < 9(1 !

e [d(u, T"2) + d(T" 2, u)])
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and so
1
(2.10) sd(u, T"z) < T [d(u, T"2) + d(T" 'z, u)].
S
Hence
L0, T72) < (5 — —)d(u, T"2) < ——d(u, T"2)
T u, T"z) < (s 1o u, T"z T u, 2
and hence

d(u, T"z) < d(u, T" '2)Vn =1,2,3,-- .

Thus there exists [ > 0 such that lim,, ., d(u, 7" 'z) = I. By letting n — oo in
(2.10), we have

[ <
y T 1+s

which is a contradiction if [ # 0. Hence [ = 0 and hence lim,,_,, d(u,T"z) = 0.

l

Similary, we can prove lim,, ., d(v,7"z) = 0. Thus we have

d(u,v) < lim [sd(u,T"z) + sd(T"z,v)] = 0.

n—o0

Hence u = v, and T has a unique fixed point. O
By taking &.(¢,q) = %, k € (0,1) in Theorem 2.3, we have the following result.

Corollary 2.1. Let (X, <) be a partially ordered set. Suppose that there exists a
b-metric d on X such that (X,d) is complete. Let T : X — X be a non-decreasing
mapping such that for all x,y € X with y <z

d(Tz, Ty) > 0= 0(sd(Tz,Ty)) < [Q(ﬁ{d(x,Ty) +d(y, Tz)})]

where k € (0,1).

Suppose that there exists xq € X such that xo =< T'zo, and assume that either T
is continuous or (2.8) is satisfied.

Then T has a fixed point. Further if for x,y € X, there exists z € X such that
z X xorz =<y, then T has a unique fixed point.
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Corollary 2.2. Let (X, <) be a partially ordered set. Suppose that there exists a
b-metric d on X such that (X,d) is complete. Let T : X — X be a non-decreasing
mapping such that for all x,y € X withy < x

(T, Ty) < ——ld(w, Tg) + d(y, )

where k € (0,1).

Suppose that there exists xo € X such that xq < Tz, and assume that either T
is continuous or (2.8) is satisfied.

Then T has a fixed point. Further if for x,y € X, there exists z € X such that
z R xorz =y, then T has a unique fixed point.

By taking ¢, in Theorem 2.3, we have the following result.

Corollary 2.3. Let (X, <) be a partially ordered set. Suppose that there exists a
b-metric d on X such that (X,d) is complete. Let T : X — X be a non-decreasing
mapping such that for all x,y € X withy <z

015 d(x, Ty) + d(y. T)))
0z d(x, Ty)), 0(r5d(y, Tx)))
where 0 € © with 0(p; + p2) = 0(p1)0(p2).

Suppose that there exists xo € X such that xq < Tz, and assume that either T

d(Txz,Ty) > 0= 0(sd(Tz,Ty)) <

is continuous or (2.8) is satisfied.
Then T has a fixed point. Further if for x,y € X, there exists = € X such that
z X xorz =y, then T has a unique fixed point.

Corollary 2.4. Let (X, <) be a partially ordered set. Suppose that there exists a
b-metric d on X such that (X,d) is complete. Let T : X — X be a non-decreasing
mapping such that for all x,y € X withy < x

(2.11) sd(Txz, Ty) < 1—_1FS[d(x,Ty) +d(y, Tz)]) — p(d(z, Ty),d(y, Tx))

where ¢ : [0,00) X [0,00) — [0,00) is continuous and ¢(u,v) = 0 if and only if
u=1v=0.

Suppose that there exists xo € X such that xq < Tz, and assume that either T
is continuous or (2.8) is satisfied.
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Then T has a fixed point. Further if for x,y € X, there exists z € X such that
z X xorz =y, then T has a unique fixed point.

Proof. Let 6(t) = ¢',Vt > 0, and let (u,v) = In(Y(0(15u), 0(15v))), Yu,v > 0

such that ¢ : [1,00) x [1,00) — [1, 00) is continuous and v (y, v) = 1 if and only

ifu=v=1.
Then we have
o(u,v) =0
S In((0(——u), 6(——0v)) = 0
1 1+su’ 1+sv -
1 1
(0w, o) =
1 1
®9(1+su)_6(1+sv>_1
sSu=v=>0

It follows from (2.11) that for all z,y € X with y <z and d(Tx,Ty) > 0
0(sd(Tx, Ty)) = 31Ty

< o 13 (@ Ty) +d(y,Tx)|—p(d(z,Ty) d(y,Tx))

o 15 [ Ty)+d(y,Tw)]

~ epld(@,Ty).d(y.Tx))

_ O(gsld(x, Ty) +d(y, Ta)))

U(0(75d(z, Ty)), 0(5d(y, Tx)))
By Corollary 2.3, T has a unique fixed point. 0

Remark 2.1. Corollary 2.4 reduces to Theorem 3.2 of [8] by taking s = 1. Also,
by taking s = 1 in Corollary 2.2, we have an extension of Theorem 1.1 to partially
ordered sets with metric spaces.

We give an example to illustrate Theorem 2.1.

Example 2. Let X = {2 : n = 1,2,3,---} U{0} and p(z,y) =|  — y | and
d(z,y) =z -y >
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Define

y=rsrsy.

Then (X, <) is partially ordered set, and (X, p) is a complete metric space and
(X, d) is a complete b-metric space with s = 2.

Obviously, we have that for any non-decreasing sequence {z,} C X with n11_>r£1o Tn,
=z € X,

Tp 22,Vn=1,2,3,---
Thus condition (2.8) holds.

Defineamap T : X — X by

o e=tm=1230)
0 (x =0).
and a function 6 : (0,00) — (1, 00) by
0(t) = €.
For zg =1, Txg = T1 = 3, and so Ty < xo, which yields
i) j TJ]().
Let Y(u,v) = %, Yu,v > 1. We now show that (2.1) hold with respect to &,.
Consider the following two case.

Case 1. Let z = 0,y = L. Then

E(B((0, 7). !

3 S0, 7) + d( TO)))
0(3[d(0,T+) + d(<,7T0)])
~H@RA(TO, T2 {65 (0, T1)), 603 (L, 70)
Ry
OO ) 60 )

63[(n+12+ }

2 1_1 -2
enZed (n41)2 en2

—en? >1Vn=1,23,---
Thus we have
0(3(d(0, Tl) d(;;, T0)))
$(0(5d(0,T7)),0(5d(;;, T0))) —

> 6(2d(T0, T~ )) Vn =123,
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Case 2. Let x = + and y = = (m > n). Then
1 1,1 1.1 .1 1 1
§0FdT—,T—)), 0(zld(—, T—) +d(—.T)]))
0(1d(;, To) + G T3)))
0(2d(T+, T))e(0(3d(5, T5)), 0(3d(5;. T7)))
) PGl s~ b | ki )
el P+ = )

2| —= |2 | |2 | |2
elln+1 m+1 63 m+1) e m n+1

_€3| n+1)| >1Vm>n 17273

Hence all condition of Theorem 2.2 is satisfied, T has a fixed point.
Note that Corollary 2.2 is not applicable here. In fact, if t = 0 and y =

= 1, then
1 k 1 1
d(T0,T—) < d(0,T—)+d(—,T0
Sd(T0,T) < = [d(0,T) +d(, TO)]
which implies
2 <k’[1 + 1 ]
(n+1)2 = 3?2  (n+1)?
Hence
2
k " 2nt + 4n3 + 2n?
> 1(+1) . n® +4n° + 2n Vn =123
3 2+(n+1) T 20t +6n® + T2+ 4n + 1

Thus k > 3, which is a contradiction. Hence Corollary 2.2 is not satisfied

Also, Corollary 2.1 does not hold. In fact, let z = 0,y = L and 0(t) = €', Vt > 0
then

k 1 1
O(sd(T0,T <4 d(xz, T— d(=.TO0)]).
(sd(T0,Tx)) < 0(;=—[d(x, T) + d(-. TO))
Thus
eTi? < 3zt Gy
and so
" 2 n%(n+1)? 212
es > e (m+D2 2n212n+1 — e2n2+42nt1 Y = 1 2 3
Hence

w\x-

> e, and hence k > 3

which is a contradiction. Thus Corollary 2.1 is not applicable here
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3. APPLICATION TO DIFFERENTIAL EQUATIONS

Let I = [0,7] C R be a closed interval, where 7" > 0, and let C'(I,R) be the
class of all continuous function from I into R.

Let p(z,y) = supye | 2(s)—y(s) | Va,y € C(I,R), and d(z,y) = [p(x,y)]* Va,y €
C(LR).

Then (C(L,R),d) is a complete b-metric space with s = 2, and (C(I,R), <) is
a partially ordered set with the partial order given by

Ve,y € C(LLR), o<y < xz(s) <y(s) Vs e L.

Consider the following ordinary differential equation:
(3.1 u'(s) = f(s,u(s)), Vs € I, u(0) = u(T)
where f : I x R — R is a continuous function.

A function a € C'(I,R) is a lower solution for the ordinary differential equa-

tion (3.1) if and only if
a'(s) < f(s,a(s)) Vs €1, a(0) < a(T).

Note that if, for some A > 0

eMT+s—t)
S (
er(s—t)

G(t,s) =

then

In fact,

T b M s—t) T A(s—1)
sup/O G(t,s)ds:sup/O ﬁds—l—/t e/\T——lds

tel tel
—sup 1 [(leA(T+st)]t n [leA(st)r

el AT =11\ 0 A t
1 AT
“xer—p© VY
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Lemma 3.1. [12] If a € CY(I,R) is a lower solution for the ordinary differential
equation (3.1), then a < Fa where F : C(I,R) — C(I,R) is a map defined by

(3.2) (Fu)(t) = /0 G(t, s)[f(s,u(s)) + Au(s)]ds.

Theorem 3.1. Suppose that there exists A > 0 such that for x,y € Rwith z <y
1
<GS (s, 2) + Ax) = My + (f(5,9) + Ay) = M)

where k € (0,1) and 0 € ©19y.
Then the differential equation (3.1) has a unique solution, whenever it has a
lower solution.

(3.3)

Proof. Let ' : C(I,R) — C(I,R) be a map defined by (3.2). Let u,v € C(I,R)
with v < «. Then from (3.3)
0(F (s, u(s)) + Xu(s) — [£(s,v(s)) + Mo(s)]) > 1.
Hence
f(s,u(s)) + Au(s) — [f(s,v(s)) + Av(s)] > 0
and hence
f(s,u(s)) + Au(s) > f(s,v(s)) + Av(s).

Thus we have that for each ¢t € 1

(Fv)(t)

T

G(t,s)[f(s,v(s)) + Av(s)]ds

/0 G(t, s)[f(s,u(s)) + Au(s)]ds
=(Fu)(t)

which implies
Fv < Fu.

Thus F is non-decreasing and 0 < d(Fu, F'v).
Let a(t) € C'(I,R) be a lower solution for (3.1). By Lemma 3.1, a < Fla.
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Let v < u. Then we have that

1 <0(2d(Fu, Fv))
=0(2sup | (Fu)(t) — (Fo)(t) [*)

tel

~t2supl [ Glt,3)[F(5,u(5) + Xals) — £(5,0(6)) = Ao(s)sf)
<[8(1 sup[/0 G(t,s)[f(s,u(s)) + Mu(s)]ds — \v(t)]?

3 tel

+ g supl / G(t,5)1 (5, v(s)) + Ao(s)]ds — Xu(t) )"

tel

[9( [sup[(F — Au(t / G(t,s)ds]?

3" ter
+ [(F'o)(t) — Au(?) i G(@S)ds] bk

—[Bsup Z[((Fu)(t) — v(0)? + (Fo)(t) — u(®))?))!

tel 3

g[@(%[d(Fu, v) + d(Fo,u)])]*
which implies

[0(%[d(Fu, v) + d(Fv,u)))]*
0(2d(Fu, Fv))

1<

&, (0(2d(Fu, Fv)), e(% (d(Fu, v) + d(Fo, u)])

=& (0(sd(Fu, Fv)), 0(5 i s

Vu,v € C(I,R) with v < u. Hence (2.1) holds.

[d(Fu,v) + d(Fv,u)])),

We show that (2.11) holds.
Let {z,} C C(I,R) be a non-decreasing sequence such that
(3.4 lim d(x,z,) =0

n—oo

where z € C(I, R). Then we have that for all ¢ € I

(3.5) 21(t) S za(t) < - < ap(t) < -
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It follows from (3.4) and (3.5) that
zo(t) <z(t)Vieln=1,2,3---.

Thus
Tp 32 Vn=1,2,3,---.

Let u,v € C(I,R). Then u(t),v(t) € R vt € I, and so there exists z € C(I,R)
such that

vVt € 1, either z(t) < u(t) or z(t) < v(t)
which yields

either z <wor z < wv.

All conditions of Theorem 2.3 are satisfied with condition (2.8). By Theorem
2.3, F has a unique fixed point, say u. € C(I,R). Hence u. € C'(I,R) is a
unique solution of differential equation (3.1). O
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