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TRANSLATION OF Q-FUZZY SUBRING AND ANTI QQ-FUZZY SUBRING
B. ANITHA

ABSTRACT. In this paper, the concept of Q-fuzzy translation of Q-fuzzy subring
(ideal), anti Q-fuzzy subring are presented and further, some important notions
and basic algebraic properties are discussed. Also we studied the homomorphic
behavior of Q-fuzzy translation of Q-fuzzy subring and Anti Q-fuzzy subring.

1. INTRODUCTION

The pioneering work of Zadeh on the fuzzy subset of a set in [8] and Rosen-
feld on fuzzy subgroups of a group in [4] led to the fuzzification of algebraic
structures. For example in [2, 3], Liu introduced the notion of fuzzy ideal of a
ring. Biswas in [1] gave the idea of Anti fuzzy subgroups. The notion of trans-
lates of fuzzy set has been defined by the author in [5]. The same author in [6]
introduced the translates of anti fuzzy subrings and ideals. The notion of trans-
lation of anti S-fuzzy subhemiring was introduced by the authors in [7]. In this
paper, we study the translation of )-fuzzy subring and anti Q-fuzzy subring.

2. PRELIMINARIES

Definition 2.1. Let X be a non-empty set and () be a non-empty set. A Q-fuzzy
subset A of X is a function A: X x Q — [0, 1].
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Definition 2.2. Let R be a ring. A Q)-fuzzy subset A of R is said to be a Q)-fuzzy
subring (QFSR) of R if it satisfies the following conditions.

(i) Alz —y,q) > min{A(z,q), Ay, q)}
(#) A(zy,q) > min{A(zx,q), A(y,q)}, forall z,y € Rand q € Q.

Definition 2.3. Let R be a ring. A Q-fuzzy subset A in R is called anti Q)-fuzzy
subring (AQFSR) of R if

(1) Az —y,q) < max{A(z,q), Ay, q)}
(1) A(zy,q) < max{A(z,q),A(y,q)}, forall z,y € R.

Definition 2.4. A Q-fuzzy subset A of R is called

(a) Q-fuzzy left ideal (QFLD) of R if
() Alz —y,q) = min{A(z,q), A(y, q)}
(i) A(zy,q) > A(y,q), forall z,y € Rand q € Q.
(b) Q-fuzzy right ideal (QFRI) of R if
(1) A(z —y,q) > min{A(z,q), Ay, q)}
(i) A(xy,q) > Az, q)
() Q-fuzzy ideal (QFI) of R if
() A(z —y,q) > min{A(z,q), Ay, q)}
(@) A(zy,q) > max{A(z,q), A(y,q)}, forall z,y € Rand q € Q.

Definition 2.5. A Q)-fuzzy subset A of a ring R is called

(a) Anti fuzzy left ideal (AFLI) of R if
() Az —y,q) < max{A(z,q), Ay, q)}
(1)) A(zy,q) < Aly.q), forallz,y € Rand q € Q.

(b) Anti fuzzy right ideal (AFRI) of R if
(1) A(z —y,q) < max{A(z,q), Ay, q)}
(#1) A(zy,q) < A(x,q), forall z,y € Rand q € Q.

(c) Anti fuzzy ideal (AFD) of R if
(D) Az —y.q) < max{A(z, q), Ay, q)}
(i) A(zy,q) < min{A(z,q), A(y,q)}, forallz,y € Rand q € Q.

Definition 2.6. Let (R,+,-) and (R', +,-) be any two subring. Then the function
f: R — R'is called a ring homomorphism if it satisfies the following conditions.

@) flz+y) = f(z)+ f(y)
@) f(zy) = f(x)- f(y), forall z,y € R.
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Definition 2.7. Let (R,+,-) and (R',+,-) be any two subrings. Then the func-
tion f : R — R’ is called a ring anti-homomorphism if it satisfies the following
conditions.

@ flx+y)=fly) + f(z)
(i) f(zy) = f(y)- f(x)foral z,y € R.

Definition 2.8. Let A be a Q-fuzzy subset of R and o € [0,1 — sup{A(z,q) : = €
R,0 < A(z,q) < 1}]. Then
T = T4 is called a Q-fuzzy translation of A if T(x,q) = A(x,q) + a, forall z € R.

3. TRANSLATION OF ()-FUZZY SUBRING AND ANTI ()-FUZZY SUBRING

Theorem 3.1. If A is a QFSR of the ring R then T = T2 is also QFSR of R.

Proof. Let x,y € R and ¢ € (Q be any elements, we have
T(x—y,q) = Alx —y,q) + o > min{A(z,q), Ay, )} + o
= min{A(z,¢) + a, A(y, ¢) + o} = min{T'(z,9), T'(y, )}
T(zy,q) = Ay, q) + o > min{A(z,q), A(y, ¢)} + o
= min{A(z, q) + a, A(y, q) + a} = min{T(z,q), T(y, q).
Therefore T is a QFSR of R. O
Theorem 3.2. If A is a QFI of the ring R, then T = T is also QFI of R.

Proof. Let x,y € R and g € Q) be any elements, then we have

(3.1
T(x—y,q) = Alz — y,q) + o > min{A(z,q), A(y,q)} + a

= min{A(z,q) + a, A(y, q) + o} = min{T'(z,¢), T'(y, )}
T(xy,q) = A(zy,q) + o > Ay, q) + a =T(y,q) (as Ais QF LI of R)
Also
(3.2) T(zy,q) = Alzy,q) + o > A(x,q) + a =T(z,q) (as Ais QFRI of R)
From (3.1) and (3.2) we get
T(xy,q) = max{T(z,q), T(y,q)}
Thus T is a QFI of R. O
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Theorem 3.3. If A is AQFSR of R, then T = T is also AQFSR of R.

Proof. It is trivial. O
Theorem 3.4. If A is AQFI of R, then T = T2 is also AQFI of R.

Proof. It is trivial. O

Theorem 3.5. If T} and T, are two Q-fuzzy translation of Q-fuzzy subring A of a
ring R then their intersection T1 N Ty is also a Q-fuzzy translation of R.

Proof. Let T} and T; be two ()-fuzzy translation of ()-fuzzy subring A of R. Then
(Th N Ta)(z, q) = Ti(z, q) N Ta(22,q) = (A(z,q) + 1) N (A(z, q) + az)
= min{A(z, q) + a1, A(z,q) + o} = A(z, q) + min(ay, ay).

Therefore T7 N Ty is Q-fuzzy translation of Q-fuzzy subring A of R. O

Theorem 3.6. The intersection of a family of Q)-fuzzy translation of Q)-fuzzy sub-
ring A of a ring R is a Q-fuzzy translation of R.

Proof. It is trivial. U

Theorem 3.7. If T} and T; are two Q)-fuzzy translation of QFSR A of R then their
union Ty U T, is also a Q-fuzzy translation of R.

Proof. Let T} and T; be two Q)-fuzzy translation of )-fuzzy subring A of R. Then
(Th U T)(z, q) =T1 (2, q) UTs(z0,q) = (A(z,q) + r) U (A(z,q) + a2)
= max{A(x, Q) + anq, A(l’, Q) + Oég} = A(Ia Q> + max(al, 042)-

Therefore 77 U T5 is a Q-fuzzy translation of ()-fuzzy subring A of R. O

Theorem 3.8. The union of a family of Q-fuzzy translation of Q-fuzzy subring A
of aring R is a QQ-fuzzy translation of R.

Proof. It is trivial. O

Theorem 3.9. Let (R, +,-) and (R, +,-) be any two rings and ) be a non-empty
set. If f : R — R’ is a homomorphism, then the -fuzzy translation is a homo-
morphism, then the Q-fuzzy translation of a Q-fuzzy subring A of R under the
homomorphic image is a Q-fuzzy subring of f(R) = R'.
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Proof. Let (R,+,-) and (R, +, -) be any two rings and () be a non-empty set and
f : R — R be a homomorphism.Let T = T be the Q-fuzzy translation of a
Q-fuzzy subring A of R and V = f(T*) be the homomorphic image of T' under
f. We have to verify that V' is a -fuzzy subring of R'. Let f(z,q), f(y,q) € R'.
Then

V(f(@) = fy),q) =V(flx—y),q) > Tz —y,q) = A(z —y,q) + @
> (A(z,q) NAly, q)) + a = (Alz,q) + ) A (Aly, q) + @)

T (x,q) AT (Y, q)-
Therefore V(f(z) — f(y),q) =2 V(f(2),q) ANV(f(y),q),
V(f(@)f),q) = V(flzy),q) = Ty, q) = Tz, q) ATy, q),
>

and further, V(f(x)f(y),q) > V(f(z),q¢) ANV (f(y),q). Thus V is Q-fuzzy subring
of R'. O

Theorem 3.10. Let (R, +,-) and (R',+,-) be any two rings. If f : R — R’ is a
homomorphism then the Q-fuzzy translation of a QQ-fuzzy subring V' of R’ under
the homomorphic pre-image is a (Q-fuzzy subring of R.

Proof. Let (R,+,) and (R',+,-) be any two rings and f : R — R’ be a homo-
morphism. Let 7\ be the translation of Q-fuzzy subring V of R’ and A be the
homomorphic pre-image of TV under f. We have to prove that A is a Q-fuzzy
subring of R. Let x and y be in R and ¢ be in ). Then

Az —y,q) =T, (f(x — ), 0) = T (f(z) = f(y).q)
=VIf(@) = f),d+a=[V(f(x), N\V(f(y),a)] +a
2[V(f(),q) + ] ANV (f(y), q) +
=Ty (f(2),0) NTY (f(y),0) = Alw,q) A Ay, q).-
Similarly, A(zy, q) > A(z,q)ANA(y, q). Therefore, A is a Q-fuzzy subring of R. [
Theorem 3.11. Let (R, +,) and (R, +,-) be any two rings. If f : R — R’ is an

anti-homomorphism, then the translation of a Q-fuzzy subring A of R under the
anti-homomorphic image is a Q)-fuzzy subring of f(R) = R'.

Proof. Let (R,+,-) and (R',+,-) be any two rings and f : R — R’ be an anti-
homomorphism. Thatis f(z +y) = f(y) + f(x) and f(zy) = f(y) - f(x), for all
r,y € R. Let T be the translation of a Q-fuzzy subring A of R and V be the
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anti-homomorphic image of T4 under f. We have to prove that V is a Q-fuzzy
subring of f(R) = R'. Now, for f(z) and f(y) in R’ and ¢ in () we have

VI((f(z) = f(),q) =VIfly—=x),q 2T}y —z,q) = Aly — 7,q) + a
> (Aly,a) NA(z,q)) + o = (A(z, q) + a) A (Aly, q) + )
=T (2, q) ATy, q) = VIf(2),d AVIf(y),d
for all f(z), f(y) € R and ¢ € Q). Further,
VI(f(2) - f(v),q) = VIflyx),q) > T yx,q) = Alyz, q) + «
> (A(y,q) NA(z,q)) + o = (A(z,q) + a) A (A(y, q) + @)
=T (2,9) NT2(y,q) = VIf(2),d AVIf(y), 4]
for all f(x), f(y) € R and g € Q. Therefore, V is a Q-fuzzy subring of the ring
R O

Theorem 3.12. Let (R, +,-) and (R',+,-) be any two rings. If f : R — R is an
anti-homomorphism, then the translation of a Q)-fuzzy subring V of f(R) = R’
under the anti-homomorphic pre-image is a ()-fuzzy subring of R.

Proof Let (R,+,-) and (R’,+,-) be any two rings and f : R — R’ be an anti-
homomorphism. Thatis f(z +y) = f(y) + f(z) and f(zy) = f(y) - f(z), for all
x,y € R. Let T be the translation of a Q-fuzzy subring V of f(R) = R’ and A
be the anti-homomorphic pre-image of 7V under f. We have to prove that A is
a (Q-fuzzy subring of R. Let x and y be in R and ¢ in () then

Az —y,q) =T\ (flz —y),q) = T (f(y) — f(x),q9) = VI[f(y) — f(x),q] +
> VIf(x),d AVIf(y),dl +a=V[f(z).qd+a) ANV[f(y).qd + a)
=T (f(2),0) AT (f(y),q) = Az, q) A Aly, q)
for all z and y in R and ¢ in Q. Also,
A(zy,q) = T, (f(zy), q) = T (f(y) f(2),q) = V[f(y) - f(2),q] + @
> [VIf(x),d ANVIf(y),d]l +a=V[f(y),d+a)A(V[f(z)qd+a)
=T (f(2),q) NTY (f(y),q) = Az, q) A Ay, q)

for all z and y in R and ¢ in . Therefore, A is a ()-fuzzy subring of the ring
R. O
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