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BOUNDS ON AG TOPOLOGICAL INDICES OF SOME GRAPH OPERATIONS

TEENA LIZA JOHN!, T. K. MATHEW VARKEY, B. S. SUNOJ, AND JOHN K. RAJAN

ABSTRACT. The AG index of a connected graph G'is AG(G) = 3_,,cp(c) 5 /ae

where du and dv represent the degrees of the vertices of the edge uv. In this
paper some bounds of AG index are presented

1. INTRODUCTION

The topological indices are numerical values associated with molecular graphs.
These graph invariants are called molecular descriptors. They play a vital role in
chemical documentation, isomer discrimination, relationship analysis like QSAR
and QSPR. In 1947, [7] Weiner used his topological index named as Weiner in-
dex to calculate the boiling point of paraffins.Then in 1972, [5] Gutman and Tri-
najstic defined the Zagreb indices which are popular. Thereafter many indices
are defined namely [1] [4] Randic index, topological index etc.In 2016 [6] V.S.
Shigehalli and Rachanna Kanavur introduced arithmetic-geometric indices.

Throughout this paper we consider only connected graphs without loops or
multiple edges called simple connected graphs.For a graph G, V(G) and E(G)
denote the set of all vertices and edges respectively.For a graph G the degree of
a vertex v is the number of edges incident to v and is denoted by d(v). The com-
position (also called Lexicographic product) of graphs G; and G5 with disjoint
vertex set V' (G) and V(G,) and edge sets E(G;) and E(G-) is the graph with
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vertex set V(Gy) x V(G2) and (u;,v;) is adjacent with wu, or u; = wu; and v; is
adjacent with v;.

The Cartesian product [2] of G; x G5 of graphs GG; and G, has the vertex
set V(Gy) x V(G3) and (u;,v;), (ug,v;) is an edge of Gy x Gy if u; = w;, and
(vj,v) € E(Gy) or (u;,u,) € E(Gh) and v; = v.

In this paper bounds for the AG indices of Corona product,Cartesian product
and Composition of graphs are derived.

Definition 1.1. Arithmetico-Geometrico topological index for a non-empty graph

G is denoted by AG(G) and is defined as AG(G) = 3, .5 2du;- 0;11 ’
Vdu.dv

and dv represent the degrees of the vertices of the edge uv.

where du

2. AG INDICES OF GRAPH OPERATIONS

Definition 2.1. The eccentricity eecq(v) of a vertex v in a connected graph G is the
greatest geodesic distance between v and any other vertex. The diameter D(G) of
G is defined as d(G) = maz{eecg(v)|v € V(G)}.Also the radius rad(G) is defined
as the d(G) = min{eecg(v)|v € V(G)}.

Definition 2.2. The Cartesian product G| x G, of Gy and G+ is a graph with vertex
set V(G x Gy) = V(Gy) x V(Gs) and (u;,v;), (ug, v;) are adjacent in Gy x Gy if
w; = w, and vju, € E(Gq) or uyuy, € E(Gr)and vj = ;.

It can be seen that |E(G| x Gy) = |E(G1)||V(Gy)| + |E(G9)||V(G,)| and
dGl x G2 (uv U) = dGl (U,) + dGz (U)

Theorem 2.1. Let G, and G, be two graphs with orders n, and n, and size m,
and my respectively. Then

AG(Gy x Gy) < BLF 22

many + Ming),
_51+62(21 1M2)

where 01 and 9, are the minimum degrees of the vertices of G; and G5 and A, and
A, are their maximum degrees.
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Proof.
AG(Gy x G) =
Z dG’1><G2<ui7vj) +dG1><G2<Uk7Ul)
(ui,v5),(ug,v)EE(G1XG2), 2\/dG1 x G2 (Ui, Uj)‘dG1 X G2 (Uk, Ul)
(wiyj)#(ug,vr)
_ Z dayxas (Uis v5) + day xa, (Ui, vy)
(ui,v5),(ui,v)€EE(G1xG2), 2\/dG1XG2 (ui’ Uj).dGIXGQ (ui7 Ul)
(vj,v)eE(G2)
+ Z dGlXGQ(uiavj) +dG1XG2<uk7Uj>
(3,07), (g 07 ) EE(G1 xGa), 2+/day s (Wi 05) A6 xaa (uk; v;)
(wisuk)€E(G1)
_ 3 de, (wi) + da, (vy) + da, (ui) + dg,(v)
(wiyj),(uwi,v) EE(G1 X G2), 2\/<dG1 (ul) + da, (Uj))<dG1 (ul) + dg, (Ul)>
v;,v)EE(G
2.1) (vj,v)EE(G2)

3 de, (wi) + da, (v;) + da, (uk) + da, (v;)
(ws0,) (upa TGy, 2V (A (i) + day (v)) (e, (un) + da, (v;))
(wisur)€E(G1)
_ 3 2dg, (ui) + da, (v5) + de, (v1)
(sy) (e e B Gy, 2V (e () + d, (v7))(de, (u:) + da, (v))
(’U]';UZ)EE(GQ)
N 3 de, (ui) + dg, (ug) + 2dg, (v))

(wi,07),(p 07 ) EE(G1 X Ga), 2\/(dG1 (ul) + dG2 (Uj))(dGl (uk) + dG2 (Uj))
(uisuk)€EE(G1)

+

Suppose 0; and ¢, be minimum degrees of the vertices of G; and G5 and A,
and A, be their maximum degrees. Then §; < dg, (u;) < Ay and ds < dg, (u;) <
Ag. SO,

AG(Gl X GQ)
< Z 201 + 27, Z 201 + 24,
- 2 2
(ui,v5),(ui,v) EE(G1xG2), 2 <51 T 52) (wisv5),(uk,05) EE(G1XG2), 2 <61 ™ 52)
(vj,v)EE(Ge) (uisur)EE(G1)
A A AL+ A
D S
(51 + 52 51 + 52
(u3,0),(uiv) EE(G1 X G2), (u,v5),(ugk,v;) EE(G1 X Ge),

(vj,vi)EE(Gg) (us,uk)EE(GY)
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_Al—l—Ag
01 + 09

Al—{—AQ

E(G)||V (G
|[E(Go)||V(G1)| + 5.+ 0,

[E(G)[[V(Ga)l.

Hence, AG(Gl X Gg) < Aéiiéz (m2n1 + mlng). O

Theorem 2.2. Let G, and G, be two graphs with orders n, and n, and size m,
and my respectively. Then

AG(Gy x Gs) < (nyms + namy) (m +ny — rad(Gy) — md(Gg)) |

01 + 09

Proof. From (2.1), we have

AG(Gy x Ga)

_ 3 2dg, (u;) + da, (v)) + da, (0)
(s0,) (s e B (G, 2V (e () + day (v7))(de, (w5) + da, (01))
(vj,v)€EE(G2)
N 3 de, (ui) + dg, (ug) + 2dg, (v))

oo 2 e, 2 ) + o (0 (0o ) + (0,
(uisuk)€EE(G1)

- Al +A2

Now,

Ay
2dG1 (UZ) + ng (Uj) + dGQ (vl)

(ui,03),(uis0) EB(G1 X Ga), 2/ (de, (us) + da, (v5))(da, (ui) + da, (vr))
(vjv)E€E(G2)

I
(]

2(ny — eccq, (w;)) + (ne — ecca, (V) + (ne — ecca, (V1))
24/ (01 + 92)?

(]

(’u,i,’Uj),(ui,’Ul)EE(Gl XGQ),
(vj,v)€EE(G2)

2(ny — rad(Gh)) + (ng — rad(Gs)) + (ny — rad(Gs))
2(01 + 09)

IN

EE(G1xG2),
E(G2)

(u,v5),(us v
(Uj UL

m
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B Z ny + ng — rad(Gy) — rad(Gs)
(uhvj),(ui,vl)EE(Gl XGQ), 51 + 52
(vj,vm)eE(G2)
niy + ng — rad(Gl) — TCLd(G2> Z
= 1

010 (wiyv;),(uwi,v) EE(G1 X G2),

(vjv)€E(G2)

_ it — rad(Gq) — rad(Gs) V(G| E(Gy)]

01 + 62
B ny + ng — rad(Gy) — rad(Gs)
- 01 + 6
Similarly,
Ay
_ Z dGl (ul) + dGl (uk) + 2dG2 (Uj>

(u5,05),(up ;) EE(G1 xGa), 2\/(dG1(ui) + da, (v)))(de, (ur) + de, (v)))
(uiuk)€E(G1)

< Z (n1 — eccq, (W) + (n1 — ecca, (ug)) + 2(ne — ecca, (v;))
(ui,vj),(uk,vj)EE(Gl XGQ), 2 (51 _I_ 62)2
(ui,ur)€EE(GY)
< Z (ny —rad(Gy)) + (n1 — rad(Gh)) + 2(ne — rad(Gs))

2(01 + 09)

(uisv5),(uk,v ) EE(G1XG2),
(ui,uk)EE’(Gl)
(nl + ng — rad(Gy) — rad(GQ))
= N2M1 .
01 + 09

Hence the conclusion,

A(G1 x Gy) < nyms <n1 +ng — rad(Gy) — rad(GQ))

91 + 02
ny + ng — rad(Gy) — rad(Gg))

+”W“( 5.+
1 2

g

Definition 2.3. The Corona product [3] G10G4 and G and G+ is a graph obtained
by taking |V (G1)| copies of G+ and joining each vertex of the i copy with vertex
v; € V(G1). Then

[V(G1oGo)| = [V(G1)|(1+[V(G2)])
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and
|E(G1oGy)| = [E(G)] + [V(G)([V(G2)] + |E(G2)])-

Also, for a vertex in V(G o Gy),

d (U) _ dG1 (’U,) + ‘V(GQ)’ JU c V(Gl)
G10Go dG2 (u> n 1 e V(G2) .

Theorem 2.3. Let Gy, (i = 1,2,...,|V(G))|) represent the i*" copy of G attached
to the i*" vertex of G, and §; and A; are minimum and maximum degrees of the
vertices of GG;,i = 1,2. Then for the corona product G, o G5 of G and G,

mi(Ay +n2)  (Ag+ 1)nymy Ao+ Ay +np+1
61"’”2 52+1 2\/(52+1)(51+n1)

AG(Gl o GQ) S

ning

Proof. The edge sets of G; o G5 can be partitioned into three sets,

Ei={e=uv € E(G10G»),e € E(Gy)},
Ey={e=uv e E(G10Gsy),e € E(Gy,),i=1,2,...,|V(G1)|},
Es={e=uv e E(G,0Gsy),ucV(Gy,),i=1,2,...,|V(Gy)|and,v € V(Gy)}.

K3

Now,

AG(Gl ¢} Gg) = Z dGlOGQ (U) + dGloGz (U)
wEE(G10Gy) 24/ dg,0c, (1)dG,0a, (V)

dG10G2 (u) + dG10G2 (U) dG10G2 (u) + dG10G2 (U)
weE, 2\/dGloG2 (u)dG10G2 (U) = o 2\/dG10G2 (u)dG10G2 (U)

Z dc, 00, (W) + daoa, (V)
wveEs 2\/dG10G2 (u)dGloGz (U)
=A; + Ay + As,




(2.2)

Hence, A; <

(2.3)

Hence, A, <
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A

IN

IN

- 01 + no

Z dG o6, (1) + dgoc, (V)
woTh 2V Ao, (W) dayea, (v)

> de, (u) + [V(Ga)| + da, (v) + [V(Ga))
ot 2/ (de, (u) + [V(Go)]) (e, (v) + [V(G2)])
Z de, (u )+dG1( ) + 2n,

woetn 2/ (e, (1) + n2)(dg, (v) + n2)

A+ A+ 2n,

ugEl 21/ (01 + n2)(61 + n2)

Z Ay +ng

weE, 01+ my

Al + No ml(Al + TLQ)
] = e
Z (51—|—TL2

uv€e Fq

m1 (A1 + ng)
6 +ng

A2 _ Z dG10G2 (U) + dG1OG’2 ('U)
wv€EFEy 2\/dGloGQ (u)dGl oG (U)
-y dG2<>+1+dG2()+1
uv€EFEo 2\/ dG2 + 1)(dG2( ) + 1)
Z Ap+1+Ar+1
o 2V (02 + 1) (02 + 1)
uv€E Fo 52 + 1

:A2+1 Zl

uv€E FEo

_ ? + 1<|v<al>|rE<Gz>r>

IA

nlmQ(A2 + 1)

dr+1

8719
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dGlOGQ (u) + dG1OGz (U)

= Z 2\/dG10G2(U)dG10G2(v)

_ Z dGz( )+1+dG1< )+|V(G2>’
oty 23/ (day (w) + 1) (dg, (v) + [V (Go)])
Ao+ 1+ A1 +n9
)

(2.4) <
wvEFs 2\/ 62 +1 (51 + n2)
A+ 1+ A+
2\/(52 + 1)(51 + n2) weEEs
Ny +1+ A+
o L |y (G)|[V(Gy)
21/ (82 + 1) (01 + n2)
i.e.,

A2+A1+n2+1
2\/(52"‘ (51—|—n2)

3> ning.

Hence we conclude:
ml(Al + 712) (AQ + 1)7’le2 AQ + Al + no + 1
01+ n2 02 +1 24/ (69 + 1) (61 + n2)

AG(Gl o} GQ) S

ninyg.
U

Theorem 2.4. Let Gy, (i = 1,2,...,|V(G))|) represent the i*" copy of G attached
to the i*" vertex of G, and §; and A; are minimum and maximum degrees of the
vertices of G;,i = 1,2. Then for the corona product GG, o G5 of G and G,

(01 +ng)my (O + L)nimy (62 + 01 + 1y + 1)nyng

AG(G 0 Gy) > + + '
(G4 2) > AL+ 1 Ay +1 2\/A2+ (A1+n1)n1n2

Proof. We have from (2.2)
-y de, (u )+|V(Gz)\+dc1(U)+lV(Gz)\
wocty 2V/(de, (u) + [V(G2)[)(de, (u) + [V(Ga)])
> 2\/5(1:1 T;)(?AT T
weE,

01 + na Z 1> m1(51—|—n2)'

N Al T2 uveE; - AI R
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Again, from (2.3)

da, (u) + 14 dg, (v) + 1 5o+ 1+ 680+ 1
Ay = >
;E 21/ (dg, (u) +1)(dg, (v) + 1) - ;E 2/ (Ag + 1)(Ay + 1)

_ 52+1 Z > (52+1)n1m2‘
Agy+1 VAV

uve o

From (2.4)

da,(u) + 1+ dg, (v) + [V(Gy)| 2 + 1+ 61 +ny
Az = >
25 24/(dg, (u) + 1)(da, (v) + [V (Ga)]) 2 2v/ (B2 + (A1 +12)
bt l+hit+m len1n2(52+1+51+n2)
2¢/(Ag + 1) (A + 1) 2/ (B + 1) (A +ny)

wweFEs3
Hence,

(51 + n2)m1 (62 + 1)n1m2 (52 + (51 —+ N9 + 1)n1n2

AG(Gy0Gy) >
(GroGy) > AL+ 1y Ay +1 2y/(Ag + 1)(A1 + ny)

ninsy.

U

Definition 2.4. The composition or lexicographic product G = G1|G>] of graphs
G and G, with disjoint vertex sets V(G;) and V(G,) and edge sets E(G,) and
E(G,) is a graph with vertex set V(G1) x V(Gs) and (u;,v;) is adjacent with
(uk, v;) whenever w; is adjacent with uy, or u; = w, and v; adjacent with v;.

By this definition, one can see that

|E(G1[Ga]) = |E(GY)||[V(G2)?| + |E(G2) IV (GY)]

(2.5)
da, (o) (u,v) = [V(Ga)|de, (v) + da,(v).

Theorem 2.5. Let G; and G5 be two connected graphs with order n, and no,

size my and ms,0; and A; are minumum and maximum degrees of the vertices

2
Gi,i = 1,2 respectively. Then AG(G,[G3]) < (281 + Ao (amms + man).
n2d1 + 0o
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Proof.

d e d 11G2 )
AG(GL[Gy]) = Z G1(G2)) (Uis V5) + dey () (U, V1)

(ui,Uj),(uk,vl)GE(Gl[Gg)}), 2\/<dG1[G2)] (ui’ UJ) 'dGl [GQ)] (uk’ Ul)
(wi,v;)#(uw,vr)

_ Z dGl[Gz)] (ui7 UJ') + dGl[G2)] (ui> Ul)
(u,v5),(us,v) € 2\/<dG1[G2)} (ui’ vj)'dGl[GQ)] (ui’ Ul)
E(G1[G2)]),j#l

Y da [G2)) (Ui, v5) + dai o) (Un, v;)

st 2V (dai(a) (Ui, v5)-doy (o)) (uk, 07)
E(G1[G2))),i#k

=A; + As.

Consider

A = Z d[Gl[GQ] (ui7 Uj) + d[Gl[GQ] (ui7 Ul)

sy e 2V diGi16a) (Wi, v5) - digy () (ui; 1)
E[G1[Ga]),5#l

. \V(G2)ldg, (wi) + dg, (vy) + [V (G2)lda, (wi) + dg, (v1)

(wi,07), (i v)) € 2\/(|V(G2)|d01 (ul) + dG2 (UJ))(|V<G2)|dG1 (ul) + dG2 (Ul>)
E[G1[Ga]),j#l

S Z 2(n2A1 + AQ)

(ui,vj),(uhvl)e 2\/(”261 =+ 52)(”251 + 62)
E[G1[G2]),j#l

(ngAl —+ Ag) Z 1< (n2A1 + Ag)nlmg
- (7’L251 + (52) (01,05 (mir0)€ (71251 + 52)
E[G1[G2]),j#l
Now consider
d= Y dii ) (i, V) + i @) (uk, V)

(s (e 2V AGai6a) (Uis V)-diGa o) (uk, v5)
E[G1[G2)),i#k

. \V(G2)lda, (ui) + da, (v;) + |V (Ga)lda, (ur) + da, (v;)
(i meane 2V (V(G2)lda, (i) + do, (07)) (IV(G2)lda, (ur) + da, (v7))
E[G1]G2)),i#k

< Z 2(”2A1 + A2)

(ui ;) (uiv) € 2/ (nad1 + 8)(n2d; + 62)
E[G1[Ga]),j#l
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clmlitd) gy
> 5 )
(n2 1 _'_ 2) (ui,vj),(ukvvj)e

_ At R) gy
(n201 + 02) (uiug)EE(Gy) v; €V (Ga)
_ (naAy + Ag)myn3

(n2§1 + 52)
Hence,
(nQA]_ + Ag)nlmQ (ngAl + Ag)mlng
AG(G1]Gy)) <
( 1[ 2]) - (7’L251 + 52) (7”L251 + (52)
_ (ngAl + Az)(nlmg + mlng)
n251 + 52 '

g

Theorem 2.6. Let G; and (G5 be two connected graphs with order n, and ns,
size my and mo,0; and A; are minimum and maximum degrees of the vertices
G;,i = 1,2, respectively. Then

(n9dy + 09)(nyma + myn3)
neA1 + Ay '

Proof. Same as above. O

AG(G1[Gy]) >
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