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SOFT IRRESOLUTE AND SOFT o« TOPOLOGICAL VECTOR SPACES
M. SURAIYA BEGUM!, M. SHEIK JOHN, AND K. M. ARIFMOHAMMED

ABSTRACT. The focus of this work is to investigate the idea of soft irresolute and
soft a topological vector spaces. This space is determined by using the notion of
soft irresolute mappings and soft semi open sets (SS-open).

1. INTRODUCTION

The soft set Molodtsov [7] is the one of the best mathematical tool to deal with
uncertainties, which the generalization of fuzzy set Zadeh [9]. It has many ap-
plication in different fields such as game theory, Riemann-Integration, probability
and so on. The algebraic operations over the soft sets were given by Maji et.al [5].
The algebraic-topological aspects of soft set has widely developed nowadays. Ak-
tag et.al. [2] investigated the mathematical notion of soft groups. The notion of
soft topological vector space is introduced by Roy [8] by assuming the parameter
set as usual vector space. This paper is an elaborate study of soft irresolute and
soft a topological vector spaces.

2. PRELIMINARIES

In every part of this paper, we mention soft irresolute topological vector space
as SITV S, soft topological vector space as STV S and S-set means soft set, K is
the field of complex or real number which is endowed with usual topology o.
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Definition 2.1. [8] The STV S(W,, P, K) is defined as follows: The mappings h :
S(W,) x S(W,) — S(W,) defined by h(u,,ws,) = wi, + wap and f : S(W,) x
S(W.) — S(W,) defined by f(C,,) = i, are both S-continuous. The domain of h
and f are endowed with S-product topologies.

Definition 2.2. [3] A S-set Bp in SV.S(W, P) is said to be S-absorbing if for every
u?péép, there exists a S-real number 7, where ij(\) > 0, for all AéP such that
7~ 11,EBp.
Definition 2.3. [1,4] A S-set Bp of a STS(WT, P) is called

(1) Sa-open if BpCS-int(S-cl(S-int(Bp))).

(2) SS-open if BpCS-cl(S-int(Bp)).

Definition 2.4. [1, 6] Let (V,, P) and (W,,P) be two STS and f : (V,,P) —
(W,, P). Then f is called
(1) S-irresolute if for every SS-open set Ap in W,, f~'(Ap)EV, is SS-open in
V..
2) Sa—irresolutefor every Sa-open set Bp in WT, f‘l(Bp)éf/T is ga—open inV,.

3. SOFT IRRESOLUTE AND SOFT @ TOPOLOGICAL VECTOR SPACES

In this section, we elucidate and investigate the notions of SITV S, SaTV S and
its rudimentary properties.

Definition 3.1. A STV S(W,, P, K) is said to be SITV S with the field K (complex
or real) if the following conditions hold:

(1) for any two soft points 0y, 5,€W and for every soft semi open neighborhood
Dp of 0y + 6,EW we have a SS-open neighborhoods Bp and CpEW of U, Uy
respectively, such that Bp + CpCDp.

(2) for any 9€W and 6€K for any SS-open neighborhood Dp of SW in W,
we have SS-open neighborhoods Bp of § in K and Cp of © in W such that
BP;CPQEP.

Definition 3.2. In a STV S(W,, P, K):

(1) The soft right translation Ty : (W,,P,K) — (W,,P,K) is defined by

Ty =%+ 0V & 0EW.
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(2) The soft left translation ;T : (W,,P,K) — (W,,P,K) is defined by
T =04V 7 0EW.
(3) The soft multiplication M; : (W,,P,K) — (W,,P,K) is defined by
M; = (o, DEW and CEK.
Theorem 3.1. For a SITV S(W,, P, K) over the field K

(1) the soft(left)right translation is soft irresolute.
(2) the soft multiplication is soft irresolute.

Proof.

(1) Define soft right translation 75, : (W,,P,K) — (W,,P,K) by Ts,(Tp) =
i, + U, here 7,,7,EW. Let Bp€W be a SS-open neighborhood of 7, + @,. There
exists SS—open neighborhoods Cp, DpEW of Z, and v, respectively such that Cp+
DpC Bp, by Definition 3.1.

(2) Define soft multiplication M : (W,,P,K) — (W,, P,K) by My(z,) = (.@p.

O
Theorem 3.2. For SITV S(W., P, K) over the field K if Gp€SSO(W,, P, K), then
(1) Gp + §,€SSO(W,, P, K), §,EW.
(2) (GpESSOW,, P, K),(EK.
Proof.

(1) Assume that ,, 7,€W. Let #,EGp + w,. Now &, = §, + @,. Then we
have i,EGp + W, — W, = Gp, where §j,EGp. Define soft right translation 7__;, by
image of 7, under T_;, is equal to 7, + (—w,) = 7,. Hence T_;, is soft irresolute
because the space (W, P,K) is SITV S by the above theorem. Thus for a SS-
open neighborhood G p containing T 3,(Tp) = Up, @ SS-open neighborhood Cp of
z, exists with the condition T,wp(ép) =Cp— wpéé p, which implies CpCGp + Wp.

(2) Let €K, ( # 0) and #,E(Gp. Thatis z, = Cy, where §,EGp. Since
7,&(.G p, we have (.5,EC.Gp = §,EG p. Define soft multiplication M;_, : (W,, P, K) —
(W,, P, K) by image of &, under M; , is equal to {~'.&, = §j,. Now M, is SITVS,
because (W,, P, K) is SITV S and by the above theorem. Therefore for any S.S-
open neighborhood G p containing M, = (,) = g, there exists SS-open neighbor-
hood Dp of #, such that image of Dp under M;_, is equal to é‘l.Dpéép. Now we
have Dp is contained in é.ép. Hence é.ép is an element of SSO(WT, P K). O

Theorem 3.3. For a SS-open set GpESSO(W) in a SITVS, Gp + HpESSO(W)
where Hp in a soft subset of W.
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Proof. Let CpCW and GpéSSO(W). Now for every soft point 17pé}~1p, Gp +
#,ESSO(W), by Theorem. For every soft point 4,& Hp,

Gp+ Hp = Gp + {tp, +¥p, +...}
= Gp+ | i, i€A

= U Gr+w,
0,,EH p
Hence Gp + HpESSO(W). O

Theorem 3.4. Let (W, P, K) be a SITV S over the field K, where K is endowed with
soft topology 0. Then ¢ : (K, o) x (W, P,K) — (W,, P, K) defined by ¢(C, Up) = é.ﬁp
where (€K and #,EWp is soft irresolute.

Proof Assume Bp&W is a SS-open neighborhood of ¢ .3, in W. There exist a SS-
open neighborhoods Cp off in K and Dp of Up In W such that Cp.Dp is contained
in Bp that is <;~5(C~’p X [)p) = Cp.Dp. Then we have gg(ép X [)p) is contained in Bp,
since W is SITV S. Therefore Cp x Dp in a SS-open neighborhood of ¢ x @, in
K x W. Hence ¢ is soft irresolute. O

Theorem 3.5. Let (W,, P,K) be a SITV S over the field K. Then 7 : (W,, P, K) x
(W,,P,K) — (W,, P, K) defined by Tp, Uy 1s soft irresolute.

Proof Consider any two soft points &, @, in W. Let /(Z,,,) = &, + ©,. Assume
CpEW is a SS-open neighborhood of #, + @, in W. Since W is SITV S, there exist
SS-open neighborhoods Mp, NEW of &, and ©, respectively with the condition
Mp + NpCClp. That is 7(Mp, Np) = #(Mp x Np) = Mp + NpCCp. Therefore
Mp x Npis a S’S-open neighborhood of z, x 7, in (WT, P, K) x (WT, P, K), since
Mp, Np are the SS-open neighborhoods of 7, 7, in (W, P, ) respectively. Hence
7 is soft irresolute. O

Definition 3.3. A S-function g : (W,, P, K) — (W,, P, K) is said to be SI-homeomorphism
if gis

(D S‘-bijective.

(2) S-irresolute.

3) SS-open.
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Theorem 3.6. For a SITV'S, the S-translation Tj (i,) = &, + ¥, and S-multipli-
cation M¢(y,) = (.4, where 7,0, j,€W and (EK are SI-homeomorphism onto
itself.

Proof Define S-translation T;, by image of &, under 75, is equal to &,+7, ¥ &, #,EW.
Obviously, Tj, is S-bijective. T, is S-irresolute, by theorem. Also for any S5-
open set BpeW, Tf;p(Bp) = Bp + Uy 18 §S—open. S’I—homeomorphism for S-
multiplication can be proved in the similar manner. O

Definition 3.4. A SITV S(W,, P, K) over the field K is said to be SI-homogeneous
space, there exists a SI-homeomorphism § : (W, P,K) — (W,, P,K) such that
§(Bp) = Cp for each Bp, Cpé W.

Proposition 3.1. Every SITV S is SI-homogeneous space.

Proof. Let @y, w,EW and & = &, + w, where #,EWW. Define a S-left translation
i,T : (W,,P,K) — (W,, P,K) by &,T(i,) = &, + @, = 7,. By Theorem 3.6, #,T
is SI-homeomorphism. Hence (W,, P, K) is SI-homogeneous space. O

Theorem 3.7. In a SITVS(W,, P, K), for any S-subspace V; of W and a non-null
S”S-open subset V; of W, if VoCV, then V; is gS-open subset of W.

Proof. Let Bp be a non-null S”S—open in W and BpCV;. By Theorem 3.1 Ty, =
Bp + ©, is SS-open subset of I for all #,EV;. Hence V; = Uﬁpévl(l?p + 0p) is
SS-open in I being the arbitrary union of SS-open sets. O

Proposition 3.2. For any two S-subsets Bp, Cp of SITV S(W,, P, K), S-scl(Bp)+S-
scl(Cp) is contained in S-(Bp + Cp).

Proof Assume i,&S-scl(Bp) and 7,ES-5cl(Cp). Let Gp be a SS-open neighbor-
hood of 7, + §j,. Then there exist SS-open neighborhoods Hp and Ip of #, and
7, respectively, such that Hp 4+ IpCGp. By assumption 7 pE&S-scl(Bp) and §,ES-
scl(Cp) there exist @, + w,&(Bp + Cp) N (Hp + Ip)C(Bp + Cp) N Gp. That is
i, + §,€S-scl(Bp + Cp). O

Theorem 3.8. Every SS-open subspace ofa SITV S(W,, P, K) is SS-closed in (W, P, K).

Proof Consider a SS-open subspace V; of a W, SI-homeomorphism, V; + v, is
SS-open for any #,EW \ V;. Therefore V, = Uﬁp,éW\VI(Vl + 1,) is also SS-open.
Thus V; = W \ Vs is SS-closed. O
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Theorem 3.9. For any two S-subsets Gp and Hp of S’ITVS(WT, P, K), Gp+ Hp =
g—scl(@p + Hp, where Hp is S’S—open and Gp is any S-set.

Proof Since GpCS-scl(Gp, we have Gp + HpCS-scl(Gp + Hp. To prove the con-
verse, let #,ES-scl(Gp + Hp and &, = §j, + w, where w,EHp and §j,ES-scl(Gp.
Then SS-open neighborhood M of 6 (6 being the zero element of W) exists with
the condition, image of M under T, is equal to Mp + w, which is contained in
Hp. Since Mp is a SS-open neighborhood of 6 in W, we have —Mp is also the
SS-open neighborhood 6 of W. By assumption §,&S-scl(Gp), 5,E€Gp N (7, \ Mp).
Now
Tp = Yp + Wy

Evy, + Mp + i,

CGp+ Hp.
Therefore S-scl(ép) + Hp is contained in Gp + Hp. Thus Gp + Hp = S-scl(ép) +
Hp. 0

Theorem 3.10. In a SITV S(W,, P, K), each S-open subspace V in SITVS.

Proof Let (V,, P) be an S-topological subspace of (W,, P, ). Now it satisfies the
below properties:

(1) for each vy, vgpéf/, vip + vipéf/,

(2) for 4,€V and HEK, 71,EV.
Let v]p,z&péf/ and vj, + v3, has a SS-open neighborhood Bp in V. Then Bp is
a SS-open neighborhood in W,. Therefore there is SS-open neighborhoods C'
of v7, and Dp of v3, such that Cp + DpCBp, since W, is SITVS. Also CpNV
and DpNV are both SS-open in W, which contains v7, and 3, respectively. Thus
CpAV + DpAlV = (Cp + Dp)AWVCBp. Now for any 7EK and 4,EW,, consider
a SS-open neighborhood Bp of 71, in V which is also SS-open in W,. Hence
there exists SS-open neighborhood Hp of # in K and Cp of 4, in W, such that
HpCpCBp, as W, is SITVS. Also, HpNK and CpNV are SS-open in K and W,
respectively. Thus the space (W, P, K)is SITVS. O

Definition 3.5. Let (WT, P,K)bea STV S. If the S-addition map f W xW. — W,
defined by f (V1p, V3p) = vip + V3, and the S-multiplication map § : K x W, — W,
defined by §(#,v,) = 71, are both Sal (soft a-irresolute), then (W, P, K) is called
SSTV S and denoted by (, W, P, K).
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Theorem 3.11. Let (,WW,, P, K) be a SaTV S. Then

(1) Let Bpévp (W ) be a S’a-neighborhood of ﬁpéWT and Cp be a S’-neighbor-
hood of vy, the en BpNCp is Sa-neighborhood of Up-

(2) Let Bp€w,N(W,) be a Sa-neighborhood of ©,EW.,, then ©,E Bp.

(3) Let B p€vp N(W,) be a Sa-neighborhood of UPEWT, then there is a Sa-neighborhood
Cp&v,N(W,) of , such that Bp€a,N(W,) is a Sa-neighbor- hood of i, for
all uPEC’p.

(4) Let BpéﬁpN(WT) be a Sa-neighborhood ofﬁpéWT and BpCClp, then C‘pé@pN(WT)

Proof. (1) Let BpéﬁpN(WT) and Cp is a S’—neighborhood of ¢,. Then 17péf)p§(jp
we have ﬁpéﬁpéép, where Fp is a Sa—open set and Dp is a g—open set. Then
FpNDpCBpNCp is Sa-open. Hence BpNCpEd,N(W,) is a Sa-neighborhood of
T

Proof of (2), (3) and (4) can be derived in the similar manner. O

Theorem 3.12. Let f : .V, — W, be a ga-homeomorphism between SaTV Ss.

A S-subset Y of V. is of Sa-neighborhood of gjpéf/ if and only if f(Y) is Sa-
neighborhood of f(i,).

Proof. Let Yp be a Sa-neighborhood of §/,& ,V;. Then §,CZpCYp. Hence f(3,)Ef(Zp)Cf(
and f(Zp)is Sa-openin W, since f is Spa-open. Thus f(Yp) is a Sa-neighborhood
of (). - )
Conversely, consider f(Yp) is a Sa-neighborhood of f(7,). Then there exists a
Sa- -open B, in W, with the condition f(9,)€EBLCf(Yp). Since f is Sa-irresolute,
f(B,) is Sa-open and 7,& f~(B,)CYp. Thus Yp be a Sa-neighborhood of ,.
U

Theorem 3.13. Let (,W,, P,K) be a SaTVS. Then every Bp€ 4N( JW,) is S-
absorbing.

Proof. Assume Bpé 4N( ,W,). Then CpCBp we have Cpé 4N ( ,W,), where Cp
is a Sa-open set. Since the space is SaT'V S, S-multiplication is Sa-irresolute. So
there exists Sa-open sets Gp& o N ( QWT) and Hp€ 4N ( «W.) with the condition
Mé(ép x Hp)CCp and hence (0,Cp ¥ ((\) > 0, \éP and @,EHp. Thus Cp is
S-absorbing. O
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