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POLAR COORDINATE FORMS FOR THE REGULARITY OF
BICOMPLEX-VALUED FUNCTIONS IN CLIFFORD ANALYSIS

JI EUN KIM

ABSTRACT. In this study, using forms of conjugations, we provide some algebraic
properties of bicomplex numbers. We studied an analogous Cauchy-Riemann sys-
tem with a bicomplex number system. In addition, we investigated the defini-
tion and properties of polar coordinate forms for bicomplex numbers and Cauchy-
Riemann systems that are equivalent in a bicomplex setting in Clifford analysis.

1. INTRODUCTION

Let p be a bicomplex number, introduced by Segre [15] in 1892, consisting of
complex coefficients and Cp be the set Cp of bicomplex numbers such that

CB = {p221+22j’21:x0+l’1i, 22:$2+$3i€C, $TER<T:O,1,2,3)},

where i is an imaginary unit v/—1 defined in complex analysis and j is another
imaginary unit satisfying

ij = ji, i* =2 = —1.
The set Cp is identical to C?.

In 19th century, Hamilton and Cayley considered for the extended the field of
complex numbers. Hamilton [4] introduced the quaternions, a skew field in real-
dimension four, while Cockle [2] introduced a commutative four dimensional real
algebra, which was referred to bicomplex numbers in 1849 by Segre [15]. In
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recent years, Price [12] has been interested in the study of bicomplex numbers
and holomorphic functions defined on a bicomplex variable.

In the present paper (see [5,8,9,13]), an attempt has been made to discuss the
extensive algebraic properties of bicomplex numbers. Properties of three types of
conjugation of bicomplex Numbers have been determined and established some
relation between them. The invertible and non-invertible elements of bicomplex
numbers have been investigated. Alpay et al. [1] have provided the foundations
for a study of modules of bicomplex holomorphic functions with bicomplex scalars.
Based on the algebraic properties of bicomplex numbers, bicomplex-valued func-
tions defined on bicomplex numbers have been proposed and the results have
been obtained to deal with an analytic approach to functions of bicomplex num-
bers (see [14,16,17]).

Recent works (see [3,10,11, 18]) have studied any advanced function theory
for bicomplex function spaces and analytic functionals on bicomplex holomorphic
spaces . These results have been expected by considering only the C-linear struc-
ture. The novel ideas of bicomplex functional analysis have been studied. In
particular, the general ideas have been developed for a bicomplex functional anal-
ysis can be directly employed to generalize the classical complex analysis to the
bicomplex setting. Kim and Shon [6] have researched elementary functions and
the analogous Cauchy-Riemann system in bicomplex number systems. Kim and
Shon [7] have investigated the definition and properties of regular functions with
values in bicomplex settings in Clifford analysis.

In this paper, we investigate the differential operator of a function with a bi-
complex number as a variable. From the commutativity of the product for bicom-
plex numbers, we give a corresponding Cauchy-Riemann equation for bicomplex-
valued functions of a bicomplex variable. In addition, the polar coordinate form is
applied to the corresponding Cauchy-Riemann equation and proposed each notion
of regularity and harmonicity of bicomplex-valued functions.

2. PRELIMINARIES

Consider a bicomplex number p = z;+ 25, where z; = xo+x14, 23 = x9+w3i € C
and z, € R (r = 0,1,2,3). Since i and j have the commutation rule each other
over Cg, for two bicomplex numbers p = z; + 255 and ¢ = w; +w»j, the product for
bicomplex numbers is pg = (z1w; — zows) + (21w2 + 29wq ) j. The conjugate p* of p is
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given by p* = 2, —2,j, and the modulus M (p) is given by M (p) := pp* = 23+22 € C
which is a complex number. The inverse p~! of p is given by p~! = Ifj: - and so
pp* = 1.

Let f : Cy — Cp be a bicomplex function, denoted by

f(p) = u(z1, 22) + v(21, 22)],

where u,v : C? — C are complex-valued functions. As the definition of derivative
in complex analysis, we consider the definition of the derivative for a bicomplex
function f of a bicomplex variable

Definition 2.1. Let €2 be an open domain in Cg and let f : Q — Cg be real dif-
ferentiable. The function f is said to be hyperholomorphic if for any p € Cg the
limit

T iy L+ 1) - 1)}

dp h—0
exists. The limit j—f) is called the bicomplex-derivative for bicomplex numbers.

Definition 2.2. Let ) be an open domain in Cp and let f = u + vj be a bicomplex-
valued function. The function f is called hyperholomorphic in 2 C Cg if

(i) u and v are continuously differentiable function on 2, and
(ii)) DF = 0in (), where D is the differential operator such that

170 0
D=—-(—+—j).
2 <821 * 822j>
The equation Df = 0 of the definition of a hyperholomorphic function f is
equivalent to the following system of complex differential equations:

ofi 9 Oh  9f

0n Om 0z 0n

and is called the bicomplex Cauchy-Riemann system on Cp.

3. HYPERHOLOMORPHIC FUNCTIONS OF BICOMPLEX NUMBERS
Let €2 be an open set of Cp. Consider a bicomplex function f = u +vj : Q C
Cp — Cpg such that
f(p) = ulz1, 22) + v(z1, )],
where v and v are complex-valued functions.
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Definition 3.1. Let §2 be an open set of Cp. A bicomplex function f € C'(U) is said to
be bihyperholomorphic if f is invertible and f and f~! are hyperholomorphic, where

-1 _ (% B (Y .
f U2+?}2 u2+1}2j'

Theorem 3.1. Let Q2 be a bounded open set in Cg. If a function f is hyperholomor-
phic on €, then a function f~! is hyperholomorphic on €.

Proof. Since f~! exists for a bicomplex function f, v and v are nonzero. By the
definition of hyperholomorphy, we show that the equation Df~! = 0 is satisfied.
Consider the following process:

DI = <3i2’1 * %]) <u2 —ulr v 2 :)L v2j>
= ﬁg—z — m@ﬁg—: + 2uv§—§1>
EE{EZEEgé——ZE;#?;gg(?UUé%é—F202£g;>
+{#1U2§—:1 m(Z vaa—:l + 21)23—;)1>}j
Hﬁ% - m (2#5—:‘2 + QUUS—Z)}j.

The above terms are arranged as follows:

—u?+0? f0u  Ov 2uv Jdv  Ou
pft = LTV (o YUy S (90, 90
/ (u? +0v2)2 (821 822> (u? + v?)? (821 * 8z2)
—u? 402 f0u  Ov 2uv ov  Ou\, .
Hoe (a—zg * a—zl) [(CETDE (a—z? - a—zl)}f
Applying the bicomplex Cauchy-Riemann system on Cp, we have D f~! = 0. Thus,
the result is obtained. O

4. POLAR COORDINATE FORMS OF BICOMPLEX NUMBERS

For the complex numbers z; and z, expressed as constituent elements in the
form of the bicomplex number used in this paper, we consider the polar coordinate
form for the bicomplex numbers as follows:

21 = r1(cosfy + isinby),
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where r; := /22 + 2? is the norm used in complex analysis and 6, is the angle
between the vector z; € C and the real axis with 0 < 6; < 27. Also, 2, can be
written by

29 = 13(cos by + isin bsy),

where ry := \/m and 6, is the angle between the vector 2, € C and the real
axis with 0 < 6, < 27.

Suppose the first-order partial derivatives of « and v with respect to r and #, and
the chain rule for complex-valued functions can be used to write in terms of r and
0 with respect to x and y. For z; = ry(cos6 + isinfy) € C, we have

dz, = g—j:drk g—;id@k
= (cosO +isinby)dry + ri(—sin by + icosby)dby. (k=1,2)

Hence, we obtain for k = 1,2,

9 _ (cos O — isinbOy)— 0 +_—i ! 9
0z, N F K ory, Tk (—isingk—i—cos@k) 00,

—1 0

0
= exp(— ZGk)a—k+—eXP( Zek)@Gk

0 —i 0
4.1) = exp(— Zek)((?rk + — o 891)

In detail, the differential operator

D=5 * 7

can be written by

D = 1exp( 291)( 0 — ii) +1exp( 292)<

0 7 8) .
2 87’1 7“1891

87’2 7“28_92

and more specifically, D = %(81 + 82>, where
0 1 0 0 1 d .
= (cos 0, — 8r1 - —sin 6, 801> — <sm918—1 + — cos 91891>
and

0 1 0 0 1 0
Oy := ((:089287’2 - 811102892) — <Sm828_r2 + — cosegae) )
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Lemma 4.1. If the partial derivatives of u and v with respect to z; and z also satisfy
the bicomplex Cauchy-Riemann equations, then the Cauchy-Riemann equation can
be also expressed as follows:

cos Ou - ! —sind Ou = cos 0 v ! sn9 Ov
187"1 T1 ' 1881 N 287"2 ! 2602
and
1 ou ou ov
710089169 +Sm918r1 - COSQQae +Sln9287n2.

Proof The components z; and z, of a bicomplex variable p can be expressed by a
polar coordinate form with r; and 6, (k = 1,2). From the equation (4.1), we have

ou ) ou —i Ou ou ou —1i 0u
8_21 B eXP(_ZHl) <87‘1 . 1 891) 62’2 eXp( 292) (8_7"2 + 50_02>
ov ov —i Ov ov ov —i Ov
8_21 N eXP( Zel) <87’1 o T1 891> 822 eXp( 202) (8_7"2 + Eﬁ_ﬁ)

By replacing the bicomplex Cauchy-Riemann equations with r; and 6, (k = 1,2).

ou L0 NG 0
exp(— 291)8 = = exp(—wg)a—i, exp(—z@l)a—;)l = —exp(— 262)82
1 ou 1 ov 1 ov 1 ou
r—lexp( 291)891 - — exp(— 292)80 exp( Zel)@& - n exp(— 292)692

If the above relations are classified into real and imaginary parts, and the above re-
lations are reorganized by applying the definition of equality of complex numbers,
they are as follows:

00%—l1n0 Ou = 9&—l1n9 v
€8 187“1 (A1 i 1891 - 287"2 T2 > 2892
ov 1 ov ou 1 ou
coS 918_7“1 o —sinf; — a0 = — oS 928_7“2 + — Sln 92892
1 ou ou 1 ov
7’_1 cos O — a6, + sin 0] — o " — cos Oy — 06, + sin Oy — 87’2
1 ov ov 1 ou ou

7‘_10089189 +Sm9187‘1 = —500862892 sm@zar2
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In this case, the following equations are satisfied

cos 6’1% — lsm@l Ou = lcos 91@ + sin 0y — v
ory 00, T 06, ory’

coS 923—:2 — r—tsm 92;);)2 = —l cOS 023—:2 — sin ng;i
— CO8 0186—:1 + L sin 0y ggl = r_ll cos 0, ggu + sin 6, 667“1

by the definition of the partial derivative of the functlon expressed in the form of
polar coordinates for the complex numbers and the expression of Cauchy-Riemann
equations for the polar coordinates in the complex analysis, so the above equations
are summarized as follows:

00591@ — ! sin@lﬁ = c0os flg— v — l sin @y —— dv
67“1 (a1 891 87”2 892
and
l cos{— +sinf;— = — coslo— + sin 0, —— v
T1 80 87“1 T9 89 87”2

Therefore, the bicomplex Cauchy-Riemann equations corresponding to r; and 6
(k =1, 2) in polar coordinates is represented by

ou 1 ou ov 1 ov
cos@la—rl - —smﬁla@l = 608628_7"2 - T—2811’192882
1 ou 1 ov ov
7”_1 cos by — 26, + sin 01 — (%1 - — cos ly— a6, + sin Oy — Bra

Considering the differential operator D previously defined, Laplacian operator

is presented as follows:
1,0 0?
Acy, ==+ =)
Cs 4<azf+az§)

Definition 4.1. Let §2 be a bounded open set in Cgz and F' : Q@ — Cp be a Cp
function with values in Cp. A function F is said to be a bicomplex harmonic function
if it satisfies the differential equation

AcyF =0o0n.
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This function is said to be bicomplex harmonic if all its components uy, (k = 0,1,2,3)
of F are bicomplex harmonic on 2.

Remark 4.1. If the function f = u + Juv is bicomplex hyperholomorphic on an open
set Q) in Cp, then, the functions u and v are bicomplex harmonic on ).

Theorem 4.1. Let €2 be a bounded open set in Cg, and let F' be a biccomplex har-
monic function on (2. Then, the following equation

: (82_f S0 g
(97“,% ri 5’9,% n

is satisfied.

Proof. Since [ is a bicomplex harmonic function on (2, its components « and v
satisfy

Pu 0%u v 0t

— =0 and ——+ -5 =0.

02 "9z 92 T 922

Each term can be written as the polar coordinate form such that

0*u 0*u 2 0*u 1 0%u
b 20 _ -z
gz = o=t <8rk e g0y 12 aeg)
0*u 1 0%u 2 0*u
— (8—% cos 20, — = 892 cos 20, — o — sin 20, 87‘;490;)
1 0%u 0*u . 2 0*u
—H( 2 (392 sin 20, — (37“,% sin 20, — o — cos 20, 8rk89k>
Since the equation
ot
022 0z
is satisfied, the equations
2
Pu 1 0% 2 0%u
2 —_—— == 260,, — — sin 26 =
(4-.2) kz((%“,% r? 80,%) €08 20k Tk - k@rk(%k 0

2

1 0%u O%*u 2 0%
. S (573 - 20, — — cos 2
(4.3) 1(@ 62 ark)sm O e P Hkarkaek 0
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should be satisfied. Multiplying cos 26, to the equation (4.2) and — sin 26, to (4.3),
we have

2
Pu 1 0% 9 2 , 0*u
4.4) ;(8_7“,% — ET%) cos” 20, — E cos 20, sin 20, 900, 0,
and
2
Pu 1 0% 2 0%u
5 — — ——— ) sin®26, + —sin 26 26 =0.
(4.5) e (67‘,% r? 80,%> S 0% + Tk S 2P €08 " Ore00, 0

Adding the equation (4.4) and (4.5), we obtain
NP CATREXAL I
— or:  ridb; '
Through a similar process with respect to v, we also obtain
3 (Zv_ L0,
or: 12 o0z '

k=1

5. CONCLUSION

In this paper, we investigate the differential operator of a function with a bi-
complex number as a variable. A bicomplex number is an extension of a com-
plex number and, unlike quaternions, preserves the commutative product between
each basis of a bicomplex number. From the commutativity, unlike the quater-
nion, the defined Cauchy-Riemann equation for bicomplex-valued functions of a
bicomplex variable was investigated. In addition, the polar coordinate form of
the bicomplex numbers is presented by using the complex number expressed in
the polar coordinate form. Since variables can be expressed in the form of polar
coordinates, a function written in the form of polar coordinates is presented and
Cauchy-Riemann equation for bicomplex-valued functions is proposed. Further-
more, the criterion for the harmonic function is expressed in the form of polar
coordinates for the bicomplex numbers.

The regularity of bicomplex-valued functions can be defined as a general com-
plex number, but a bicomplex number is a direct extension of a complex number.
Thus, it is a natural process to consider whether the expression method used for
complex numbers can be applied. The expression of the bicomplex number will
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be as diverse as the expression of the complex number. It is possible to propose a
corresponding polar coordinates form of the Cauchy-Riemann equations, the reg-
ularity and harmonicity of a bicomplex-valued function of a bicomplex variable.
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