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QUASI IDEALS IN TERNARY PARTIAL SEMIRINGS
Y. PRABHAKARA RAO

ABSTRACT. This paper attempts to present the notions of quasi ideal, principal
quasi ideal and minimal quasi ideal in a ternary partial semiring. The most im-
portant aspect of this paper is to study the properties of these three ideals. The
notions of minimal left ideal, minimal lateral ideal and minimal right ideal in
ternary partial semiring are also introduced by characterizing regular ternary par-
tial semiring in terms of these ideals in ternary partial semiring.

1. INTRODUCTION

In 1932, D.H. Lehmar [5] introduced a note on a ternary analogue of abelian
groups. In 1971, ternary rings are introduced by W.G. Lister [6]. In 2003, T.K.
Dutta and S. Kar [1] are introduced the notion of ternary semiring is their note
on regular ternary semirings. In 1980, Higgs [4] studied - structures. In 1985,
Streenstrup [3] studied partial semirings. In 2016, K. Sivaprasad and Y. Prab-
hakararao [2] have introduced the notion of ternary partial semiring and studied
their congruence relations. In this paper, the notions of quasi ideal, principal quasi
ideal and minimal quasi ideal in a ternary partial semiring are introduced. Also in-
troduce the notions of minimal left ideal, minimal lateral ideal and minimal right
ideal in ternary partial semiring are developed. It is shown that every minimal
quasi ideal of a ternary partial semiring is the intersection of a minimal left ideal,
a minimal lateral ideal and a minimal right ideal. Also it is observed that if Q is
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quasi ideal of a ternary partial semiring and Q* = @ then S is a regular ternary
partial semiring.

2. PRELIMINARIES

Definition 2.1. A nonempty set S together with a binary operation called addition
and a ternary multiplication, denoted by juxtaposition, is said to be a ternary semir-
ing if S is an additive commutative semigroup fulfilling the following axioms:
(1) Cyzx)uv=x(yzwv=xy(zuv)
(i) Gct+y)uv=xuv+yuv
(iii) x(y+2)u=xyu+xzu
(iv) xy(z+u)=xyz+xyu; for all x,y,z,u,ve S.

Definition 2.2. A nonempty set S together with a partial addition 3. defined on some
(not necessarily all) families (z; : ¢ € I) in S and a ternary multiplication, denoted
by juxtaposition, is said to be a ternary partial semiring if it satisfies the following
axioms:
(i) (S,X) is a partial monoid
(i) Gyz)uv=x(yzwv=xy(zuv)
(iii) A family(x; : i € I) is summable in S implies (z,xy : ¢ € I) is summable in S
and (Xierz;)ry = Sier(vivy),
(iv) A family(z; : i € I) is summable in S implies (zx;y : i € I) is summable in S
and a(Bierri)y = Sier(z2:y),
(v) A family(z; : i € I) is summable in S implies (xyx; : i € I) is summable in S
and xy(Xierr;) = Sier(xyz;),
(vi) Oxy = 20y = zy0 = O,where 0 = X(x; : i € 0)(empty family), acts as an
additive zero for binary sums in S; for all x,y, z,u,v € S.

Definition 2.3. A ternary partial semiring S is considered to be complete if all fami-
lies of finite support in it are summable.

Definition 2.4. A nonempty subset H of a ternary partial semiring S is said to be a
left (right) ideal of S if it satisfies the following axioms:
(i) Whenever (z; : i € I) is a summable family in S and z; € H for every i € I,
then Y x; € H.

el

(ii) s150h € H(hsysy € H), for all s1,s9 € Sand h € H.
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Definition 2.5. A nonempty subset H of a ternary partial semiring S is said to be a
lateral ideal of S if it satisfies the following axioms:

(i) Whenever (z; : ¢ € I) is a summable family in S and x; € H for every i € I,

then ) x; € H.
il

(ii) sihsy € H forall s1,8, € Sand h € H.
Definition 2.6. Let S be a ternary partial semiring. A nonempty subset H of a S is
said to be an ideal of S if H is a left, a right as well as a lateral ideal of S. If H# S,
then H is called a proper ideal of S.

Definition 2.7. Let S be a ternary partial semiring and an element u of S is called
regular when there is an element v in S such that uvu = u.

Definition 2.8. If all elements of a ternary partial semiring S are regular then S is
called regular ternary partial semiring.

3. QUASI IDEALS

Definition 3.1. A nonempty subset H of a ternary partial semiring S is said to be a
lateral ideal of S if it satisfies the following axioms:
(i) Whenever (z; : ¢ € I) is a summable family in S and x; € H for every i € I,
then " x; € H.

(i) SSO N SQSNOSS C 0.

Remark 3.1. Let S be a ternary partial semiring. Then every left ideal, right ideal
and lateral ideal of S is a quasi ideal of S. But not conversely true.

Example 1. If M is the set of all 2 x 2 square matrices containing non positive
integers, it becomes a ternary partial semiring with normal addition over families of
finite support and ternary multiplication. Here

Q:{(‘g 8>\x€ZU{O}}

is a quasi ideal of M. but Q is not a right ideal, a lateral ideal or a left ideal of M.

Definition 3.2. Let S be a ternary partial semiring and x € S. Then the smallest
quasi ideal of S that contains x is called the principal quasi ideal of S generated by x
and is denoted by (z),,.
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Theorem 3.1. Let S be a complete ternary partial semiring. If x € S, then the
principal quasi ideal generated by x is the set (z), = {a € S/a = Z;a;b;x + Xjxc;d; +
Yrugrvy, +nx where a;, b, ¢;, d;, u,, v, € S andn € ZTU{0}}. where nx denotes the
sum of n copies of x for n € Z* and n = 0 implies nz = 0.

Proof LetT = {a € S/a = Z;a;b;x + X;xc;d; + Zpugxvg + ne where a;, by, ¢;, d;, ug,

v, € Sand n € ZT U {0}}. We first prove that 7" is an ideal of S. Let (a; : i €

I) be a family of finite support in S and a;, € T,7 € I. Then there are only a

finite number of nonzero terms in (a; : ¢ € I), namely ay,ao, ...,a,. Since each

am € T,1 <m < p,ay = X Gmbim, @ + X, 2Cp oy + Ly Uy T, + nz, Where

Uy Omys Co s o Uy, U, € S @nd n € Z7 U {0}. Since S is complete, i a,, is in
m=1

P
Sand ) am = XX, G, by, @ + X X, 2Cm iy, + X X, Uy, TV, + pnz € S, SO

m=1

p
that > a,, € T and Y;cja; € T.Leta € T and 5,5’ € S. Nowa € T = a € S and
m=1

a = Y;a;b;x+Xjxcid; +Sgupxvg +nx wherea;, by, ¢j, dj, ug, v, € S and n € ZTU{0}.
Consider ss’a = ss'(X;a;,b;x+%,xc;dj+Epuprvp+ne) = ss'(E;a;0;0)+ss' (E;xeid;)+
ss'(Bpugrvg) + s8'(nx) = X;(ss'a;)bix + Xj(ss'xejd;) + i (ss'ug)zv, + n(ss'z). So,
ss'a € T. Similarly, we can prove that sas’ € T and ass’ € T. Therefore, T is an
ideal of S. Since z = 00z + 00 + 0z0 + 00200 4+ nz, where n = 1 € Z* U {0},
it follows that x € T. Let U be an ideal of S such that x € U. let a € T. Then
a € Sand a = Ya;bix + Xjxc;d; + Spugrv, + nx, wherea;, by, ¢j, dj, ug, v, € S
and n € Z* U {0}. Since U is an ideal of S, a € S and = € U, it follows that
a = Y;a;bix + Xjxc;d; + Epugrvg + ne € U and that a € U. Therefore, T C U.
Hence, T is the smallest ideal of S containing x. Thus (z) =T O

The following theorems can be derived by using the above theorem.

Theorem 3.2. Let S be a complete ternary partial semiring. If x € S, then the
principal left ideal generated by x is the set (z); = {a € S/a = ¥;a;b;x + nx, where
CLi,bi € Sandn € Z+* U {0}}

Theorem 3.3. Let S be a complete ternary partial semiring. If x € S, then the
principal right ideal generated by x is the set (x), = {a € S/a = X;xa;b; + nx, where
(Ii,bi € Sandn € Z* U {0}}
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Theorem 3.4. Let S be a complete ternary partial semiring. If x € S, then the
principal two-sided ideal generated by x is the set(z); = {a € S/a = X;a;b;ix +
Y,xc;d; + Zpalbxc,d, + nx, where a;, b;, ¢, d;, ap, by, ¢, dj, € Sand n € Zt U {0}}.

Theorem 3.5. The intersection of left ideal H, a right ideal K and a lateral ideal L of
a ternary partial semiring S is a quasi ideal of S.

Proof. Let H be a left ideal and K be a right ideal and L be a lateral ideal of a ternary
partial semiring S. Let (z; : ¢ € I) is a summable familyin Sand z; € HN LN K
for every i € I. Then > x; € H as His a left ideal,> Jz; € L as L is a lateral ideal
il iel
and ) z; € K as Kis aright ideal of S. We have ) € H N L N K .Further we have
il iel
SS(HNLNK)NS(HNLNK)SN(HNLNK)SS C SSHNSLSNKSS C HNLNK.
Hence H N L N K is a quasi ideal of S. O

Theorem 3.6. The intersection of arbitrary collection of quasi ideals of a ternary
partial semiring S is either an empty set or a quasi ideal of S.

Proof. Let Q = Npen{Q@m \ @ is a quasi ideal of S} where A denotes any indexing
set, be a non empty set. Let (z; : © € I) be a summable family in S and z; € @ for
every i € I, then x; € Q,, for each m € A. Then ) x; € Q,, as @,, is a quasi ideal
il
of S for each m € A. Hence > z; € Npea@r = Q. Further we have SSQNSQSN
il
QSS = Ss(mmEA) N S(mmeA)S n (mmEA)SS - SSQm N SQmS N QmSS - Qm for
allm € A as Q,, is a quasi ideal. Thus SSQ N SQSNQSS C Nyuen = Q. Hence Q

is a quasi ideal of S. O

Lemma 3.1. Let S be a ternary partial semiring and Q is quasi ideal of S then

Q*CQ.

Proof. Let Q be a quasi ideal of a ternary partial semiring S. We have SSQ N

SQSNQSS C Q. We have Q2 = QQQ C SSQ and Q® = QQQ C SQS and
3 =0QQ C QSS. Hence Q* = QQQ C SSQNSQSNQSS C Q. O

4. MINIMAL QUASI IDEAL

Definition 4.1. Let S be a ternary partial semiring. A quasi ideal Q of S which does
not contain any other proper quasi ideals of S is said to be a minimal quasi ideal of
S.
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Theorem 4.1. If H is a minimal left ideal, L is a minimal lateral ideal and K is a
minimal right ideal of a ternary partial semiring S then H N LN K is a minimal quasi
ideal of S.

Proof let @ = H N L N K.From theorem 3.5, Q is a quasi ideal of S. let ); be
another quasi ideal of S such that ); C . Then SSQ; is a left ideal, SQ,S is
a lateral ideal and ;5SS is a right ideal of S. Also Q; € H = SSQ; C SSH C
HQCL=S)HSCSLSCLQ, C K= 55 CKSS C K.By minimality of
H,L and K, we have SSQ, = H,SQ.S = L,(1SS = K. Therefore Q = HNLNK =
SSQ1 NSQSNQSS C Q. Hence Q = @ which shows that (), is a minimal
quasi ideal of S. O

Theorem 4.2. If Q is a minimal quasi ideal of a ternary partial semiring S. A
left(right) ideal of S generated by two non zero elements of Q is same.

Proof. Let Q be a minimal quasi ideal of a ternary partial semiring S. For a non
zero element = € @), (x), is the left ideal generated by x which is a quasi ideal of S.
Then (z); N Q is a quasi ideal of S. But (z); NQ C @ and Q is a minimal quasi ideal
of S. Then we have (z); N Q = Q. From this @ C (z),. Now,for another non zero
element y € @, we get y € (x);. Hence (y); C (z);...(1). Similarly, we can show
that (z); C (y);...(2). From (1)and(2),we have (x), = (y);. O

Theorem 4.3. If Q is a minimal quasi ideal of a ternary partial semiring S then Q is
the intersection of a minimal left ideal, a minimal lateral ideal and a minimal right
ideal of S.

Proof. Let Q be a minimal quasi ideal of a ternary partial semiring S and let = € Q.
Then SSx, SxS, xSS be a left ideal, a lateral ideal, a right ideal of S. Then from
theorem 3.5,55xNSxSNxSS is a quasi ideal of S. But SSzNSzSNxSS C SSQN
SQSNQESS C Q as Q is a minimal quasi ideal. Therefore SSxz N SxSNzSS = Q
as Q is minimal quasi ideal. Now, we show that SSx is a minimal left ideal. Let
H be a left ideal of S such that # C SSz...(1). Then SSH C H C SSz. Now,
SSHNSzSNxSS C SSxNSxzSNxSS C Q. Then SSz N SxS N aSS is quasi
ideal of S. Thus by minimality of Q, we have Q = SSHNSxSNzSS C SSH. Now
SSx C SSQ C SS(SSH) = (SSS)SH € SSH C H...(2). From (1)and(2) we
have H = SSX. Consequently SSx is a minimal left ideal of S. Similarly, we prove
that SxS a minimal lateral ideal and xSS a minimal right ideal of S. O
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Theorem 4.4. If Q is a quasi ideal of a ternary partial semiring S and Q* = Q) then
S is a regular ternary partial semiring.

Proof. Let H be a minimal left ideal, L. be a minimal lateral ideal and K be a minimal
right ideal of a ternary partial semiring S. Then from theorem 3.5, K "L N H is a
quasi ideal of S. From the given hypothesis, we have

(4.1) KNLNH=(KNLNH)?=(KNLNH)(KNLNH)(KNLNH)C KLH.
Again, we have KLH C KSSCK,KLH C SLSC L,KLH C SSH C H. Then
4.2) KLHCKNLNH.

From (4.1) and (4.2), we have KLH = KNLNH. Letz € S. Now x € (x),,x €
(x)t,x € (z), and that z € (z), N (z); N (z); = (z),(x);(z),.This implies that
x is a finite sum of terms of the form yzw, where y € (x),,2 € (z)y,w € (x),.

Also, y € (z), = y = > za;b; + nx as a finite sum, z € (z), = 2z = > u;zv; +
7 J

> prarrrisy +n'x as a finite sum,w € (), = w = ¢,ud,, + 1"z as a finite sum for

k m

some a;, b;, Uj, Vi, Pks Qks Ths Sks Cm, Ay € S and some n,n’,n” € Z* U {0}. Therefore

yrw = (Z za;b; + nx)(z u;xv; + Zpquxrksk - n’x)(z Cndm + 1" 1)
i j K

m

= DN S wbigrvgendn) + 30 S (abiugao)n”

+ 20 ]z:(aibipquxmskcmdm) + Z]Z(aibipquxrksk)n”
* Z i(zbixcmdm)n’ + Zwibﬂ)nfnﬁ k

+ Z i(ujxvjcmdm)n T i(uj:vvj)n’n”

7o J

+ ) (prarrrisiendn)n + > (prgrarrs)n'n” + ) (@Cmndy)n
k im k m

+ (nn'n")x}x € xSw.

Hence = € xSx. Thus there exists ¢t € S such that x=xtx. This shows that x is
regular. Hence S is a regular ternary partial semiring. O

Theorem 4.5. Every minimal lateral ideal of a ternary partial semiring S is a mini-
mal ideal of a ternary partial semiring S.
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Proof. Let L be a minimal lateral ideal of a ternary partial semiring S. Then SLS is a
lateral ideal of S and SLS C L. Since L is minimal, we have SLS = L. Now LSS =
(SLS)SS = SLSSS C SLS C L and SSL = SS(SLS) = SSSLS C SLS C L.
Thus L is a right ideal and also a left ideal of S. Also L is a lateral ideal of S. Hence
L is an ideal of S. Now we show that L is minimal ideal of S. If possible, let M be
an ideal of S such that M C L. Since M is an ideal of S, it is a lateral ideal of S.
But from the given hypothesis, we have M = L. Hence L is minimal ideal of S. [J

Corollary 4.1. A minimal ideal of a ternary partial semiring S contains any minimal
quasi ideal of S.

Proof. Let S be a ternary partial semiring and Let Q be its minimal quasi ideal.
Then Q = H N L N K where H is a minimal left ideal, L is a minimal lateral ideal
and K is a minimal right ideal of a ternary partial semiring S. From this @) C L.
From theorem 4.4, L is minimal ideal of S. Hence Q is contained in a minimal ideal
of S. O
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