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RICCI-YAMABE SOLITONS ON SUBMANIFOLDS OF SOME INDEFINITE
ALMOST CONTACT MANIFOLDS

G. S. SHIVAPRASANNA, PRABHAVATI G. ANGADI, G. SOMASHEKHARA,
AND P. SIVA KOTA REDDY!

ABSTRACT. In this paper, we study Ricci-Yamabe soliton on invariant and anti-
invariant submanifolds of indefinite Sasakian manifolds, indefinite Kenmotsu man-
ifolds and indefinite trans-Sasakian manifolds concerning Riemannian connection
and quarter symmetric metric connection.

1. INTRODUCTION

In the year 2019, Crasmareanu and Guler [4] confer the exploration of another
geometric flow and that is a scalar blend of Yamabe and Ricci flow under the name
called Ricci-Yamabe flow (RY F'). The (RY F') is defined as follows [4]:

9

ot
A solution to the (RY F) is called Ricci-Yamabe soliton, denoted as (RY'S) and its
(9, V, A, p, q) on a Reimannian manifold (M, ¢g) such that

(t) = —2p Ric(t) +qr(t)g(t), go = g(0).

(1.1) Lyg+2p S+ 2\ —qr)g=0.
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Here r is a scalar curvature , S is a Ricci tensor, £ denotes the Lie-derivative along
the vector field and p, g are the scalars. The (RYS) is said to be steady, shrink-
ing and expanding accordingly as )\ is zero,negative and positive respectively. In
this way, condition (1.1) is called (RYS) of (p, ¢)-type, which is a speculation of
Yamabe and Ricci solitons. It notes us that (RY'S) of type (0, ¢) and (p, 0)-type are
g-Yamabe soliton and p-Ricci soliton separately.

S. Golab [3] characterized and examined quarter symmetric linear connection
on a differentiable manifold. A straight association V is an n-dimensional Reiman-
nian manifold and is known as a quarter symmetric connection [3] if twist tensor
T is of the structure

(1.2) T(Uy,Uy) = Vi, Uy — Vi, Uy — [Uy, Us] = n(Us)pUy — n(Uy ) Us,

where 7 is a 1-form and ¢ is a tensor of type (1,1). If a quarter symmetric linear
connection V fulfils the condition (Vy,g)(Us, Us) = 0, for all Uy, Uy, Uz € x(M),
where x (M) is a Lie algebra of vector fields on the manifold A/, at that point
V is known as a quarter symmetric metric connection and is noted as (QSMC).
Somashekhara et al. [7], studied some results on invariant sub-manifolds of LP-
Sasakian manifolds endowed with semi-symmetric metric conection. Also, they
have obtained a condition for totally geodesic by using certain geometrical con-
ditions. In [8], the authors studied the C-Bochner curvature tensor under D-
homothetic deformation in L P-Sasakian manifolds.

2. PRELIMINARIES

A (2n+1)-dimension semi-Riemannian manifold (M, g) is called an indefinite al-
most contact manifold if it reaches an indefinite almost contact structure (¢, &, 7),
where ¢ is a tensor field of type (1,1), £ is a vector field and 7 is a 1-form fulfilling
for all vector fields Uy, U, on M [1].

Uy = —Uy +n(U1)&,nop =006 =0,n(f) =1,
(U, oUs) = g(Uy, Uy) — en(Uy)n(Us),

g(Uy,8) = en(Uh), g(¢Us, Us) = —g(Uy, ¢Us).

Here ¢ = g(&,€) = £1 and V is the Levi-Civita connection for a semi-Riemannian
metric g.
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An indefinite almost contact metric structure (¢, &, 7, g) is called an indefinite
Sasakian structure is for all vector fields Us, W on M,

(21) (@Us(p)w = EH(W)U3 - g(U?n W)fa ngf = _ESOUS'

An indefinite almost contact metric structure (p,&,n,g) is called an indefinite
trans-Sasakian structure of type («a, 3) [5, 6], if

(Vo o)Wi = alg(Us, W, )€ — en(Wh)Us| + Blg(eUs, W1)& — en(Wh)eUs],
Vu,& = —eapUs + e8[Us — n(Us)E].
For smooth functions «, 3 on M and for all vector fields Us, W; on M. e-Kenmotsu
manifolds with indefinite metric by giving a case of « = 0, = 1, at that point

indefinite almost contact metric structure (y,&,7,g) is said to be an indefinite
Kenmotsu structure [2]. Hence, the structure conditions become:

(2.3) (Vo)W = [g(@Us, Wh)E — en(Wh)pUs|, V& = eUs — en(Us)E.

Make M be a submanifold of dimension m of a manifold M (m < n) with actuated
metric g. Likewise let V and V-~ be the incited connection on the tangent bundle
TM and the normal bundle T+ M of M individually. At that point the Weingarten
and Gauss formulae are stated as:

Vu,Uy = Vi, Uz + h(Uy, Uy),

Vi,V = —AyUy + V.V,

(2.2)

(2.4)

for all U;,U, € T'(TM) and V € I'(T+M), where h and Ay are second funda-
mental form and the shape operator (corresponding to the normal vector field V)
respectively for the immersion of M into M. The second fundamental form % and
the shape operator Ay are related by [9]

g(h(Uy,Us),V) = g(AyvUy, Us),

for any U,,U, € T(TM) and V € I'(T+M). The mean curvature vector L on M is
given by

1
L=—=%"9(e,e€i), {€}ie
m 1719(6 € ) {6 =1
is a local orthonormal frame of vector fields on M.

A submanifold M of a manifold M is called totally umbilical if

(2.5) h(Uy,Us) = g(Uy, Us) L,
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for Uy, U, € TM. Moreover if h(Uy, Us) = 0. Also, M is called totally geodesic and
if L = 0, then M is minimal in M.

A submanifold M of a manifold M is called invariant (anti-invariant) if ¢U, is
tangent (normal) to M for every vector field U; tangent to M, that is,
o(TM) C TM(p(TM) C T+M) at each pointed M. Throughout this paper, we
denote invariant submanifolds as (/SM).

Let V be a linear connection and V be the Levi-Civita connection on M such
that

%U1U2 = Vu, Uy + H(Uy, Us),

where H is a (1,1) type tensor and U, U, € I'(TM). For V to be a quarter sym-
metric metric connection (QSMC) on M, we have

H(UL, V) = S[T(0, Us) + T'(U), Us) + T(U, Uh)],
where
(2.6) g(T' (U, Us),Us) = g(T(Us, Uy), Us).
From (1.2) and (2.6), we get:
T'(Uy, Uz) = n(Uh)pUsz — g(Usz, 9UL )&,
H(Uy, Uz) = n(Uz)eUs — g(Uz, pUn )¢
Thus, a (QSMC) V in a manifold M is specified by

(2.7) Vo, Us = Vi, Us + 1(Us) Uy — g(pUy, Us)E.

3. (RYS) ON SUBMANIFOLDS OF INDEFINITE SASAKIAN MANIFOLDS IN RESPECT
OF RIEMANNIAN CONNECTION

Suppose (g,&, A\, p,q) be a (RY S) on a submanifold M of an indefinite Sasakian
manifold M. We now have:

(3.1) (Leg)(Ur, Us) 4+ 2pS(Uy, Uz) + (2X — qr)g(Us, Uz) = 0.
From (2.1) and (2.4), we get:

(32) _6§0U1 — vU1£ - VU1£ + h(U1,€>
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Whether M is invariant in M, in that case U, € T M, hence equating tangential
as well as normal component of (3.2), we get

(3.3) Vu,& = —epUy, h(Uy, §) = 0.

Using (3.3) we get

(3.4) (£e9)(Ur, Uz) = —€lg(Us, Us) + g(Ur, pUs)] = 0.

In view of (3.1) and (3.4) yields

qr — 2\
2p

It suggests this M is Einstein. Additionally from (2.5) and (3.3) it obtains n(U;) L =

0 i,e., L = 0, where as n(U;) # 0. Consequently, M is minimal in M. Thus it is
following that:

(3.5) S(UL, Us) = ( Vg(Uy, Us).

Theorem 3.1. If (¢9,£, A\, p,q) is a (RY'S) on an (ISM) M of an indefinite Sasakian
manifold M, then M is minimal in M and also M is Einstein.

Also from (3.3), we get:
(3.6) S(U,€) = —pUs + (n — )n(U1)€.

In view of (3.5) and (3.6), we come into \ = %(”_1). Thus we express that

Theorem 3.2. A (RY'S) on an (ISM) M of an indefinite Sasakian manifold M is
shrinking or expanding or steady accordingly as:

qgr—2p(n—1)<0 or gr—2p(n—1)>0 or qr=2p(n—1).
If p=0then A = % Thus, we can state

Corollary 3.1. A g-Yamabe soliton on an (ISM) M of an indefinite Sasakian mani-
fold M is shrinking or expanding or steady accordingly as:

qgr <0 or qr>0 or qr=020.
If ¢ = 0 then A = p(1 — n). We now have:

Corollary 3.2. A p-Ricci soliton on an (ISM) M of an indefinite Sasakian manifold
M is shrinking or expanding or steady accordingly as:

p(l—=n)<0 or p(l—n)>0 or p(l—n)=0.
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If M is anti-invariant in M, then for any U, € TM, oU, € T+M and hence from
(3.2), it becomes

Vi, § = 0,h(Uy,§) = —epl.
Using (3.4) it gives (£¢g)(Uy, Us) = 0. It suggests this ¢ is a Killing vector field and
consequently (3.1) capitulates
il 2_p2)\)9(U1, Ua),

which infers that M is Einstein. It is expressing as:

S(Uy,Us) = (

Theorem 3.3. If (¢,&,\,p,q) is a (RYS) on an anti-(ISM) M of an indefinite
Sasakian manifold M,then ¢ is a Killing vector field and M is Einstein.

As well as, Vi, & = 0 = R(U,U5)E = 0 = S(U,€) = 0 = \ = % We now
have:

Theorem 3.4. A (RY'S) (g9.&, A\, p, q) on an anti-(1.SM) M of an indefinite Sasakian
manifold M is expanding or shrinking or steady accordingly as qr > 0 or qgr < 0 or
qr = 0.

4. (RYS) ON SUBMANIFOLDS OF INDEFINITE SASAKIAN MANIFOLDS WITH
RESPECT TO (QSMC)

Let us contemplate that (g,&, A\, p,q) is a (RY'S) on a submanifold M of an in-
definite Sasakian manifold M with respect to (QSMC), where V is the actuated
connection on M from the connectionV, then we obtain

(4.1) (L¢9) (U1, Uz) 4 2pS(Uy, Uz) + (21 — qr)g(Uy, Uz) = 0.

Let h be the second fundamental form of M regarding induced connection V. At
that point we have

(4.2) %Ul = Vu,Us + h(Uy, Uy),
and hence by virtue of (2.4), (2.7) we get,
(4.3) leUQ + ]_Z(Ul, Us) = Vi, Uy + h(Uy, Up) + n(Us) Uy — g(oUs, Us)E.

If M is an (ISM) of M, then U, € TM for any U, € T M along with consequently
collating tangential parts from (4.2), it becomes

(4.4) le Uy = Vi, Uy + n(Us)pUs — g(Uy, Us)E,
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which express that M admits (QSMC). Also from (4.4), we obtain

(4.5) V& = (—e+ 1)Uy,
and hence
(46) (Egg)(Ul, Ug) = (—6 + 1)9(@(]1, UQ) + g(Ul, QOUQ) = 0.

Hence, from (4.1) we get

_ —2)
4.7) S, Uy) = (& >

)9(U1, Us).
Hence, we can declare that:

Theorem 4.1. Let (9,£, A\, p, q) be a (RY S) onan (1SM) M of an indefinite Sasakian
manifold M, with respect to (QSMC) V. Then M is Einstein with respect to induced
Riemannian connection.

Also from (4.5), it becomes

(4.8) S(U1,8) = —pUs + (n — 1)(e — )n(U1).
Compare (4.7) and (4.8), we obtain \ = w.

Theorem 4.2. A (RY'S) on an (ISM) M of an indefinite Sasakian manifold M is
expanding or shrinking or steady accordingly as:
gr—(n—=1(—=1)2p>00rqgr—(n—1)(e=1)2p<0o0rqr=(n—1)(—1)2p.

If p=0then A = % Thus we can state

Corollary 4.1. A g-Yamabe soliton on an (ISM) M of an indefinite Sasakian mani-
fold M is expanding or shrinking or steady accordingly as:

qgr >0 or qr<0 or gqr=020.
If¢g=0then A= (1—n)(c—1)p

Corollary 4.2. A p-Ricci soliton on an (ISM) M of an indefinite Sasakian manifold
M is expanding or shrinking or steady accordingly as:

(1—=n)e—1p>0 or (1-n)e—1)p<0 or (1—n)(e—1)p=0.
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If M is an anti-(1SM) of M with respect to (QSMC) then from (4.4), we have
Vi,& = 0 and hence (£¢9)(Uy, Uy) = 0. We now obtain

_ _qr—2)
S(Uy,Up) = ( "

)9 (U 1, UQ)'
Consequently we can express:

Theorem 4.3. Let (g,§,\,p,q) be a (RYS) on an anti-(ISM) M of an indefinite
Sasakian manifold M, with respect to (QSMC) V. Then M is Einstein with respect
to induced Riemannian connection.

Also, Vi, & = 0. It implies R(Uy,Us)€ = 0 = S(U;,€&) = 0 then \ = %

Theorem 4.4. A (RY'S) (g,&, A\, p,q) on an anti-(I1SM) M of an indefinite Sasakian
manifold M is expanding or shrinking or steady accordingly as qr > 0 or qr < 0 or
qr = 0.

5. (RY S) ON SUBMANIFOLDS OF INDEFINITE KENMOTSU MANIFOLDS WITH
RESPECT TO RIEMANNIAN CONNECTION

Let (g,&, A, p, q) be a (RY' S) on submanifold M of an indefinite Kenmotsu man-
ifold M then we have

(5.1) (Leg) (U1, Uz) + 2pS(Uy, Us) + (2A — qr)g(Uy, Uz) = 0.
From (2.3) and (2.4) we obtain,
(5.2) elUr = n(Uh)€] = Vi, & = Vi, &+ h(U1,€).

Comparing normal and tangential components of (5.2), we get:

(5.3) Vi, & = e[Ur = n(U1)E], h(U1, §) =0,
using (5.3) we get
(5.4) (£¢9)(Ur, Uz) = 2e[g(Us, Uz) — n(Ur)n(U2)].
In view (5.4) and (5.1), we obtain

qr — 2\ — 2¢

(5.5) S(UL, Us) = ( )g(UL, Us) + <§>n<zf1>n<vz>.

2p
Also from (2.5) and (5.3) it gives L = 0 as n(U;) # 0. Hence, we can state
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Theorem 5.1. If (¢9,&, A\, p,q) is (RY S) on a submanifold M of an indefinite Ken-
motsu manifold M. Then M is minimal in M and also M is n-Einstein.

From (5.3), we get:
(5.6) S(Ur,§) = [—e(n —1) = {In(Ur).
Assimilating (5.5) and (5.6), it yields A\ = w.

Theorem 5.2. A (RY S) on an (ISM) M of an indefinite Kenmotsu manifold M is
expanding or shrnking or steady accordingly as:

qr >2p(e(n —1)4+&) or qr<2p(e(n—1)+¢) or qr=2p(e(n—1)+¢).
If p = 0 then A = &. Thus we have

Corollary 5.1. A g-Yamabe soliton on an (ISM) M of an indefinite Kenmotsu man-
ifold M is expanding or shrinking or steady accordingly as qr > 0 or qr < 0 or
qr =20

If ¢ = 0then X\ = p[(n — 1)e + &]. Thus we have

Corollary 5.2. A p-Ricci soliton on an (ISM) M of an indefinite Kenmotsu manifold
M is expanding or shrinking or steady accordingly as

plln—1)e+¢& >0 or pl(n—1e+& <0 or p[(n—1)e+¢& =0.

6. (RYS) ON SUBMANIFOLDS OF INDEFINITE KENMOTSU MANIFOLDS WITH
RESPECT TO (QSMC(C)

Let us assume that (g,&, A, p, ¢) is a (RY' S) on a submanifold M of an indefinite
Kenmotsu manifold M with respect to (QSMC), where V is the induced connec-
tion on M from the connection V. Also let / be the second fundamental form of
M with respect to induced connection V. Then we can consider the equations
(4.1), (4.2), (4.3).

In case M is an (ISM) M, then we have the equation (4.4) which implies that
M accord (QSMC). From Vy, ¢ = e[U; — n(U,)€] + U, and hence

(6.1) (L¢9) (U1, Us) = 2e[g(Uy, Uz) — n(Uy)n(Uy)).

Using (6.1) in (4.1), we get: S(Uy,Us) = (£=52=2)g(Us, Us) + (£)n(Ur)n(Us).
Hence, it follows that
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Theorem 6.1. Let (g9,&, A, p,q) be a (RY'S) on an (ISM) M of an indefinite Ken-
motsu manifold M with respect to (QSMC) V. Then M is n-Einstein in respect of
induced Riemannian connection.

Again, if M is an anti-(/SM) of M in respect of (QSMC) then from (4.4) we
obtain

Vi, & = e[Ur — n(U1)¢],

(6.2) (L¢9) (U1, Us) = 2e[g(Uy, Uz) — n(Uy)n(Uy)).

Hence, using (6.2) in (4.1), we have: S(U,U;) = (L£=2=2)g(Uy, )

2p
+ (S)n(Un)n(Uz).
Therefore, we state that

Theorem 6.2. Let (g,{, A\, p,q) be a (RYS) on an anti-(ISM) M of an indefinite
Kenmotsu manifold M with respect to (QSMC') V. Then M is n-Einstein with respect
to induced Riemannian connection.

7. (RYS) ON SUBMANIFOLDS OF INDEFINITE TRANS-SASAKIAN MANIFOLDS WITH
RESPECT TO RIEMANNIAN CONNECTION

Let us consider that (g, &, A, p, q) is a (RY'S) on a submanifold M of an indefinite
trans-Sasakian manifold M. Then we get

(7.1) (£¢9)(Ur, Ua) +2pS(Uy, Uz) + (2X — qr)g(Uy, Uz) = 0.
From (2.2) and (2.4) we have
(7.2) —caU + B[UL — n(U1)€] = Vi, & = Vi &+ h(Uy,€).

In the event that M is invariant in M, at that point ¢U; € TM consequently
likening normal and tangential components of (7.2) we acquire

(73) lef = _ECYQOUl + 569021717 h(Uh 6) = Oa
using (7.3) we have,
(£e9) (U, Us) = 230[g(Uy, Uz) + en(Uy)n(Us)].

Using this to (7.1) we get
qr — 2\ — 236
2p

Vo, U) + <‘7f>n<vl>nw2>.

(7.4) S(Uy,Us) = (
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It implicit that M is n-Einstein. As well as from (2.5) along with (7.3) it acquires
n(Uy)L = 0. Thatis, L = 0, n(U;) # 0. Consequently, M is minimal in M.
Therefore, it follows that

Theorem 7.1. If (¢,&,\,p,q) is (RYS) on an (ISM) M of an indefinite trans-
Sasakian manifold M. Then M is n-Einstein and also M is minimal in M.

Again, if M is anti invariant in M, then for any X € TM, X € T+M and hence
from (7.2), we have: Vy, & = €[fU; — n(Uy)E], h(Uy, &) = —eapU.

Hence, (£¢9)(U1,Us) = 2860[g(Uy, Uz) + en(Uy)n(Uz)], so we obtain S(Uy, Usz) =
(%)Q(Uh Uz) + (%F)U(U1)77<U2)-

Hence, it can be expressed
Theorem 7.2. If (¢9,&, A\, p,q) is (RY'S) on an anti-(ISM) M of an indefinite trans-
Sasakian manifold M. Then M is n-Einstein.

Also from (7.3), we obtain

(7.5) S(€,€) = (n — 1)ea® — B2 — 2néB.

Comparing (7.4) and (7.5), we get \ = q”_w(‘s_1)_2’3[(”;1)8‘“2_526_2”55}.

Theorem 7.3. A (RY'S) on an (ISM) or anti-(ISM) M of an indefinite trans-
Sasakian manifold M is expanding or shrinking or steady accordingly as:

ar —28(6 — 1) — 2p[(n — )ea? — 5% — 2ngp)

5 > 0,

or
qr —26(9 —1) = 2p[(n — Dea® = 5°5 —2n8p] _
2 7

or

qr —2B(0 — 1) — 2p[(n — 1)ea® — 320 — 2n&pB] = 0.

If g=0then A = _25(5_1)_2”[("_21)5“2_525_2"56}. Thus we have

Corollary 7.1. A p- Ricci soliton on an (ISM) or anti-(ISM) M of an indefinite
trans-Sasakian manifold M is expanding or shrinking or steady accordingly as:

—2p[(n — 1)ea® — 326 — 2n&p)
2

—28(6 — 1) — 2p[(n — 1)ea? — 320 — 2n&p]
2

> 0,

or

< 0,
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or
—2B(6 — 1) — 2p[(n — 1)ea? — B%6 — 2n&B] = 0.

If p=0then A = gr — 25(0 — 1). Thus, we have:

Corollary 7.2. A g-Yamabe soliton on an (ISM) or anti-(1SM) M of an indefinite
trans-Sasakian manifold M is expanding or shrinking or steady accordingly as

qgr>2p(6—1) or qr<2pB(06—1) or qr=25(5—-1).

8. (RYS) ON SUBMANIFOLDS OF INDEFINITE TRANS-SASAKIAN MANIFOLDS WITH
RESPECT TO (QSMC)

Let us consider that (g,&, A, p,q) is a (RY'S) on a submanifold M of an indefi-
nite trans-Sasakian manifold M with respect of (QSMC'), where V is the induced
connection on M from the connection V. Further, let / be the second fundamen-
tal form of M with respect to induced connection V. Then, we can consider the
equations (4.1), (4.2), (4.3).

If M is an (ISM) M then we have the equation (4.4) which implies that M
concur (QSMC). As well as from Vi, & = (—ea + 1)U, + BS[U; — n(U;)¢], and
hence

(8.1) (Le9) (U1, Us) = 2B68[g(Uy, Us) — en(Ur)n(Uy)].
In view of (4.1) and (8.1), we get:
(01U = (T2 =20, Ua) + (V)T

Hence, it can be declared as:

Theorem 8.1. Let (g,&, A, p,q) be a (RY'S) on an (ISM) M of an indefinite trans-
Sasakian manifold M with respect to (QSMC) V. Then M is n-Einstein with respect
to induced Riemannian connection.

Again, If M is an anti-(ISM) of M with respect to (QSMC) then from (4.4) we
obtain: Vi, ¢ = ¢[BU; — n(U;)&], it implies that
(Le9) (U1, Us) = 280[g(U1, Us) — en(Un)n(Us)]-

Hence from (4.1), we have: S(Uy, Up) = (=522 g(Uy, Up) +(=2)n(Ur)n(Us). We
now state that:
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Theorem 8.2. Let (g,¢, A, p, q) be (RY'S) on an anti-(1SM) M of an indefinite trans-
Sasakian manifold M with respect to (QSMC) V. Then M is n-Einstein with respect
to induced Riemannian connection.
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