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INTERVAL INTEGRO DYNAMIC EQUATIONS ON TIME SCALES UNDER
GENERALIZED HUKUHARA DELTA DERIVATIVE

R. V. N. UDAYASREE, T. SRINIVASA RAO, CH. VASAVI!, AND G. SURESH KUMAR

ABSTRACT. This paper is devoted to study the local existence and uniqueness
results for interval valued integro-dynamic equations on time scales (IIDETs)using
Banach contraction principle under generalized delta derivative(A -derivative).

1. INTRODUCTION

Interval analysis was introduced to handle interval uncertainty that occurs in
many mathematical or computer models of real world phenomena. The interval
valued differential and integro differential equations can be used to model dy-
namical systems with uncertainties by several authors. Stefanini [3] defined the
strongly generalized derivative of interval valued functions which was the start-
ing point of studying the interval differential equations whose solutions have
decreasing length of their values. The theory of time scales attracted many re-
searchers for its ability to model various real-world phenomena as the dynamical
processes include both discrete and continuous variables simultaneously [2]. By
knowing the importance of interval analysis and time scales, we incorporate the
uncertainty in terms of intervals into dynamic equations on time scales which
leads to IIDETs. In [10], Vasavi et. al., introduced the concept of generalized

Lcorresponding author

2020 Mathematics Subject Classification. 34N05, 65G30.
Key words and phrases. Interval valued dynamic equations, Time scales, Generalized

Hukuhara delta derivative.
9069



9070 R. V. N UDAYASREE, T. SRINIVASA RAO, CH. VASAVI, AND G. SURESH KUMAR

delta derivative (A, -derivative) and studied the fuzzy dynamic equations on
time scales. For applications on fuzzy and time scales, we refer [1]- [12].

2. PRELIMINARIES

Let k! be the non-empty set of compact intervals of R. For a,b € k', a =
[a,@],b = [b,b], a < @ The sum and scalar multiplication in k' is defined as
a+b=[a+0ba+0b]. Forany ¢ € R,

cq Jagae0
[§@,&a], £ <0
For a,b € k', the Hausdorff metric is defined as:

2.1) Dy(a,b) = max{|a — b|,|a@ — b|}.

Clearly, (k', Dy) is a complete metric space. For a € k', D(a,0) = max{|a|, |a|},
len(a) = |a — al.
The generalized Hukuhara difference of «a, b is defined as:

[a —b,a—bl], if len(a) > len(b)
anHb: _
[@—0b,a—10], if len(a) < len(b)
For any a, b, c € k', then
=b+ec ifl > len(b
@b a ¢, if len(a) > len(b)
b=a+ (—1)c, if len(a) < len(b).

An interval valued function F : [a,b]y — k' is continuous at 7y € T, if for every
£>0,36 >0, Dy(F(r),F(10)) <& VT € [a,b], with |7 — 79| < J.

Definition 2.1. Let F : [a, by — k' be such that F(t) = [f(t), f(t)], t € T, where
f , f are A-differentiable at t, € T*, then F is said to be A, — dif ferentiable at
to € Tk,

Foo(t) = [min{(f)* (o), ()" (t0)}, max{(f)* (to), (F)*(to)}].



INTERVAL INTEGRO DYNAMIC EQUATIONS ON TIME SCALES... 9071

We say that F is non-decreasing (non-increasing) if t — len(F(t)) is non-decreasing
(non-increasing) for t € [a, b)r.

F%@{®WPWGFM,®Aw<

f fA @)
@20, (H2O) (H2E) = (N> @)

We say that F is A, ,-differentiable, if F is differentiable as in (1), A, ,-differentiable,
if F is differentiable as in (ii).

>0
<0

—~
~~

Definition 2.2. Let F : [a, by — k' be such that F(t) = [f(t), f(t)], t € T. Then F
is Riemann A-integrable on [a,b)r if and only if f, f are Riemann A -integrable

on [a, b)r. Moreover,
/ab]-"(t)At _ [/:i(t)m, /abf(t)At} |

Remark 2.1. Let F : [a,bly — k' be continuous on [a,b]y. If F is Riemann A,-
differentiable on [a, b)y such that F* is continuous on [a, b)r, then

(2.2) / FhRa(t F(b) 041 F(a).

Remark 2.2. If F is non-decreasing on [a, b|r, then (2.2) is equivalent with

+/abng(t)

and if F is non-increasing, then (2.2) is equivalent with

F(b) = Fla)opn | F2(0)

Now, we recall some results related to time scale calculus [2]. Let T be a time
scale, i.e., an arbitrary non-empty closed subset of real numbers. The forward
jump operator o : T — T defined by

o(t) =inf{s € T : s > t}, the backward jump operator p : T — T defined by

p(t) =sup{s € T : s < t}, and the graininess u : T — R™ is defined by

pu(t) =o(t) —t, fort € T.

Denote [a,b]r = {t € T :a <t < b}.
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3. INTERVAL INTEGRO DYNAMIC EQUATIONS ON TIME SCALES

The main aim of this study is to develop the existence as well as uniqueness
results of solutions for IIDETs of the form:

(31) yAg (T) = 'F(T7 y(T)) + / G(Tv S, y(S))AS, To, S € [7-07 To + G]Ta
subject to the condition

(3.2) y(10) = Yo,

where F : |1y, o+alrx K’ — K'and G : [1y, To+a)3 x K’ — K’ are rd-continuous
interval valued functions, y*s is the A,-derivative of y, 7 € T, yo € K. By a
solution to (3.1), (3.2), we mean an interval valued mapping y € C,q([70, 70 +
al, K') that satisfies (3.1), (3.2) for 7 € [79, 70 + a]r.

Lemma 3.1. Let F € [y, 79 + a|p X K/ — K’ and G : [r9,70 + a]> x K' — K’
and y € Crq([10, To + a]r, K'). Then the interval valued mapping 7 — F(7,y(T)) +
[ G(7,5,y(s))As € Cral[ro, 70 + a1, K7).

Remark 3.1. The mapping 7 — F(7,y(7)) + [ G(7,s,y(s))As is integrable and
hence bounded on the interval |1y, 19 + alr.

Lemma 3.2. Assume that F € [1y, 7o +a]r X K’ — K' and G : [15, 7o +a]2 x K/ —
K'and y € C,q([10, 70 + a], K1) is called a solution to (3.1), (3.2) on [ry, 79 + a|r
if and only if y is a rd-continuous interval valued mapping and it satisfies one of
the following interval valued integral equations

o) =+ [ Fouass [ (/ : Gls.my()AT ) As

if y is Ay ,-differentiable,

33 w=ur)+ (1) [ Fleue)as+ (- | ( / G(s,, y(r»m) As,

70

if y is Ay -differentiable, provided the H-difference

v & (1) /TF(s,y(s))As—i— (-1)/707 (/ G(S,T,y(r))m> As

70

exists.
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Proof. We prove the case of A, ,-differentiability, the proof of the above case is
similar. Let y € C,4([m0,70 + a]r, k') be a solution to (3.1), (3.2). Therefore,
y is A, ,-differentiable on [ry, 7o + a|r and ygA is integrable as a rd-continuous
function. Hence, we obtain

) = o(r) + (1) | "y (s) s,

70

for every 7 € 79, 7o + a]r. Since y(m) = yo and

s

Y29 (s) = F(s,y(s)) +/ G(s,T,y(r))Arfor s € [19, 70 + alT,

T0
we obtain

w=or) + (1) [ Fspenas+ -1 [

T0 70

/ s, T,y(f))m) As.

70

To prove the converse part, let us assume that y : [r5, 70 + a|r — K’ is a
rd-continuous interval valued mapping and it satisfies (3.3), which allows that
y(70) = yo and there exists the H-difference

) (1) [ Flspenas+ -1 [

T0 70

/ 5 G(S,T,y(r))m) As,

T0
for every 7 € [ry, 70 + alr.

(i) If 7 € [ry, 70 + alr is right-dense such that 7 € [ry, 70 + a]r. Then

y(r) ©y(r + h) = (-1) /TTM (f(s, ys) + / G(s,, W))m) As.

For T € |19, To + a|r, consider
y(r+ 1)+ (=) / o (}"(s,ys) 4 / G(S,T,y(T)AT> As
=y(79) © (—1) /T+h (.7—"(3, Ys) + /s G(s, T,y(T))AT) As

70 70

+(—1)[+h (F(s7ys)+/s G(s,T,y(T)AT) As

70

=y(10) © (—1) /T+h (]—"(s,ys) + /8 G(s,r,y(T)A7—> As

70 70
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+ (1) /T:Jrh <.7-"(s,ys) + /T: G(S,T,y(T)AT) As
o (-1) / (.F(s,ys) + /T:G(S,T,y(T)AT) As = y(1).

for every T € [y, 70 + a]r. Dividing by —h and passing to limit 2~ — 0,

y(t) oyt +h)

1.
hLO‘*‘ —h

1 t+h s
— iy [ (P + / Gls.my(r)r ) As

Since F, G are rd-continuous, hence

L W Syt )
h—0t —h

= F(t,y) + /t G(t, s,y(s))As.

70

Hence y is A, ,-differentiable.
(ii) If ¢ is right-scattered, then

) © u(e(®) = (-1 | " (f<s,ys> -/ sG(s,r,ym)AT) As.

70

Consider

o)+ 1) [ (R + [ Gtsmatriar) o

=y(70) © (1) /T:(t) (f(s,ys)+ / G(S,T,y(f))m> As
+(—1>/T:(t) (F(3>ys)+/8G(s,7,y(7)AT> As

70

=y(79) © (—1) /T:(t) (]:(s, ys) + /T: G(s, T, y(7‘)A7> As
+(-1) /T:(t) (]—'(s,ys)—l— /Tosc;(s,T,y(T)m) As
o [ (Fsm+ [ atsnuriar) s =y
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Dividing by —u(t) and passing to limit u(t) — 0,

o(t)
/t Fls,y)As = u(t) F(t, ).

Hence y is A, ,-differentiable.

t
yo(t) = F(t,y(t) +/ G(t,s,y(s))As, forevery T € [r9,70 + alr.

70

0

Definition 3.1. Let Dy be the Hausdorff metric on K'. We define the space of all
rd-continuous functions on time scales C,.4[1o, 7o + a|, K/, with § metric by

dg(u,v) =  sup M

, foreach u,v € C,4([70, 70 + a]1, K').
T€[T0,T0+alT €s (7—7 7—0)

It is clear that C,q4([10, 70 + alr, K') is a complete metric space.

Theorem 3.1. Let F : [19, 7o + alt x K' — k', and G : [ry, 70 + a]> x K’ — k' be
rd-continuous. If there exists constants L > 0,M > 0,8 > 0,7 > 1l and 8 = L~
such that F, G are rd-continuous and satisfy
DH(‘F(Tv u)? ]:(Ta U)) S MDH(“? U)a V(Ta U’)v (7_7 U) € [TOa To + a]'lﬁ‘ X Kla
DH(g(T7 S, U), g(Tv S, U)) S LDH(U, U)v V(Ta U’)7 (7—7 U) € [7-07 To + CL]% X K,'

M 1
Ifg(l + —) < 1, then (3.1), (3.2) has two unique solutions (A1 4, Ao ) y1,y2 €
v
Crd([7—07 To + (I]’]I‘, K/)

Proof. Let L, M > 0 be the constants. Let

ad T =wt [ Foaeas [ (/ : Gls.my()AT ) As

Now, we verify that operator 7' is a contraction map. (3.4) is well defined,
as F,G is rd-continuous. Hence T'(y) € C,q([70,70 + a]r, K') for every y €
Cra([70, 70 + al, K'). Further, T'(y)70 = yo € K'. Therefore, T' : C\4([70, 70 +
alr, K') = Cra([70, 70 + a]r, K'). Now, we prove that there exists a unique rd-
continuous function y such that Ty = v, i.e., the point of 7" will be the solution
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of (3.1), (3.2). Let u,v € C,4([10, 70 + a|T, K'), we have
Dy(Tu(r),Tv(r))

Dg(T'(u), T(v)) =  sup
T€E[710,70+0a]T 6[3’(7-7 TO)
1 T
= sup Dy <y0 +/ F(s,u(s))As
TE[T0,T0+0]T [ (T TO) { 70

T (o))
(yo+/m F(s,v(s ))As+/T (/SG(S,T,U(T))AT»H As,

relromo-+als €8(T: T0) U Daluls), vis)) + L/T: DH(U(T)’U(T))AT] o

R [DH(u(s),v(s))eﬁ(wO)

relro,motalr €8(T, T0) es(s, 7o)

+L / DH(EZ@’“(T))%(T, TO)AT] As

( >TU>

< sup #M/ Dg(u,v)eg(s,To)+L/ Dg(u,v)es(T,70)AT| As
ﬁ(7-7 7—0) T0

T€[70,70+a]r € T0

= sup ! MDg(u,v)/ eg(s,To)—i—L/ eﬂ(T,To)AT:| As

TE[10,70+alT 65(7', TO) T0 [ 70

— s — MDy(u,v) / {eﬁ(s,me (M)} As

T€[70,70+0a]r €8 (7—7 7-0) T0 6

L 1 —1
_ MDy(uv) <1 N _> - (eﬁ(T, 70) )
5 TE€[70,70+alT €p (Ta 7-0) B

M 1
= —(1+ —)Dg(u,v).
5 ( 7) 5(u,v)
M 1 . . . .
As — (1 + —) < 1, from Banach fixed point theorem, 7" has a unique fixed
Y

B
point in C,4([70, 70 + a]r, K'), which is a solution of (3.1), (3.2). O

REFERENCES

[1] M. N. L. ANURADHA, C. H. VASAVI, G. SURESH KUMAR: Fuzzy Integro-Dynamic Equa-
tions on Time Scales, Journal of Advanced Research in Dynamical and Control Systems,
12(2) (2020), 1788-1792.



[2]

[3]

(4]

[5]

[6]

[7]

(8]

[9]

[10]

[11]

[12]

INTERVAL INTEGRO DYNAMIC EQUATIONS ON TIME SCALES... 9077

M. BOHNER, A. PETERSON: Dynamic equations on time scales: An introduction with
applications, Birkhauser, Boston, 2001.

L. STEFANINI, B. BEDE: Generalized Hukuhara differentiability of interval valued functions
and interval differential equations, Non linear Analysis 71 (2009), 1311-1328.

T. SRINIVASA RAO, G. SURESH KUMAR, CH. VASAVI, M. S. N. MURTY: Existence and
uniqueness of W-bounded solutions for nonlinear matrix difference equations, Italian Journal
of Pure and Applied Mathematics, 35, (2015), 453-464.

T. S. RAO, G. SURESH KUMAR, M. S. N. MURTY: V-stability for non-linear difference
equations, Thai Journal of Mathematics 16(3) (2018), 801-815.

T. SRINIVASA RAO, G. SURESH KUMAR, C. H. VASAVI, M. S. N. MURTY: Observabil-
ity of Fuzzy Difference Control Systems, International Journal of Chemical Sciences, 14(4)
(2016), 2516-2526.

T. SRINIVASA RAO, G. SURESH KUMAR, C. H. VAsavI, B. V. A. RAO: On the control-
lability of fuzzy difference control systems, International Journal of Civil Engineering and
Technology, 8(12) (2017), 723-732.

C. H. VAsAvI, G. SURESH KUMAR, M. S. N. MURTY: Generaliged differentiability and
integrability for fuzzy set-valued functions on time scales, Soft Computing, Methodologies
and Applications 20 (2016), 1093-1104.

C. H. Vasavi, G. SURESH KUMAR, M. S. N. MURTY: Fuzzy dynamic equations on
time scales under second type Hukuhara delta derivative, International Journal of Chemical
Sciences, 14(1) (2016), 49-66.

C. H. VAsAvI, G. SURESH KUMAR, M. S. N. MURTY: Fuzzy Hukuhara Delta Differential
and Applications to Fuzzy Dynamic Equations on Time Scales, Journal of Uncertain Systems,
10(3) (2016), 163-180.

C. H. VAsavi, G. SURESH KUMAR, M. S. N. MURTY: Fuzzy Dynamic Equations on Time
Scales under Generalized Delta Derivative via Contractive-like Mapping Principles, Indian
Journal of Science and Technology, 9 (2016), 1-6.

C. H. Vasavi, G. SURESH KUMAR, T. SRINIVASA RAO, B. V. APPA RAO: Application
of Fuzzy Differential Equations For Cooling Problems, International Journal of Mechanical
Engineering and Technology, 8(12) (2017), 712-721.



9078 R. V. N UDAYASREE, T. SRINIVASA RAO, CH. VASAVI, AND G. SURESH KUMAR

DEPARTMENT OF MATHEMATICS

KONERU LAKSHMAIAH EDUCATION FOUNDATION

VADDESWARAM, A.P., INDIA

DEPARTMENT OF MATHEMATICS, VIDYA JYOTHI INSTITUTE OF TECHNOLOGY
HYDERABAD, R.R. DISTRICT

Email address: udayasree.rampalli@gmail.com

DEPARTMENT OF MATHEMATICS

KONERU LAKSHMAIAH EDUCATION FOUNDATION
VADDESWARAM, A.P.,INDIA

Email address: tsrao0110@gmail.com

DEPARTMENT OF MATHEMATICS

KONERU LAKSHMAIAH EDUCATION FOUNDATION
VADDESWARAM, A.P.,INDIA

Email address: vasavi.klu@gmail.com

DEPARTMENT OF MATHEMATICS

KONERU LAKSHMAIAH EDUCATION FOUNDATION
VADDESWARAM, A.P., INDIA

Email address: drgsk006@kluniversity.in



