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STABILITY ANALYSIS IN BANACH SPACES FOR A GENERAL ADDITIVE
FUNCTIONAL EQUATION

P. AGILAN!, JOHN. M. RASSIAS, AND V. VALLINAYAGAM

ABSTRACT. In this paper, we present the Hyers-Ulam stability of generalized
additive functional equation in Banach spaces and stability results have been
obtained by a classical direct method by various general control functions.

1. INTRODUCTION

The origin of stability for functional equation is related with a question of
Ulam in 1940 [12] concerning the stablity of establishment homomorphisms
and certifiably answered for Banach spaces through Hyers [5]. In this way,
the aftereffect of Hyers got generalized by Aoki [1] for additive mappings. The
paper of T. Aoki has given a ton of impact inside the advancement of generalized
Hyers-Ulam stability of functional equations. During the past eight decades,
the annoyances inconveniences of a few utilitarian conditions had been broadly
explored by various creators [2-4,9,11]. The wording generalized Ulam - Hyers
stability starts from these authentic foundations.

These wordings are likewise actualized to the envelope of other functional
equations and it has been broadly researched by some of creators and there are
innumerable colossal results bearing on this difficulty by and large with different
additive functional equations (see [6,7]) and references cited there in and also
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Second auther [8, 10] built up the Hyers-Ulam stability of linear and nonlinear
mappings.

In this paper, we introduce generalized additive functional equation and esta-
bilish the solution, generalized Ulam - Hyers stability of various general control
functions of this equation

h (KM e+ Ky) + b (KMNy + K92) + KMV (e — y) + KEh(y — 2)

(1.1)
=2 (KM h(x) + K-h(y))

with KM+ K£ =4 0 in Banach spaces using direct method.

2. GENERAL SOLUTION

All through this segment let us take (X,Y) be real vector spaces. The con-
firmation of the accompanying lemma are inconsequential, consequently the
subtleties of the verification is precluded.

Lemma 2.1. Let h : X — Y be an odd mapping satisfies the FE
2.1) h(z +y) = h(z) + h(y),
if h : X — Y satisfies the FE (1.1) Vx,y, z € X.

Proof An odd function h : X — Y satisfy the FE (2.1). Let z = y = 0 in (2.1),
we obtain f(0) = 0. Interchanging x by —y in (2.1), we reach h(—y) = —h(y)
Vy € X. By Replacing y by x in (2.1), we arrive

h(2z) = 2h(z),
for all z € X. By induction of n, we arrive
(2.2) h(nz) =n h(x).
Taking © = KMV g,y = K%y in (2.1) and using (2.2), we get
(2.3) h (KMo + KEy) = KMV () + K5h(y).
Taking y = KM™Vy, 2 = K%z in (2.1) and using (2.2), we arrive

2.4) h (KM Ny 4 K22) = KMV D(y) + KEh(2),
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Vx,z € X. Consider y by —y in (2.1), and using h(—y) = —h(y), we have

(2.5) Wz —y) = hz) = h(y),
Vz,y € X. Multiply both side by K*V in (2.5), we arrive
(2.6) KMV (e —y) = KMV h(z) — KMV R(y),

Vr,y € X.letx =y,y = —2zin (2.1), and using h(—y) = —h(y), we arrive

(2.7) My — z) = h(y) — h(z),

Vy, z € X. Both side multiply by K* in (2.7), we get

(2.8) K*h(y — 2) = K*h(y) — K*h(2),

Yy, z € X. Adding (2.3), (2.4), (2.6) and (2.8), we reach (1.1). O

3. STABILITY RESULTS
Let us take H* normed linear space and I* Banach space. Define
DY™Nh(z,y, 2) = h (KMo + Kfy) + b (KM y + K£2)
+ KMz — y) + KEh(y — 2) — 2 (KM h(2) + KEh(y)),

where KMV KL £ 0V, y, 2 € X.
Theorem 3.1. Suppose that h : H* — I* be a function satisfying the inequality
3.1 HDEWFNh(x,y,z)H < H(z,y,2),
Va,y,z € H* and Let $ : H* x H* x H* — [0, c0) be a function such that

i DO XY X"2)

n—00 X”

=0,

Vx,y,z € H*. Then, there occurs a distinct additive function A : H* — I* and
satisfying the FE (1.1) such that
HxE Yz, x Dz, D)

1 o0
|Au(@) = h@)l < 537 -
Va € H*. If A;(z) is the additive mapping defined as

Ai(z) = lim hix"z)

n—00 X"

Y

Y

Vo € H* where y = (KMV 4+ K£).
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Proof. Considering (z,y, z) by (0,0,0) in (3.1), then we have
(2 — KM — K) h(z)|| =0

or h(x) = 0. Switching x =y = z = z in (3.1), we get

(3:2) I () = xb(@)| < 59 ()

vz € H*, where y = (KM*V 4+ K*). We replace z by x*~'z (for s € N and
s> 1) in (3.2) , and we obtain

573 (Xsfl‘rj Xsflx7 Xsflx)

N | —

|7 (x*z) — xh(x*'z)| <

1
Va € H*. Multiplying both sides of the above inequality by - and we have the

result by adding n inequalities then

n n

1 B 1 53 (Xs—lx,xs—lx’xs—
— R (v* — vh(v® 1 < Z
;_1: - |h () = xh( )| < 5 ) -

lx).

s=1

Utilizing the triangle inequality
o+ 0] < af + 0],
and we reach left side of the inequality after simpliying

1 i 57) (XS_ISE, Xs—lx7 Xs_lx)
X '

(3.3) H%h (x"z) — h(z)

s=1

Since
x, Xs_l.fli, Xs—1x>

z": (e, e, ) - i 9 (x

s=1 XS
the inequality (3.3) yields

i

Vx € H*. By induction it will be demonstrated that (3.3) is exist V N. If m >
n > 0, then m — n € N and supplanting n by m — n in (3.3), we have

Y

L (xme) — hz)

<1 i H 0 e, e, )
X 2 =

-1 X°

lx)

9

e s—1 s—1 5—
2 s=1 XS

h (Xm_”x) — h(x)

men
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which is

1
—h

1 i S{) (Xsfll.’ Xsfll,7 Xsill’)
% n s

1
3.4 —h (Y™ "2) —
G4 H X" () ~ 2y

s=1

Vx € H*. Interchanging x by x"x in (3.4), we obtain

s+n71‘,L, s+n—1 s+n—1
X e, et )
(3.5) H—h (x x)——h(x ) g E
X" —1 X*
Since
. 1
lim — =0,

Therefore

{ h(x") }°°
Xn n=1
is Cauchy sequence. Then the sequence has a limit in H*. We Define

A(z) = lim hix"z)

n—oo  \"
Vx € H*. First we showthat A : H* — H* is additive. Consider
|A¢ (KMo + KEy) + A (KMNVy + KE2) + KMV A (x - y)
FKEA(y — 2) — 2 (KMV A (2) + KX A(y)) |
= % [ (X" KM 4+ XK y) + h (KM y 4 K z)
+EMN (e — x"y) + KER(X"y — X"2)
—2 (KM h(y"z) + K*h(x"y)) ||

< lim —fJ(x:vxyXZ)—O

n—oo X

Hence,

A(KMNg 4+ KPy) + A KMy + KE2) + KMV A(r — y) + KEA(y — 2)
= 2 (KM Ay (2) + KL A(y))
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Vo € H*. Next, we consider

e PX)
o)~ hol| = 1| i 22— o))
_h(X"2)
— Jim 12272 b))
1 e s—1 s—1 s—1
n—oo 2 s XS

Hence, we get

s—1

1 =90, e, x* )
[A4¢(z) = h(@)]| < 5 2 v :

for all = € H*.
Next, we show A, is unique. Then there occur another mapping B, : H* — H*
we have

1 o0 s 1 X 7XS_1x)
||Bt(x) 5 Z :
Hence

1Bi(2) = A()[| < [[Bi(z) = h(@)]| + [[Ai(x) = h(2)]]

- 1 n 9 (Xs_lflf, Xs_ll', Xs_ll')
T2 s=1 XS
1 e s 1$’ s 123, s l.T
4z Z 9 (x X X )
2 s=1 Xs

Since the additive mappings are A, and B; then we see

HAt(aﬁ)—Bt(:v)HZX—HAt(X ) = Bi(x"2)|

1 i 57) (X8+n_1.§€, Xs—&-n—lx’ X8+n_1$)

(3.6) <
X” s=1 Xs
Hence taking the limit as n — oo we get from (3.6),
b s+n—1 s4+n—1 s+n—1
lim [|Ay(z) - B(@)]| < lim L 2O X0 T w)
n—oo n—oo X” Xs
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Hence
1A () = Be()]] < 0.
Therefore A;(x) = B,(z) ¥V « € H*. Hence A, is unique. O

Corollary 3.1. Let 3l and p be nonnegative real numbers. Let a function h : H* —
H* fulfills the inequality

(3.7) | DN h(z,y, 2)||
(4
_ ) il gl =+ [l=1173 p# L
[P lylPl]=P, 3p#1;
L2 PHylPIz]P 4+ Ll PP+ PP+ 2]}, 3p # 1

\
YV x,y,z € H*. Then the mapping A; : H* — H* and we see
( by
2[x — 1|’
3 |z
2)x — x*|’

— <
[h(z) — Ai(x)]] < |2
2[x — x|’
2 U ||
L Ix — x*7|

Vo e H*.
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