Advances in Mathematics: Scientific Journal 9 (2020), no.11, 9353-9360
ABY NIt AL ISSN: 1857-8365 (printed); 1857-8438 (electronic)
https://doi.org/10.37418/amsj.9.11.41 Spec. Iss. on ICMMSIS-2020

ON A NEW CLASS OF SEMI GENERALIZED CLOSED SETS IN STRONG
GENERALIZED TOPOLOGICAL SPACES

G. SELVI! AND I. RAJASEKARAN

ABSTRACT. This paper deals with the concepts of semi generalized closed sets

1 1 1 *k *k

in strong generalized topological spaces such as sg;;*-closed set, sg;;*-open set,

g, -closed set, g:*-open set and studied some of its basic properties included
1 *k 1 *k 1 3

with sg*-continuous maps, sg;;*-irresolute maps and 7'y -space in strong gener-

alized topological spaces.

1. INTRODUCTION

In the year 1963 N. Levin introduced semi open sets and semi continuity in
topological spaces tried to generalize topology by replacing open sets with semi
open sets [3]. After him, similar works have been done by many topologists. In
1997, A.Csaszar generalized these new open sets by introducing the concepts
of v-open sets [4]. The concept of generalized topology was devised by him in
2002 [1]. Min has introduced and studied various types of continuous functions
and almost continuous functions in generalized topological space [5]. In 2005,
A.Csaszar introduced generalized open sets in generalized topologies [3].

Further he developed and studied the notions of ga-open sets, gs-open sets,
gp-open and gf-open sets in generalized topological spaces. The concepts of a
topological space are often generalized by replacing open sets with other kind
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of subsets. A set X with a generalized topology x on it, is called a generalized
topological space and is denoted by (X, 1) or simply X for short. A generalized
topology is named strong if X € p. The usual concepts defined in topologi-
cal spaces can be used again in generalized topological spaces. Moreover we
introduce the notions of semi generalized closed (sg};*C(X)) sets.

Further defined the notion of sg*-open sets and investigated some of its prop-
erties. Finally introduce the concept of continuous, irresolute and T space by
using these notions.

2. PRELIMINARIES

Throughout this paper we introduced represent the strong generalized topo-
logical spaces (X, i), (Y,0) and (Z,n) as X,Y and Z respectively.

Definition 2.1. [2] A subset of a strong generalized topological spaces is called
a semi-open set SO,(X) : If A C cl,(int,(A)), and an semi-closed set SC,(X) if
int,(cl,(A)) C Ain (X, p).

Definition 2.2. [7] A subset of a strong generalized topological spaces is called a
semi-pi-open if A C cl,(int,(A)) and semi-p-closed if int,(cl,(A)) C A

Definition 2.3. A subset A of a spaces is called a
(i) g,-closed set [4] if cl,(A) C U whenever A C U & U is open in (X, ).
(ii) sg,-closed set [4] if scl,(A) € U whenever A C U & U is semi open in
(X, ).
(iii) g,s-closed set [2] if scl,(A) C U whenever A C U & U is open in (X, ).
(iv) T% space [8] if every g,-closed set is closed.
(v) semi regular [6] if it is both semi open and semi closed.

Definition 2.4. [7] A subset A of a Strong Generalized Topological spaces (X, 1)
is called

(D g;-closed set if cl,,(A) C U whenever A C U & U is g,-openin (X, u).

(i) gy*-closed set if cl,(A) C U whenever A C U & U is g;;-open in (X, j1).

Definition 2.5. [1]Amap f : (X,pu) — (Y, 0) is called a sg,-continuous if f~(V)
is a sg,- closed set of (X, i) and closed set V of (Y, 0).

Definition 2.6. A subset A of an ideal nano space (U, N, I) is called a nano I,-
closed (written in short as I,,.,-closed) if A C H, H € nm-open = A C H.
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3. SEMI g,*-CLOSED SET

In this section we introduce a new class of closed set sg;*-closed set.

Definition 3.1. Let A be subset of a strong generalized topological spaces (X, 1) is
called a semi g;*-closed set ( sg;*-closed set) if scl,(A) C U whenever A C U & U
is g, -open.

The set of all sg*-closed sets denoted by sg*C(X).

Remark 3.1. The concepts of g,-closed set and sg;*-closed set are independent.

Example 1. Let X = {a,b,c,d}, p = {¢, X, {a},{a,b}}. Then g,-closed sets are
¢, X, {c},{a,c},{b,c} and sg;*-closed sets are ¢, X, {b},{c}, {b,c}. Thus {a, c} is
gu-closed set but not sg;*-closed set. Also {b} is sg;*-closed set but not g,~closed set.

Theorem 3.1. Let A be subset of a strong generalized topological spaces (X, i)
and if A'is a sg,-closed set in (X, u), then A is sg;*-closed.

Proof. Let A be a sg,-closed setin (X, 1) and A C U Where U is sg,*-open. Since
every sg;*-open set is semi open and A is sg,-closed scl,(A) C U. Hence A is
sgy'-closed setin (X, ). O

The reverse implication does not hold.

Example 2. Let X = {a,b,c}, un = {¢, X, {b},{c},{a,c},{b,c}}. Here the set
{a, b} is sg;*-closed but not sg,-closed.

Theorem 3.2. Let A be a subset of a strong generalized topological space (X, )
and if A is sgy*-closed set in (X, j1), then A'is g,s-closed.

Proof. Let A be a sg’*-closed set in (X, ) and A C U where U is open. Since

every open set is sg:*-open and A is sg;*-closed, scl,(A) C U. Hence A is g,s-

closed in (X, p). O
The reverse implication does not hold.

Example 3. Let X = {a,b,c}, u ={¢, X, {a},{b},{a,b},{a,b,c}}. Then {c}, {a,
c}, {b, c} are g,s-closed sets but not sg;*—closed.

Remark 3.2. These relations are shown in the diagram.
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closed
!
g;*-closed — semi closed
!
sg,-closed — gj;s-closed
!

sgy -closed — g,s-closed

The converse of each statement is not true.

Theorem 3.3. Let A be a sg;*-closed set in strong generalized topological space
(X, ), then A'is sg,-closed if (X, p1) is T space.

Proof. Let A be a sg;*-closed set in (X, u) and A C U where U is semi open.
Since (X, p) is T, space and A is sg,*-closed, every semi open set is g;*-open
and hence scl,(A) C U. Therefore A is sg,-closed set in (X, u1). d

Theorem 3.4. Let A be a g,s-closed set in strong generalized topological space
(X, p), then A'is sgi*-closed if (X, u1) is g,7~T1 space.

Proof. Let A be a g,s-closed set in (X, ;1) and A C U where U is g;*-open, since
(X, p) is g,"-T1 space and A is g, s-closed, every g;*-open set is open and hence
scl,(A) C U. Therefore A is sg'*-closed set in (X, u). O

Remark 3.3.

() Union of two sg;*-closed sets need not be sg;*-closed.
(ii) Intersection of sg*-closed sets need not be sg;*-closed.

Example 4. Let X = {a,b,c,d}, p = {4, X, {a},{a,b},{a,c},{a,b,c}}. Then the
sets ¢, X, {c}, {d}, {b, c}, {b, d}, {b, ¢, d} are sg;*-closed.

(i) the union of {c} and {d} are not in sg;*—closed.

(i) the intersection of {a, b, c} and {a, b, d} are not in sg}*-closed.

Theorem 3.5. If a set A is sg;*-closed in (X, u), then scl,(A) — A contains no non
empty g-*-closed set.

Proof. Let F' be a g;*-closed set such that F' C scl,(A) — A. Since X — F'is
g;-open and A C X — F, from the Definition of sg;*-closed set. It follows that
scl,(A) C X — F. Thus F C X — scl,(A). This implies that F' C scl,(A) N X —

scl,(A) = ¢. O
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Corollary 3.1. Let A be a sg;*-closed set in (X, u). Then A is semi closed <=
scl,(A) — A'is gi*-closed.

Proof. Necessity. Let A be semi closed in (X, 11), Then scl,,(A) C A. This implies
that scl,(A) — A = ¢. Therefore scl,(A) — A is g;*-closed.

Sufficiency. Suppose scl,(A)— A is g;*-closed. Then by Theorem 3.5, scl,, (A) —
A contains does not contain any nonempty g:*-closed set and hence scl,,(A) —
A = ¢. This implies that scl,,(A) = A. Therefore A is semi closed in (X, ). O

Theorem 3.6. Let A be a sg;*-closed set in (X, u). If A'is g};*-open, then scl, (A) —
A= ¢.

Proof. Let A be a g;*-open (X, u). Since A is sg;*-closed and scl, C A. This
implies that scl,(A) — A = ¢. O

Corollary 3.2. Let A be a sg;*-closed set in (X, u). If Ais g;*-open, then A is semi
regular.

Proof. Let Abe a g;*-openin (X, u1). since A is sg;*-closed and scl,(A) C A. This

implies that scl,(A) — A = ¢. O
Theorem 3.7. Suppose B C A C X, B is sg;"-closed set relative to A and that A
is sg.*-closed subset of (X, j1). Then B is sg’*-closed relative to (X, ju).

Proof. Let B C U and suppose that U is g;*-open in (X,p). Then B C ANU
and hence scl,(B) C ANU it follows that AN scl,(B) C ANUand A C U C
(X — scl,(B)), since A is sgi*-closed in (X, p) and A € (X — scl,(B)), we have
scl,(A) € U. Therefore scl,(B) C scl,(A) C U. Hence B is a sg;*-closed set
relative to (X, ). d

Theorem 3.8. Let A CY C X and suppose that A is sg;*-closed in (X, ju). Then
Ais sgi*-closed relative to (Y, o).

Proof. Let A C Y NU and suppose that U is g;*-open in (X, 1), then A C U and
hence scl,(A) C U. It follows Y N scl,(A) C Y NU. Therefore scl,(A) CY NU
and Y NU is g;*-open in (Y, o). Hence A is sg;*-closed relative to (Y, o). O

Theorem 3.9. If A is a sg;*-closed set in (X, ;1) and A C B C scl,(A), then B is
sgy-closed in (X, ).
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Proof. Let B C U where U is g*-open. Since A is sg;*-closed in (X, ) and
A C U it follows that scl,(A) € U. By hypothesis B C scl,(A) and hence
scl,(B) C scl,(A).

Consequently scl,(B) C U and B becomes sg*-closed in (X, ). O
Theorem 3.10. If GO(X) = G3*C(X), then every subset of is sg;*-closed in
(X, ).

Proof. Let A be a subset of (X, ;1) such that A C U where U € G}*O(X). Then

U € G;*C(X). Since every g;*-closed set in semi closed and A C U it follows
that scl,(A) C scl,(U) = U. Hence A is sg;*-closed in (X, u1). O

Theorem 3.11. For each x € X, {z} is g;*-closed or its complement X — {z} is
sgy*-closed in a space (X, ).

Proof. Suppose that {x} is not g*-closed in (X, u). Since X — {c} is not g}*-
open, the space (X, ) itself is only g;*-open containing X — {z}. Therefore
scl, (X —{r}) € X holds and so X — {z} is sg;*-closed in (X, p). O

4. SEMI g;*-OPEN SET

In this section, we introduce a new class of open set called sg’*-open set and
study some of their properties.

Definition 4.1. A subset A of a topological space is called semi g;*-open (sg;*-
open) <= X — Alis sg;*-closed.
The set of all sg;;*-open sets denoted by SG*O(X).

Remark 4.1.

] : *k *k
(i) Union of two sg*-open sets need not be sg*-open.
(i) Intersection of two sg*-open sets need not be sg*-open.

Example 5. Let X = {a,b,c}, p = {¢, X, {a},{b},{a,b},{a,c}}. Then the sets
o, X, {a}, {b}, {c}, {a, c}, {b, c} are sg;*—open. Here the sets {a} and {b} are
sg,"-open set but the union of these sets are not sg;*-open.

Example 6. Let X = {a,b,c,d}, p = {¢, X, {a},{b},{a,b}}. The sg;*-open sets
are ¢, X, {a}, {b}, {q, b}, {a, c}, {a, d}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {q,
¢, d}, {b, ¢, d}. Here the sets {q, ¢, d} and {b, c, d} are sg;*-open sets both the
intersection of these sets are not sg;*-open.
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Theorem 4.1. A set A is sgi*-open in (X,u) <= F C sinty(A) whenever F is
g;*—closed and F C A.

Proof. Necessity. Let A be sg;*-open and suppose I’ C A where F' is g;*-closed.
X — Ais sg;*-closed. X — A is sg;*-closed. Also X — A is contained in the
g;r-open set X — F. This implies that scly(X — A) = X — sint\(A). Hence
X — sinty(A) C X — F. Therefore F' C sinty(A).

Sufficiency: If F' is g;*-closed set with ' C sinty(A) whenever F' C A, it
follows that X — A C X — F. Thus X — sinty(A) C X — F. Hence X — A is
sgy*-closed and A becomes sg;*-open. O

Theorem 4.2. If sinty\(A) € B C A and A is sg;*-open in (X, ), then B is
sg;,-open.

Proof By hypothesis X — A C X — BC X — sint)\(A). Thus X —AC X — B C
X — (X = scly(X — A)) = scl(X — A). By hypothesis. Now X — A is sg=*-closed
and hence X — B is sg;*-closed. Hence B is sg’*-open in (X, u). d

5. $g,7-CONTINUOUS MAP AND sg,*-IRRESOLUTE MAP

Definition 5.1. Amap f : (X, u) — (Y, 0) is called a
() sgyr-continuous if f~H(V') is sg}*-closed in (X, for every closed set V' of
(Y, 0).
(i) sgy*-irresolute if f~'(V) is sgy*-closed in (X, u) for every closed set V of
(Y, 0).

Theorem 5.1. Let f : (X, u) — (Y, 0) be sg,-continuous. Then f is sg}*- continu-
ous.

Proof. Let V be closed setin (Y, o), Then f~!(V) is sg,-closed in (X, u1), since f is
sg,-continuous. Every sg;*-closed set is sg,-closed. Therefore f (V) is closed
in (X, p). Hence f is sg,-continuous. The converse need not be true as seen
from the following example. O

Example 7. Let X = {a,b,¢,d}, u = {¢,X,{b},{a,b}} and Y = {p,q,r, s},
o=A{¢,Y,{p,s}, {q,r}}. Defineamap f: (X,u) — (Y,0) by f(a) =1, f(b)=s,
f(c) = p, f(d) = q. Then fis sg;*-continuous. f~({p,s}) = {b, c} is not sg,-closed
in (X, 7) for the closed set of (Y, o). So fis not sg,-continuous.
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