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AN EQUICONVERGENCE THEOREM FOR LINEAR ORDINARY
DIFFERENTIAL OPERATOR

M. B. TAHIR! AND A. K. YASEEN

ABSTRACT. The aim of the present paper is to prove a general equiconvergence
theorem for ordinary linear differential operator of 3"-order, Lu := u® + q(z)u,
which extends the results of Horvath, Jo6 and Komornik for the Schrodinger
operators of second order.

1. FIRST SECTION: IMPORTANT

The equiconvergence theorem plays an important role in the theory of expan-
sions. A general equiconvergence theorem was published in [1] by Horvath,
Jodé and Komornik for one dimensional Schrodinger operator without any re-
striction of the distribution of the eigenvalues (namely they drop the condition
of the boundedness of v,, see below) on the complex plane, generalizing some
results of the case of orthonormal bases consisting of eigenfunctions of 2"¢—order
operator (see e.g. [2-5]). In [6] an equiconvergence theorem was proved for
the following ordinary linear differential operator of 4""-order:

4) _ du
where u* = T
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The aim of the present paper is to prove a similar equiconvergence theorem
for the ordinary linear differential operator:

Lu = u® + qu

using the results reported in [3, 7, 8]. Besides, we must mentioned here to a
fruitful method was developed by V. A. II'n (cf. [8]). His method works on the
theorem of equiconvergence of ordinary differential operator of second order
(Schrodinger operator), also we use the results of the papers [9-19].

2. BASIC DEFINITIONS

In this section, we state some basic definitions and preliminaries associated
with the equiconvergence theorem for completeness.

Definition 2.1. In H”

loc

G C R is finite or infinite interval) having the distributional derivatives in L} (G)
of order up to p.

(@), the set of all complex functions v € L? (G) (where

loc

Definition 2.2. Let v > 0 be an arbitrary number, x € K where K is an arbitrary
fixed compact interval K C G and R € (0, dis(K, 0G)), we define the function
Wr(t) by:

sinoe=t) e 1 g < R

WR(t) = m(z—t) ]
0 ifle—t > R,

where dis(K, 0QG) is defined by:
dis(K, 0G) := inf{|x — a|, v € K and a € 0G}.

Definition 2.3. Let f € L*(G) and 0 < R, < dis(K, 0G), we define the function
DRO L > R by

2 [l
Dr,[f] =7 a f(R).dR.

Definition 2.4. Let v > 0 be an arbitrary number, (v,) be the dual system of the
system of eigenfunction (u,), (i.e. (v,) C L*(G) and (uy, v;) = dx; ) and v, is the
imaginary part of j,, which will be defined in Section 3 of this paper. We define the
function:

oo(f,z) == Z(f, Vo) U (T) —|—% Z(f, Vo) Ua (T).

Va <V Va=v
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Definition 2.5. Let f € L*(G) and = + R € G, we define the function S,(f, z) by:

[ sinu(y — )
Su(fa)= [ p)y

Definition 2.6. Let K C G be a compact interval and 0 < b < dis(K, 0G), then:
Ky :={z € G : dis(x, 0G) < b}.

3. AN EQUICONVERGENCE THEOREM

The equiconvergence theorems play an important role in the theory of ex-
pansions, and they are very useful in the spectral investigation of differential
operators, because many results known for the most special operators may be
transferred by their applications to more general ones. The aim of present paper
is to prove an equiconvergence theorem for the operator

Lu = u® + qu.

Let G be an open interval (finite or infinite) on the real line R, ¢ € L, .(G)
a complex function and consider the differential operator Lu := u® + q(z)u
defined on H} .(G). Given a complex number ), the function u : G — C, u = 0,
is called an eigenfunction of order (—1) of operator L with the eigenvalue .
Furthermore, a function u : G — C, u # 0, is called an eigenfunction of order
k (k =0,1,2,...) of the operator L with the eigenvalue \. If the function u* :=
Lu — Mu is an eigenfunction of order (k — 1) with the same .

Let us now be given a complete and minimal system (u,) C L?(G) of eigen-
functions of the operator L, denoted by \,(resp.O, ) the eigenvalues (resp. the

order) of u,, and assume:
(1) supO, < o,
(2) Irclv case O, > 0, then A\ u, — Lu, = Uq_1-

In the meantime, we introduce some notations: Choose the three roots y; ,,
(1 = 1,2,3), of A\, such that Reu; , > Reus, > Reus,o, and put A\, = figq,
Po :=Reliq, vy = [Impu,|, W(t) := Dg,[Wg|, and
if v >,

0(v,v,) = if v=nu,

O NI= =

if v <,
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We shall prove the following theorem.

Theorem 3.1. Suppose that:
(3) sup >, 1<oo,

>0 t<va <t+1
and moreover the above two assumptions (1) and (2) together with u* = 0 are
fulfilled. Then the following three statements are equivalent:

(a) For any compact interval K C G, then:
sup||va | 2(@)[tallz2() < oo
(b) For any compact interval K C G and every f € L?(G), we have:

lim sup|S, (£, 2) — ou(f, 2)| = 0.

U—)OOxeK

(c) For any compact interval K C G and every [ € L*(G), we have:
T | ~ ou()ll 26 = 0.

Proof. (a) = (b): Denote by w;, ws and ws the three cube roots of unity. Now
define the following term:

Yy 3
) = o) + [ e 9Q() de.
- o

where Q(¢) := ¢(Q)ua(¢) — u(¢). According to the definition of v,(y) and the
equation:

3 3 3
_ _ 2 3 _
O—g wp—g w, and E w, = 3,
p=1 p=1 p=1

we have

and

By using the following assertion:

9(x) g(z)
%/@ f(x,t)-dtz/a fol@, t).dt + f(z, g(x)).g'(2),
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we have:
y 3 w 3 ptawp(y—C)
o) = (@) + Qy +ua/x QU0
= ul? (z) + Q(y) + 1) (va( ) — a(y))
= ul? () + Q(y) + Aava(y) — Aatia(y)
= Aata(¥) + 1P (1) + Qy) — Matta ()]
= Aala(y).
ie.;

U(()g) (x) = /\oﬂ]a@)-

Consequently, v,(y) is a linear combination of the functions e#«“'¥, e#>“2¥ and
etews¥, From assumption (3), we have forany 0 <t < R<s<2Rand R > 0:

Va2 —28) vo(x —t) +vo(x+ 1) — 204 (x)chiat vo(x +25) vo(x + 38)

0 6_2#1’0‘8 2<Ch//lz]_,at) 62#'1,043 63,“1,043
o e~ 2Has 0 e2Has e3Has
e~ 23,08 2(chpig ot — chiigt) e2H3,08 e3H3,08

Expanding this determinant according to the first row we get:

[Va(z — 1) + vo(x + 1) — 204 () chpiat] d(pia, S)

(3.1) = > di(fta, 8, t)va(z + ks),
—2<k<3
|k[>2

where

e_zlu'l,as 62”'1,&3 esﬂl,as

A(jray 5) = | €72 eos - ehod |,

6_2N3,05 €2M3’QS 63M370<S

2(chpir o — chpat) e2M1,a8  o3p1as
d_Q(’ua’ 8) = 0 eQ#aS e3ﬂas

2(Chu3,o¢ - Ch,l,bat) 62#370‘8 63"1'37“8

e~ 2es (chpuy ot — chugt) €18
do(fher, 8, 1) = | @7 2Has 0 3Has
e~ 2308 (chpuy ot — chugt) €3
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e~ 2es (chpuy ot — chugt) €1

d3(pa, $,t) := | e~ 2Has 0 g2Has

e 238 2(chyg , — chugt) €3
Taking into account, the definition of v, we obtain:
1o (& = £) + 20a(@ + £)1a(2)chptat] d(j1a, s)

z+t 3 awp (z+t—C)
S deftar 5, it + his) — d(ua,s)/ S () de

—2<k<3 =1 3,
|k[>2

awp (T+t—C)
(a5 / Z“ugu Q(¢)-d¢

z+ks eﬂawp(ffJFt o)
=3 dilasit) [ Z T QUOdc

—2<k<3
E>2

(3.2)

Denote Q(jtq, 5) := ePrrat2Ha—213.0)s Now, we estimate dy (i, 5,t). In this deter-
minant the minor corresponding to the element 2(chpu ot — chu,t) is in absolute
value smaller than ef*(3#«—21.0)s  further the minor corresponding to the ele-
ment 2(chys ot — chi,t) is in absolute value smaller than efeGr.at2ua)s  This
means that for the order of the terms dividing by Q (., s) we obtain the follow-
ing orders respectively:

Re :u'2 a_'?’;ul a _2Reﬂl,a3
?

|chyiy ot — chpigt].e ° < |chpra — chygt|.e

|chps ot — chjigt].efeBH Lot a0 =21et2i5.0)s < |chyg t — chugt|.e?rses,

where we used |Rey,| < |[Reuy |, k # 2. Obviously Reuy , > 0 and Repus, < 0,
therefore:

|chpiy ot — Chyigt|.e” a8 <

| pate Bas (0 <t < 2 |ua| £ 0
t

C€R6M1’°‘ (t—2s) 7

and

Re2p3,q5 <

| b y b t‘ C|Iua|1‘:6_‘R€2N3,a|57 0 S t S 1
Cnus, — Cnp .€
« « t

Ce|Reug),7a|(t72$)7
Using these estimates, we obtain:

(3.3) |dio(f1as, )] < c|Q(pas)|. (e e® 4 efPHses) |yt 0 <t <

| ta
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(3.4) |di(11as,t)] < c|Q(1as)|. (eReQ‘“*“(t_zs) + elReQ"?’*“'(t_Qs)) , > ol

Now, we have that:

2 d(pas)
R Q1as)

Next, we also estimate |{jo, W) — 6(v,v4)uq(z)|. We have:

(e, W) = 0(v, v )ua(2)

Dy, ( /O UL () 4t — ) — 2o chptad] .dt)

.ds’ R R, > R> % and || > A(R,) > 2.

(3.5) 5

(3.6)

mt

R .
+Dp, ( / {—2 sinvtchiial _ 50, va)] .dt) o).
0

Tt
From (3.2), we obtain:

[ua(z —t) + un(z + t) — 2uq(x)chpat] d(jia, s)

z+3s
3.7 _
3.7) = di(fta, 5, )ua(r + ks) + D(pa, s, t, 2 — C)Q(().dC,
—2<k<3 r—2s
|k|>2
where
Hawp(z+t—C)
—d(pter, 8) 2:1 WT
Hawp(z+ks—C) .
wt X dilpass t) Ty B —— Jf0<¢—a<t
—2<k<3 «
awp(z+ks—C¢)
<Zk< i (firs $,1) 2:1% if t<C—2<2525<(—x<3s
—2<k<3 a
D(po, 8, t,x —¢) = ) ehawp(z—t—0)
(Ha ) d(tie, ) ;ZIWT
- Lo wp (z+ks—C)
ce—d_2(phars 8, 1) fy:l wpe! 31;2 Jif -t <(¢—2<0
awp(z+ks—C¢)
(s ,1) S5y 2 Jif —2s< ¢ —x < —t

3 wpell(xwp(f‘#ks*()

—d—_2(pa, s,t) p=1 302 ,if =35 < (-2 < —2s.

28 3s

|
[#%]
ta
|
]
7
|
ta
|
-
[=]
~y
L%
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Here, we give the proof of the estimate:
3.8)  [D(tars,t, 2 — O < Qe )l tal > min{L, [pualt}e?ee.

Begin the proof of (3.8) with:
x < <x+t. Then D can be expressed in the following form:

0 eﬂawp(tJFx*C) eﬂawp(szrl"*O eﬂawp(35+1*o
S W, lemes 2(chpy ot — chugt eHr.of g3
D D H1,a Ho
= °- 3,&36 e—2uas 0 62Ha5 63'“0‘5
et 2(chpg ot — chjigl) e2H3,a8 e3H3.a8

Let again i, = ftg0 = [aw,. We have the following cases in expanding the
determinants:
(i) etatte=0) e~knas multiplied by a product where there is no ¢, 1, and e+
for any r.
If |po|t <1, then:

) = O (|palt) €M T 0" = O(Q(pa ).
o
r(3)#4q
If |j10|t > 1, then in case ¢ > 2, we have e*(77=0) = O(eraf?), and if ¢ =
2, then there exists j > 2 with r(j) = 2, hence eta(tHo=0Oe=knasItng® —
@) (e*k” T<J'>sej“q8>, which shows that the whole product is O(Q(ja, $)).
(11) [eﬂq(t+Z*C)6kﬂqs — e.“‘q(ks-kx—C)S.Q(ctht — Chﬂat)] . H ej’ur(j)s_
J#—h
(4)

If ¢ = 1, then this is O (e’““qs.ePGR. I1 ej’“(j)s) =0 (e”"Q(pq, 5)) in
A
()4

case |ua|t > 1, and O(|ua|t6k“q5.6paR. I1 ej‘”(ﬂs) = O (|£a|tQ(ftas )
o
in case |uq|t < 1.

If ¢ = 2, then eta(He=Cektas = O (epafehias) if |1, |t > 1, and O (|pa|tek#s*)
if |pa|t < 1.

If ¢ = 3, we estimate the expression in brackets by O (eta(ks=2R)) jf
lualt > 1, and O (ets®s=2R)|, |t) if |pa|t < 1. Since k is paired with
1, which has negative real part, there exists j, < —2 and r(j,) < 2
such that the factor ¢*"»* occurs in the product stated in (ii). Now,
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we have eta(ks—2R) gl — () <ejour(j)s.62paR>- Indeed, if r(j,) = 1, then

Repir, , > 0, Repy 0, hence era((k=7)s=2R) — (1) = O <e(k_j")’“<jo>) and
if r(j,) = 2, then eta((k=5o)s=2R) hrij) Uo ™5 — ¢ (ng—pa) ((h=jo)s—2R) =2Rpia —
O (e72fre) = O (e*). Consequently, we can estimate the product
stated in (ii) by:

O(min{l, |1 |t}.€20a T IotasThbr G S H ej”%)s)
7k, jo
7(jo)#q

=0 (min{1, |pa|t}.e**".Q(1a,$)) -

(iii) etalkste=Qenals _ erallstz=Cenaks — () does not give new members.
(iv) etalbstz=Qe=rals 2(chy,t — chugt) [ € 0.

Ak,
r(§)#ar

If (= 1andr = 3) resp. (¢ = 3and r = 1), then e*a((k=0sT2=O (chyy, ¢ —
chiiat) = O (etaFse=ris min{l, |ua|t}), resp. O (e #al*etks min{l, |uq|t}),
hence the whole product is estimated by: O (min{1, |ua|t}Q(ta,s)).

If (g =2andr = 3) resp. (¢ =2 and r = 1), then we get:
et (k=Dste=0) (chyi, t—chpat) = O (ela* — e~rrise?rel min{l, |u,|t}), resp.
O (e7talserrkse2raRmin {1, |pa|t}).

Let now ¢ = 1 and r = 1, then there exists j > 2 with r(j) = 3 and
then:

et (B=0st2=0) (e t—chpat)e’@® = O <max{1, |,ua\t}e“qkse“”se*luqﬂ‘g)

Hence the whole product is O (max{1, |ua|t}Q(tia, S))-
Finally let ¢ = 3 and r = 3, then there exists j < —2 with r(j) < 2,
hence:

ela((k=D342=0) (cyy + — chyot)e
=0 (min{l, |Ma|t}.e_“qlsej“’"sek“r<j>862paR> ;
because after dividing with the exponential we get:
6uq((k—l)s+x—c)e,ua(—js—t)e(j—k)#r(j)S
—pa—pr) ks ta—0) (ur—pr(;))(=Gs—t) pr;) (@—C~)

—0(1).0(1).0 (¢*=F) .
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Thus the whole product (iv) is O (min{1, |pa|t}.e?*RQ(pa, s)).

m+t§§§x+230rw+25§(§$+35.

If x+t < ( < x+ 2s, then in the determinants defining D we substitute
etewr(t+2=C) by zero, and if = + 25 < ¢ < z + 3s, then we substitute etewr(t+2—C)
and etowr(2s+2=C) by zeros. We only with the products which are new with respect

to the case[1].

(i) etakst2=09(chpt — chuat) ] eIHr ),
J#k
r(4)#4q
If ¢ = 1, then etk st~ (chp,t — chuat) = O (e"™ min{l, |ua|t}),
hence the whole product is O (min{1, |ua|t}Q(1as))-
If ¢ = 3, then there exists j = —2 with r(j) < 2, then:
eta(kst2=Q) () (chp t — chugt)
—0 (min{l, 1ot Yettalhsta—0) gFHirgy
= O (min{l, |pa[t}Q(pas)e).
Hence the whole product is: O (min{1, |pa|t}Q(1as)e**).

(i) eralkste=Oeltas(chp t — chugt) T[] /" »)* where [ = 2.
J7k,l
r(§)#qr
Let r = 1. Then in case Rey, > 0 resp. Rey, < 0, we have:

eta((kHDsT2=0) (chyi, t — chpgt) = O (min{l, |pa|t}erras.elirs),
resp. O (min{l, |pq|t}e" s e!s®), (here we used Is + 2 — ¢ < 0 and
ks +x — ¢ > 0). Ifr = 3, then there exists j < —2 with r(j) < 2.
Hence if Rey, > 0 resp. u, < 0, we have:
euq((k+l)s+xfc)(chlurt _ Ch,uat)ejm(ﬂs
= O(min{l, |Ma|t}€kﬂq5‘ellir(j)sej#'rSe:}pas)’

lgs+hpr, s+t :
|t} e Has TGy STk se3f’a3>, so the whole product is

resp. O <min{1, |t
O (min{1, |ua|t}.€***Q(11a, s)). The estimate of D is completely proved
for x < (. The case x > ( can be dealt with similarly, so the proof of

(3.8) is complete.

Now, from (3.7) we obtain:

|ua(x —t) + ua(z +t) — 2un(x)chiiat| |d(fa, S)|
z+3s

<D \dk(um&t)Hua(%LkS)H/ D (ke st = QI Q(O)] dC.
i
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Using (3.3), (3.4) and (3.8) we get:

Nou
[uo (z — t) + ua(x +t) — 2uq(z)chpat| ’
Q(pta, s
(3.9) g eReQ‘W) ol tptall o i)

x+3s
T el el / Q)| dc, ifo<t< .

—2s | Ot|

and
(Nm )
Ue (T — 1) + ua(z + 1) — 2uq(x)chpat|
ole =0 e Q)
(3.10) S Is (€_R€2ﬂl,a(t_2s) + 6|R3/J3,oc|(t_2s)) 'H/’LCXHLOO(KGR)

r+3s
delpal el [T 1QO1de, it >

—2s | Oé|

If |11a| > max {1,% , then we obtain from (3.9) and (3.10):

Blug(x — 1) + ta(z + 1) — 2ua(w)chiigt

t

Maa
Q1tar 5)
x+3s

<c (6*362“1@8 + ef18:00) o || oo g) + € 1l t'epas/ 2 Q0]

.dt

eReuLa(R—Qs) eRe/Lg,a (R—2s)
el (

Rep o + ’RBMS,a‘ ).H“QHLOO(KGR)

x+3s

T clta] 2 log [pta] e / Q)| d¢

—2s

S c (eRem,a(R*?S) + 6\R6u3,a\(R,25)) -H,LLOLHLOO(K&R)

z+3s

T eltal 2 (1 + log |jzal) el / QO d,

—2s

where we used Rejiy o > ¢4|pta| and Reps o < —cy|ptal, (¢4 is a constant).

Using (3.5), we have:
/R U (T — ) + uag(x + 1) — 2un(x)chuat
t
0

(3.11) <c (e~ feres 4 fHsas) ||| oo (ran)

.dt

z+6R

e tal 2 10g ol / Q0] .

—4R
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If |ua| > A(R,) > 2, we have from [5]:

r+6R
(3.12) / QO d¢ < clluallLxer-

_4R
Using (3.12) we obtain from (3.11):

’

We recall that R, > R > % > 0, if we choose R, > 0 such that 2R, < ¢,, then
according to (3.6), (3.13), ( [3], relation 3) and ( [17], Lemma 3.2), we have
for |ua| > A(R,) > 2,

(3.19)

|<u0¢7 W> - 5(”7 Ua)ua(xﬂ
1 - log | 1o
< _— Re#l,aR0/2 Reﬂg’aRo/Q o
_C(1+(v—va)2 +e +e + PRE |uallL2(x)
Now we prove (a) = (b): From (3.14), assumption (3) follows

Zma, ) — 8(v, Va)ta (@) | all 2| < ¢ ZWm W) = 6(v, va)tta ()|

||Ua||L2(K')

_ log |fta|
< E calpalRo/2 a <
_Ca:1 <1+<U_Ua)2+e " =%

HE

Ua(z — 1) + ua(z + 1) — 2uq(x)chpat
t

dt<e (e—Rem,as + eReug,as)

(3.13)

log |pta

| :
X ||/’LOZ||L°°(K3R) + & 2 ‘|Ma‘|L°°(K8R)62|pa|R7 lf |1u04| Z A(RO) Z 2

ol

where c; is a constant independent of v. Hence for any fixed = and v, the series:

oo

F(z,y) =) [{ta, W) = 6(v, va)ta()] Taty)

a=1

is absolutely convergent in L?(G) and

/Gua(y)F(x, Y)dy = (U, W) — §(v, va) U ().

Since (u,) is complete and minimal, therefore the Fourier expansion is unique.

Hence;
1
F(z,y) =W(y) = Y ual@)valy) — 5 > ta(x)v
1
sup sup || W (y) = Y _ ta(2)va(y) — 5 2 ta(@)va(y) =M < o0
v>0 zeK Ve Vo
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Thus; for every f € L*(G), we have: sup sup |S,(f,z) — o, (f,z)| < M| f|lr2c)-
v>0 zeK
Now, it sufficient to show that: lim sup |S,(f,z) — o,(f,z)| = 0, for any f from a

VvV—00 zeK
dense subset of L?(G). However, this last property is satisfied for any finite linear

combination f of the eigenfunction u, (since (u,) is a dense subspace because
that f is continuously differentiable), and o,(f,z) = f(x), for v sufficiently
large. Hence, (a) = (b) is proved completely.

(b) = (c): It follows from (b) that:

Tim [18(7) — pol £ 20) = 0.

On other hand it is a classical result that:

Jim [f =Sy ()l L2y = 0-

The statement is proved.
(¢) = (a): For every f € L*(Q), 1o 22> v = 1,2,3,- -, is bounded we
get that for all «a:

I vaytia(@)l 2y < €l fllize -

; [(frvad] ; ;
Since feSLuz’I()G) e = |vallz2(q), We obtain (a). The proof of the theorem is
complete, and for more applications see [20-22]. O

4. CONCLUSION

Motivated by the results of the previous pieces of literature [1, 3,7, 9], we
investigated a general form of the equiconvergence theorem, using the method
of V. A. II'n [8]. It is shown that the theorem for certain situation is more
general than the previous theorem. We consider the Schrodinger operator with
any complex potential function ¢ : G — C' on any (finite or infinite) interval G,
with arbitrary (complex) eigenvalues )\, see [6,23,24]. Finally, it is necessary
to be stressed that the coefficients of the differential operators don’t need to
be assumed sufficiently smooth. Furthermore, there is no assumption on the
distribution of the eigenvalues in the complex plane.
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