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A NEW SUBCLASS OF NEGATIVE UNIVALENT FUNCTIONS INVOLVING
POLYLOGARITHM FUNCTIONS

T. STALIN!, M. THIRUCHERAN, AND M. VINOTHKUMAR

ABSTRACT. In this current work, we introduce and study some properties for
the new subclass N7 ;,(¢(£)) of polylogarithms functions associated with the
differential operator DY ;f(&). Also, we have obtained coefficient inequalities,
integralmeans of inequalities, extreme points and distortion of the class.

1. INTRODUCTION

Let A represent the class of functions §(¢) of the form
(1.1) ) =&+ att,
k=2

which are analytic in the unit disk &/ = ¢ :  |¢| < 1. If the functions f(£) are given
by (1.1) and g(¢) are given by

k=2
then the Hadamard product of f(£) and g(&) is defined by

(Fro)(©) =&+ arbis”.

k=2
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If f(¢) and g(&) are analytic in U/, we state that f(¢) is subordinate to g(&), i.e.
f(¢) < g(¢) if a Schwarz function w(¢) exists, in whichh w(0) = 0 and |w| < 1
such that §(&) = g(w(§)). Moreover, if the function g(¢) is univalent in ¢/, then
the above subordination equivalence holds (see [7,8]). f(§) < g(§) if and only
if £(0) = 8(0), and () C a(¥).

For §(£) € A, Al-Oboudi [2] initiated the following differential operator:

DIf(€) €+Zl+ 8" arc®, (n € Ny =NU{0},6 >0:€el).
For f(¢) € A, Ruscheweyh [9] initiated the following differential operator:
Neren 3 (A + k— k
Df(f)—m f+z kf (A>—1).
Let p(€&) represent the class of form p(¢) = 1+ pi& + p€? + - -+, which are
analytic in &/ and satisfy the condition Re {p({)} > 0.
The Polylogarithms functions &(n, ) are given by

On0) = T ey

k=1

Note that &(—1,1) = @ for k = 1,2,3.... is Koebe function. For more
information regarding polylogarithms of univalent functions see Ponnusamy and
Sabapathy [7], K. Al Shagsi and M. Daraus [4] and Ponnusamy [8]. Now we
introduce a function &"(n, ) given by

§

6(71, (5) * @“(nﬁ) = W, A > —1,n S Z,
and obtain the linear operator
(1.2) D5 5F(§) = &% (n, ) = §().
Presently we get the explicit form of the function
6"(n,8) = Y [1+ (k—1)J] ) ¢k,

k=1

From the equation (1.2) we define

D) = 310+ (k- 0o G Pt

k=2
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Note that Dy, = D", D} ; = D*, which give the Salagean differential operator
[10] and Ruscheweyh differential operator [9] respectively. It is obvious that
the operator consists of two well known operators. Also note that Df ; = f(¢)
and Dy ; = Dy, = £F(€).

Definition 1.1. We define M _ ;,(6(€)) be the class of (£) € A for which

L(EDLHO)Y ey
”3< D} ,(6) 1) UG

where n, A € Ny, >0, >0,b>0,0 € p;€E €U.

— 1| < 9(&),

Definition 1.2. We define ¢(¢) = 1+((11:£2)a)5’ then Mj_ ;5,(4(€)) = M7 5,(cx) be
the class of §(£) € A for which

L(eDLIO)r eIy
”5< D} (6) 1) TG

where n, A € Ny, 5>0,0 >0,b>0,0€p,0<a<1;£€l.

— 1| > «,

Let 7 represent the subclass of A consisting of the functions that can be ex-
pressed in the form

(1.3) Q) =& argh.
k=2

Now, define the subclass N ;,(a) = M} ;,(a) NT. Since Nj_ ;,(a) C
M3 5p(a). Note that Ny | 10(8) = KRo(§), Nj'y1.1(@) = Ri(a) considered by
K. AlShagsi and M. Darus [4], N, 10(£) = S*¢(¢) considered by Ma and Minda
[6], NV§y1.1() = Ra(e) initiated and considered by Ahuja [1] and N, () =
R, («) initiated and considered by Kadioglu [3].

2. MAIN RESULTS

Theorem 2.1. Let (&) be defined by (1.3). Then § € A if and only if

o0

@1 > (k= kbB+b5 —1+b—ba)[l+ (k —1))"C(\) |ax| < (1 - a)b,

k=2

whereC(/\):%,Oga<1,n€NO:NU{O},(5>0,b>O,)\20;§EL{.
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Proof. Suppose that the inequality (2.1) is true and |£| < 1. Then it shows that

the values of 1 + ; (% - 1) B ‘gbijff@

w = 1 whose radius is (1 — a)b, i.e.,

— 1) lies in a circle centered at

1 (&(D3 () §(D5,51(8))
s B [ B 1l <1
+b< Dy 4f() ) ’ ‘ Dy,4f() S
which gives
D (k= kbB+bB—1+b—ba)[l+ (k—1)8]"C(\) |ax| < (1 — a)b.
k=2

Hence §(¢) satisfies the condition (2.1).

Conversely, let us assume that the function f is defined by (1.3) in the class

n 1 (8D 518 £(D3, 57(€))’ .
N sp(), then Re (1 + 3 (W ) B ‘ 2 WG 1‘) > «, if we choose

: £(DY 51(£) £(DY 55(£)) .
the value of £ on the real axis so that 1 + 3 (W ) 15} RGH —1]1is
real and let £ — 1~ through real values, we obtain the result

> (k= kbB+bB8—1+b—ba)[l+ (k—1)8]"C(\) |ax| < (1 — a)b.
k=2
Hence the result is sharp. O

Theorem 2.2. Let
h(€) = € and fi(€) = € = X3, ml ek k= 2,3,

where

Y(A) =) (k= kbB+ b8 —1+b—ba)[l + (k—1)5]"C(N).
k=2
Then | € N, s,(a) ifand only if it can be expressed in the form f(£) = 3,2, mefr(§),
where n, > 0and ) p- n = 1.

Proof. Let
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which shows that f € N2, 5,(a).
Conversely, suppose that f € N3, ;,(a). Since |a| < %(i‘) k= 2,3,.... Let

e < (1 (a))ba771 =1-3.2,m Then we obtain §(&) = > ;7 mfx(§). =

Theorem 2.3. Let f(€) = & — 0%, ail €, f € Ay 5,(a), then for |¢] = r. we
have:

(1—a)b 2
Tl fo—ab) (L ror(Ar1)

(1—a)b 2
<M =+ = moaa s o)

and
2(1 —a)b
(b+1—Bb—ab)1+o)y(A+1)

/ 2(1 —a)b
<[fl<1+ (b+1-Bb—ab)(I+o)"(A+1)

Theorem 2.4. The class N} 5,(c) is convex.

1—

Proof. Let the function ;(¢) = &+ > 00, ax ;€% ar; > 0,7 = 1,2 lies in the class
f € Njy (). It is sufficient to prove that h(&) = (v +1)f1(€) —=7f2(£),0 < £ < 1,
the class f € NVJ,5,(c). Since h(§) = & — > 77, [(1 +7)ary — var] £F, which
implies that:

(k= kbB+ b8 — 1+ b —ba)[L + (k — 1)3]"C(A) (1 + 7)aks

ol

||M8

+9)(1 —a)b+~(1 —a)b
a)b

therefore i € N3, 5,(a). Hence N7, 5,(«) is convex. O

+(k—kbB+0b58—1+b—ba)[l + (k—1)0]"C(N)vags
<(
(1-

IA

Theorem 2.5. Let f € N, 5,(a), then f is close-to-convex of order o(0 < ¢ < 1)

(1*‘7)[(k*k’bﬁ+bﬂfl+bfba)[l+(k71)6]"0()\)}> = '

in the disc || < r1, where ry := ( T 1—a)b

Theorem 2.6. Let f € N} 5,(a) , then f is starlike of order (0 < o < 1) in the

disc |£| < ro, where o := inf < [(k—kb+b5—Lib—boll+ (k1) WC(W) , (k> 2).

(=) (1—a)b
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Theorem 2.7. Let f € N}, ;,() , then | is convex of order ¢(0 < o < 1) in the

1
disc \f! < rs, where ry ;= inf ((1—a)[(k—kbﬁ+I;€B(;i;7(—lb_a£11)+(k—1)5}nc(/\)]) R—1 ,(k > 2)'

Putting S = 0,0 = 1 in the Theorem 2.3 which analogue the results of M.
Thirucheran, A. Anand and T. Stalin [5] we obtain the corollary:

Corollary 2.1. Let f(§) = £ — Y., |ax| €F, f € Ny 5,(), then for |£] = r we have

(1—a)b 9 (1—a) 2
" oricanerorn MOl st AT e "
and
. 21— a)b PO <1t 21 — a)b

b+1—ab)2)"(\+1) b+1—ab)2r(A+r1)
Putting 5 = 0,0 = 1,b = 1 in the Theorem 2.3 which analogue the results of
K. AlShagsi and M. Darus [4] we have:
Corollary 2.2. Let f(&) = & — Y2, lax| £¥, f € N, 5(a),then for [£] = r we have

(1-a) (1-a) 2

T‘(z—axmwA+1f2§“@”§r+(2—axmwA+nr

and
2(1 — )

2—a)2)"(A+1)

2(1 — )

L= G-l

refféI <1+
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