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OBTAIN NEW SUBCLASS OF ANALYTIC FUNCTIONS INVOIVING
HADAMARD PRODUCT OF LINEAR OPERATOR WITH POLYLOGARITHM
FUNCTIONS

M. THIRUCHERAN, M. VINOTHKUMAR, AND T. STALIN®

ABSTRACT. In this article, we explore some standard properties for the new

subclass ngg\(qb(( )) of analytic function which is associated with the differen-

tial operator QQ’A f(¢) and also we obtain Briot-Bouquet differential subordina-
tion, coefficient inequalities, integral means of inequalities, extreme points and
distortion of the class of polylogarithms functions.

1. INTRODUCTION

Let f(¢) be the form of analytic functions of class A,
(1.1) FO=¢+) adt,
k=2

which are analytic function in i/ = ¢ : |(| < 1,where ¥/ is the unit disc. Let the
function f(() is given by (1.1) and ¢(() is given by

9(¢) = ¢+ > bict,
k=2
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then the Hadamard product of f(() and ¢(¢) is expressed by
(FraO=C+ > apbuc*
k=2
For f € A, Al-Oboudi [2] introduced the following differential operator:
Drf(C C+Zl+ 8] ayC, (ne Ng=NU{0},0>0:¢eld).

For f € A, Ruscheweyh [9] introduced the following differential operator:

(A + k — 1
ka(o:# =(+ Z arl®, (A > —1).
Now consider the Polylogarithm functlon I (n, ) given by
> i
I(n,d) = —.
— 1+ (k—1)d]
Note that I(—1,1) = ﬁ for k = 1,2,3,.... is Koebe function. For more

details about polylogarithms in the theory of univalent functions see Ponnusamy
and Sabapathy [7], K. Al Shaqgsi and M. Daraus [4], and Ponnusamy [8].
Now we introduce a function /”(n, d) given by

¢

I(n,0) * I"(n,d) = A=

A>—-1,ne2)

and obtain the linear operator

(1.2) G F(C) = I7(n, ) * £(Q).

Now we find the explicit form of the function

o0

At k—1)
k=1 . !
From equation (1.2), we define
. Atk — 1)
Gy Q) =D [+ (k- 1)5]71%%&

k=2

Note that G;"° = D", GY* = D* which give the Salagean differential operator
[10] and Ruscheweyh differential operator [9] respectively. It is obvious that
the operator g;“ includes two well known operators. Also note that G2° = f(¢)

and G;" =G = ¢['(0).
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Let p be the class of functions of the form p(¢) = 1 + p1{ + p2¢* + ..., analytic
in U, which satisfy Re {p(¢)} > 0.

Definition 1.1. We define ng;f(gb(g“ )) be the class of functions f € A for which

1[G Q)
+b< G 1(0) 1) ot

where n, A € Ny, 0 > 0,0 > 0,0 € p;( € U.

Definition 1.2. For ¢(¢) = %, we define P;:‘;,A (0(0)) = ngf(ﬁ) be the class
of functions f € A for which

LG Q)
) (R ACH MG YV ,
* b( G (0 ) =7

where n, A € Ny, > 0,0 >0,0<8<1;all (€U.

If f(¢) and ¢(¢) are analytic in U/, we state that f({) is subordinate to ¢((),
ie., f(¢) < ¢(Q), if there exists a Schwarz function w(({), with w(0) = 0 and
|w| < 1 such that f(¢) = g(w((¢)). Furthermore, if the function ¢(() is univalent
in U, then the above subordination equivalence holds (see [7,81). f(¢) < g(¢)
if and only if f(0) = ¢(0), and f(U) C g(U).

Note that P{fi%(o = Ko((), Plnf(ﬁ) = R%(0) was studied by K. AlShagsi and
M. Darus [4], P?”fgb(g) = §*¢(¢) was studied by Ma and Minda [6], va’f(ﬁ) =
R(8) was introduced and studied by Ahuja [1] and P}'{(8) = R, () was intro-
duced and studied by Kadioglu [3].

2. MAIN RESULTS

To construct Briot-Bouquet differential subordination theorem, we have to
follow the next lemma:

Lemma 2.1. Let 3, v be the complex numbers. Let ¢ € p be convex univalent in U
with ¢(0) = 1 and Re [f¢(¢) +v] > 0,{ € U.

Theorem 2.1. Let n, A\ € Ny, 6 > 0 and ¢ € p, then Pg;,”l(d)(g“)) C P;ffw(g“)).

n,A / .
Proof Let f € Py (¢(¢)) and p(¢) = 1+ 1 (% - 1) . where p(() is

analytic in ¢/ with p(0) = 1, then
¢G5 Q) = A+ 1)G5 ™ F(Q) — (NG5 ()
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Hence

n,A+1 /
o | 14G Q)

b gn )\—i-lf(C)

Applying Lemma 2.1 in (2.1) we get p < ¢, thatis f € P;fgf(gb(g )). This completes
the theorem. d

¢r'(¢)
() +1—b+ X

=p(¢) +

Remark 2.1. If we put b = 1 in the above theorem, we obtain the result of K.
AlShagsi and M. Darus [4].

Theorem 2.2. Let f € Py A“((;5(4")) and let ¢ be real number such that ¢ > —1,
then F defined by F = <& fO te=1 f(t)dt belongs to the class f € nggf(qb(C)).

n,A+1 /
Proof. Let f € Py (9(C)). then ¢(¢) = 1+ ;*Zxmrr ™ < 9(C). where g(¢) is
analytic in &/ with ¢(0) = 1, then

G F) = (N + DG F — (NG F

anA-Q—l ’
Let q(¢) =1+ <(QZT1H(C))) — 1) , then we get

A 1 / ,
(2.2) Ly LG FQ) ¢q'(¢)

b GrALE(C) _Q(C)+bq(()+1—b+c'

Applying Lemma 2.1 in (2.2) we get ¢ < ¢. Hence the theorem is proved. 0

Theorem 2.3. Let f(() be defined by (1.1). Then f € A if and only if

o0

(2.3) D (Bb—b+1—k)[1+ (k—1)5)"C(\) |ax| < (1 - B)b,
k=2
where C(\) = §i2=5r, 0 < B < 1,n € Ng = NU{0},6 > 0,b> 0,1 > 0;¢ €U,

Proof. Suppose that the inequality (2.3) is true and |{| < 1. Then it is sufficient

to show that ‘1 + 3 (%‘}{é?)/ - 1) - B+ 1‘ < 1, which gives Y 72, (b — b+
[

1 —K)[1+4 (kE—1)8"C(A\) |ax| < (1 — B)b. It is clear that the values of (2.3) lies
in a circle centered at w = 1 whose radius is (1 — /5)b. Hence the condition (2.3)
holds.

Conversely, let us consider that the function f defined by (1.1) is in the class

ng;f(ﬁ), then Re (1 + 3 (% — 1)) > 3, by the value of ¢ on the real axis.

Let ( — 1~ through real values, we obtain the result
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[e.9]

> (Bb—b+1—k)1+ (k—1)"C(A) |ax| < (1 - B)b.

k=2

(L-A)b 0

Hence the result is sharp for the function f(¢) = ¢ + bR [T (E=D)3C0)

n,A 1-B)b
Corollary 2.1. Let f € Py;"(/3), then we have a, < G571 k()[1+()k IR

Put b = 1, then the class ng,’f(gb) analogous to the class K% ; () introduced by
M. Thirucheran, A. Anand and T. Stalin [5].

n,A (1-8)
Corollary 2.2. Let f € P;;"(3), then we have aj, < R T AONE

Put b = 1,0 = 1 we obtain the corollary which analogous to the result of K.
AlShagsi and M. Darus [4].

Corollary 2.3. Let f € P;3\(8), then we have a; < ()1 )

(B=k)(k)"C(A)*

Theorem 2.4. Let f € ng’ (8) and suppose that f(¢) = ¢ + L& Bbe’“(’“ =
2,3,...,lex] = 1, where ¢(\, ) = (Bb —b+1—-Fk)[1+ (k- 1)5] ( ) Ifthere
exists w(() given by w(C)’“‘1 = ¢ b€k S, axCF then for ¢ = re? 0 < r < 1,

JEIFQO M < [T wwu>o

Proof. To complete the theorem we have to prove that

27 0 s 27 1Y
1—B)b
/ 1+ Y ! wg/ A= B)bex k1| 4y
0 k=2 0

1+

o0 ©

Using Littlewood subordination theorem, it is sufficient to prove that

1+ Z apCFt <1+ —(1¢?fz;;ekékl

Let 1+ 50 apcht <144 (ﬁ)b)ek (w(())’“‘l, therefore

k=1 _ k=1
e o > o
Hence w(0) = 0. Furthermore, if f € A it satlsﬁes d(A,0) < (1 —P)b,

O IES .
hl—Mmkg;WMK | <|¢l<1.

Hence the theorem is completed. O

()" =
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Let us define new subclass 7_3?7}?(6) C ngf(ﬁ), which contains the function

. . —=n\
f € A. Now we determine the extreme points of the subclass P:{b (B).

Theorem 2.5. Let

(

A = G = ¢+ om s k=28,
k=2 )

Then f € 7_??7}?(6) if and only if f(¢) = > 7, nkfu(C) where ny, > 0 and >"°  np =
1.

Proof. Let

which shows that f € Tf{}?(ﬁ).

Conversely, suppose that f € 5’;‘3(5) Since |ay| < %(; (S))b,k; =2,3,.... Let
e < %,m =1-—>7,n Then we obtain f({) = > ,o, mefx(¢). O

Theorem 2.6. The class Pg;f(ﬂ) is convex.

Proof. Let the function f;(¢) = ¢+ > ooy ar;¢" ar; > 0,7 = 1,2 lies in the class
fe Pg?(ﬁ). It is sufficient to prove that A(() = (u+ 1) f1(¢) — puf2(¢),0 < ¢ < 1.
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Since h(¢) = ¢+ > ooy [(1 + p)ags — pay2) ¢F, this implies that

o0

D> (Bb=b+1—k)1+ (k—1)3]"CA) (1 + p)a,

k=2
+ (Bb—b+1—Fk)[1+ (k—1)6]"C(\) (1) a2
< (L4 p)(1=B)b+p(l—B)b
< (1—p)b.
Therefore h € ng;ﬁ(ﬁ). Hence P;ff(ﬁ) is convex. O

Theorem 2.7. Let f € ngf(ﬁ), then f is close-to-convex of order o(0 < ¢ < 1) in

1

. [ A=0)[(Bb=b+1—k)[1+(k—=1)8]"C(N)] \ k-1
the disc || < r1, where ry := ( GBI > .
Theorem 2.8. Let f € ngl’f(ﬁ), then f is starlike of order (0 < o < 1) in the disc

1
. —0 — — —1)6]"C k=1
€I < 72, where ry = in f (UL DINCON) T () > 9),

Theorem 2.9. Let f € nggf(ﬂ), then f is convex of order o(0 < o < 1) in the disc

1
. —0 — _ _ n k—
IC| < 73, where rs ;= inf <(1 L zal_f))([lljg;b 24 CW}) "k >2).

Theorem 2.10. Let f(¢) = (+ > -, |ax| ¥ be in the class f € Pg;f(ﬁ), then for
|C| = r, we have

(1-08)b 9 (1—-p)b 5
T Bh—b—DAtor(N 1) §|f(0|§r+(6b—b—1)(1+6)”()\+1)r
and

(Bb—b—1)(14+0)"(A+1) (Bb—b—1)(1+)"(A+1)

Putting § = 1 in the above theorem we obtain the result which analogue the
results of M. Thirucheran, M. Vinothkumar and T. Stalin. [5]

Corollary 2.4. Let f(¢) = ¢ + > 4o, |lax| ¢* be in the class | € ngg,’\(ﬂ), then for
|| = r we have

(1—-75)b 9 (1-p)b 9
mwmor-nerosy SHOETY G T e
and

(Bb—b—1)2)"(A+1) (Bb—b—1)2)"(A+ 1)
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Putting 6 = 1,b = 1 in the above theorem we obtain result which is analogue
the results of K. AlShaqsi and M. Darus. [4]

Corollary 2.5. Let f € ngl’f(ﬁ) be in the class f € Py, 5,(8), then for [(| = r we
have

a-s ) a-s
) 1oy TS U A e ¢ S G g WY
and

(6=2)2)"(A+1)
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