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ESTIMATE THE NEW SUBCLASS OF NEGATIVE CO-EFFICIENT OF
ANALYTIC FUNCTION DEFINED BY THE CONVOLUTION OF
POLYLOGARITHM FUNCTIONS

M. THIRUCHERAN, A. ANAND, AND T. STALIN?

ABSTRACT. In this article, we contemplate and explore few properties for the
class Mg:gyb(qﬁ(g)) of analytic function which is related with the operator
R?”\ f(&) of Polylogarithms functions and also we obtained Briot-Bouquet dif-
ferential subordination, coefficient inequalities, integral means of inequalities,
extreme points and distortion of the class of polylogarithms functions.

1. INTRODUCTION

Let f be the class of analytic functions defined with
(1.1) fO=¢+> at,
k=2

which belongs to the class .4, which are analyticin i/ = ¢ : [£| < 1, where U/ is
the unit disc. Let the function f() is given by (1.1) and g(¢) is given by

k=2
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then the Hadamard product of f(£) and g(¢) is defined by
(Fr)e) =€+ Y abic
k=2
For f € A, Al-Oboudi [2] introduced the following differential operator:
DR (£) 5+Z1+ 8]"ars® (n e No=NU{0},6>0:€elf).

Forf € A, Ruscheweyh [9] introduced the following differential operator:

A B 13 (A + k— &
RM(E) = W =&+ Z k:§ (A>—1).
Now consider the Polylogarithm functlon J (n, 9) given by
I(n,0) = ; T (k= Do

Note that J(—1,1) = @ for k = 1,2,3,....is Koebe function. More for
the concept about polylogarithms in the theory of univalent functions see Pon-
nusamy and Sabapathy [7], K. Al Shagsi and M. Daraus [4], and Ponnusamy [8].

Now we introduce a function J"(n, d) given by:

. §
J(n,é) x J (TL,5) = W,)\ >—-1l,ne”Z
and define the linear operator
(1.2) RIM(E) = J%(n, 0) * £(€).
Now we find the explicit form of the function
TH(n,6) =Y [1+ (k - 1)0] NG T ¢,

k=1
From the equation (1.2), we define
. - AN+ k
RO =€+ 30+ (k- o AT E g e
Mk —1)!
Note that R = D", R?’A = D*, which give the Salagean differential operator
[10] and Ruscheweyh differential operator [9] respectively. It is obvious that the

operator R} involves two well known operators. Also note that RJ° = f(¢) and
Ry =Ry = €f(¢).
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Let p denote the class of functions of the form p(£) = 1+p1&+p.£2+... analytic
in Y which satisfy the condition Re {p({)} > 0.

Definition 1.1. We define g:‘l;k(¢(£ )) be the class of functions f € A for which

1 (ERFME)
+ 5 (W 1> =< 9(£),

where n, A € Ny, 0 > 0,0 > 0,0 € p;E €U.

Definition 1.2. For ¢(§) = 1+((11:§)a)§’ we define Ngj‘f (0(6)) = NggA(a) be the class
of functions f € A for which

L (EREHE)
1+ b < R?”\f(ﬁ) 1) > «,

where n, A € Ny, > 0,0 >0,0<a<1;aléel.

If f(¢) and ¢(¢) are analytic in U, we state that f(¢) is subordinate to g(&), i.e.,
f(&) < g(&), if a Schwarz function w(¢) exists, with w(0) = 0 and |w| < 1 such
that f(§) = g(w(§)). Furthermore, if the function ¢(¢) is univalent in ¢, then the
above subordination equivalence holds (see [7,8]). f({) < ¢(&) if and only if
f(0) = ¢(0), and f(UU) C g(Uf).

Definition 1.3. We define T to represent the subclass of A that can be express in
the form

Q) =¢-> agh
k=2

Now, define the subclass Mgf‘(a) = /\/}};A(oz) N T. Since ng(a) C Ngék(a).

Note that /\/l’fijb({ ) = KRo(6), M’fjf(a) = R%(«) was studied by K. AlShagsi
and M. Darus [4], M?ﬁgb(&) = S*¢(¢) was studied by Ma and Minda [6],
M?:f(oz) = Ry(«) was introduced and studied by Ahuja [1] and M?f (o) =
R.(«) was introduced and studied by Kadioglu [3].

2. MAIN RESULTS

To construct Briot-Bouquet differential subordination theorem, we have to
follow the next lemma:
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Lemma 2.1. Let (3, v be the complex numbers. Let ¢ € p be convex univalent in U
with ¢(0) = 1 and Re [f¢(§) +v] > 0,€ € U.

Theorem 2.1. Let n, A € Ny, > 0 and ¢ € p, then My, M p(€)) C Mgi}f(qb(g)).

Proof Let f € M (0(¢)) and p(¢) = 1+ & (SZ519 — 1), where p(¢) is
é

analytic in &/ with p(0) = 1, then
ERF(9) = (A + DRFH(E) — (VRGH(E).

Hence

LE(RGH(©)) 940
b Ry () (&) +1—b+ N

Applying Lemma 2.1 we get p < ¢, thatis f € Mgi}f(qb(é)). This completes the
theorem. O

=p(§) +

Remark 2.1. If we put b = 1 in the above theorem, it gives the result of K. AlShagsi
and M. Darus [4].

Theorem 2.2. Let f € My, (p(€)) and c be real number such that ¢ > —1, then
F defined by F = C“ fo t<~1f(t)dt belongs to the class f € Mg}f(qS(f)).

Proof. Let f € M3 (¢(€)), then g(¢) = 1 + ;% < 6(€), where ¢(¢) is

analytic in ¢/ with ¢(0) = 1. Then we have:
EREAF) = A+ DREMF — (WREAF.

ERPMIFE)
Letq(§) =1+ (W - 1) , then we get

LERFF ()
bR

£q'(€)
bg()+1—b+c

=q(§) +
Applying Lemma 2.1 we get ¢ < ¢. Hence the theorem is complete. 0

Theorem 2.3. Let f(£) be defined by (1.1). Then f € A if and only if

(2.1) i b—1+k—ab)[L+ (k—1)8"CO\) Jar] < (1 — a)b,

where C(\) = {i2=5f, 0 < o < I,n € Ng= NU{0},6 > 0,b>0,A > 0;¢ €U,
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Proof. Suppose that the inequality (2.1) is true and || < 1. Then it is sufficient

to prove that ’1 + 3 (%ﬁgf))/ - 1) —a+ 1‘ < 1, which gives
[

Y (b—1+k—ab)l+ (k—1)5]"C(N) |ax| < (1 - a)b.
k=2
It is obvious that the values of (2.1) lies in a circle centered at w = 1 whose

radius is (1 — «)b. Hence the condition (2.1) holds.

Conversely, let us consider that the function f defined by (1.1) is in the class
MM a). Then Re (1 + 3 (% — 1)) > « by the value of { on the real
) A6
axis. Let £ — 1~ through real values, we obtain the result:

i(b 1k —ab)[1+ (k—1)3"CN) x| < (1 — a)b.

Hence the result is sharp for the function f(§) = ¢ — = +k—a1§)1[zf()/i—1) Tey: U

(1—a)b

Corollary 2.1. Let f € /\/lg‘ (), then we have ai, < Gyt DTC0)

Put b = 1, then the class Mg"f((b) is analogous to the class K% 5 (o) introduced
by M. Thirucheran, M. VinothKumar and T. Stalin [5].

Corollary 2.2. Let f € M? (ct), then we have aj, < — [14(:(;9@1)5]”(:9

Put b = 1,6 = 1 we obtain the corollary which is analogous to the result of K.
AlShagsi and M. Darus [4].

n7)\ (lfa)
Corollary 2.3. Let f € My’ («), then we have ar < G—a5neny-

Theorem 2.4. Let f € Mgﬁ})A(a) and suppose that f(¢) = ¢ — =2 bfké:k:
2,3,...,lex| = 1, where p(\,0) = (b — 14k —ab)l+ (k—1)8" ( ) Ifthere

exists w(g) given by w(f)’“*1 = S oo, a1l then for £ = re® 0 < r <

1 a)bek

1 2T IfE)do < [ |“d8,u>0

Proof. To complete the theorem we have to prove that
2w o0 ® 21
1—a)b
/ 1_2%5#1 dgg/ 1_ﬂ
0 s 0

"
k=11 40,
©(A,9) :
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Using Littlewood subordination theorem, it is sufficient to prove that

o0

k— (1 —a)bey, 4
1—;%5 1<1——¢(A75) g1,
Let
= k—1 (1 — a)bey k—1
1-;%5 < 1—W(w(§)) :
therefore
k—1 _ ©(N,6) = k—1
W) = e e

Hence w(0) = 0. Furthermore, if f € A satisfies ¢(),6) < (1 — a)b,

[e.9]

_ ) _
@ = | 2] St < lel <1
k=2

Hence the theorem is completed. O

, ——nA : . :
Let us define new subclass ./\/l:;b (a) C Mgﬁ}f(a), which contains the function

. . —— A
f € A. Now we detemine the extreme points of the subclass M:{b ().

Theorem 2.5. Let fi(¢) = &fi(¢) = & — Y00, misyé" k = 2,3,.... Then

fe /\_/lz}?(oz) if and only if f(§) = > po; mfi(§) where n, > 0and Y02 m = 1.

Proof. Let

which proves that f € W?(a)
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Conversely, suppose that f € W}j(a). Since |ax| < (;(_Ao‘(s)f,k =23,.... Let
e < EAS5 =1 =330, k. Then we obtain f(€) = Y02, mifi(€). O

Theorem 2.6. The class M:{f(a) is convex.

Proof. Let the function f;(§) = & — >0, ax ;€  ar; > 0,7 = 1,2 lies in the class
fe Mgﬁf(a), it is sufficient to prove that

hE) = (p+ Df(E) — ph(£),0 <E< 1.
Since h(§) =& — > 12, [(1 4 paks — pags] £, which implies that

o0

Y (b—1+k—ab)[l+ (k—1)5]"C(A) (1 + p)a,

+§3@_1+k—amu+«k—uﬂ%%wwwm

k=2
<(T+pd—=a)b+pl—a)
< (1 - Oé)b,

therefore h € Mg‘,’lf(a). Hence Mg"}f(a) is convex. O

Theorem 2.7. Let f € M?j(a) , then f is close-to-convex of order o(0 < o < 1) in

(1=0)[(b—1+k—ab)[1+(k=1)3]"C(N)] ) =
(k)(1—a)b :

the disc |¢| < ry, where | := (
Theorem 2.8. Let f € Mgf(a) , then f is starlike of order o(0 < o < 1) in the

1
disc |€| < ro, where ry := inf ((l—o)[(b—I-Ellz:g)b()l[l_—;()iz—l)é]nc(A)]) F—1 (k> 2).

Theorem 2.9. Let f € Mg}f(a) , then f is convex of order o(0 < ¢ < 1) in the disc

1
. — o) [(b—1+k— —1)4]n 1
€| < 13, where 13 ;= inf <(1 e IZ(IZ—%)([EC(Y])% = CQ”) , (k> 2).

Theorem 2.10. Let f(§) = & — Y 77, |ax| £ be in the class f € M:{f(a), then for
€| = r, we have

(I—a)b 9 (1 —a)b 2
L e ey o W UL G e e wpeya e g T ey
and
1 2(1 —a)b F< ()] <1+ 2(1 —a)b

(b+1—ab)(L+d)"(A+1) b+1—ab)(l+o)(A+1)
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Putting 0 = 1 in the above theorem the result obtained is analogue to the
results of M. Thirucheran, M. Vinothkumar and T. Stalin [5].

Corollary 2.4. Let f(§) = & — >, |ax| €* be in the class f € M?j(a), then for
|€] = r we have

(I—a) 5 (I—a) >
" oricaeror . SOl st e T ere s "
and
. 2(1 — a)b < ) < 14 2(1 — a)b

(b+1—ab)2)"(A+1) b+1-ab)2)(rA+1)

Putting 6 = 1,b = 1 in the above theorem the result obtained is analogue the
results of K. AlShagsi and M. Darus [4].

Corollary 2.5. Let f € M?ﬁ(a) be in the class f € M , 5,(a), then for || = r we
have

(1—-a) 2 (1—-a) 9
T e+ S“@”§T+(2—axmwA+nr
and
1 2(1 — ) P IF(E)] <1+ 2(1 — )

2— )2\ +1) 2—a)2)r(+1)
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