ADY MATH Advances in Mathematics: Scientific Journal 9 (2020), no.11, 9653-9658
SCl JOURNAL ISSN: 1857-8365 (printed); 1857-8438 (electronic)
https://doi.org/10.37418/ams;j.9.11.71 Spec. Iss. on ICRTAMS-2020

INVERSE DEGREE INVARIANT OF GRAPHS
K. PATTABIRAMAN!, M. KAMESWARI, M. SEENIVASAN

ABSTRACT. Degree based topological invariants are very important to study the
properties of molecular graphs. In this paper, some results related to inverse
degree invariant are obtained.

1. INTRODUCTION

For a vertex z € V(T ), the valency of the vertex z in 7, denoted by f(z),
is the number of edges incident to z in 7. A topological invariant of a graph
is a number related to the graph; it does not depend on labeling of the graph.
Several types of such invariants exist, especially those based on distance and
degree. One of the most important discussed topological invariant is the Wiener
invariant. The first degree based invariants defined by Gutman et al. in 1982
which are related to QSPR and QSAR studies.

- First Zagreb Invariant: M1(7T) = >, [3(z)= >, (Br(a1)+67(a2)).
2eV(T) a1a2€E(T)

Second Zagreb Invariant: My(7) = Y.  Br(a1)Br(az).

a1a2€E(T)

F-invariant: F(T) = Y. [(3(2).
2eV(T)

Harmonic invariant: Y  ——2——.
102 B(T) By (a1)+BT7 (az)

- Inverse degree invariant: ID(T) = > .
7)
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The inverse degree invariant attracted attention through conjectures of the
computer program Graffiti [2]. It has been viewed by several authors, see [1,3-
5]. In this paper, we have obtained the results related to inverse degree invariant
of a connected graphs.

2. MAIN RESULTS

In this section, first we obtain the bounds for the inverse degree invariant of
a connected graph.

Theorem 2.1. Let T be a (s,r)-graph. Then ID(T) > s(l —In (A(T))) with
equality if and only if T is a path on two vertices.

Proof. Assume the function f(Z) = Z — In Z — 1. Easy calculation gives f(Z)

>
0. Hence for any vertex = in V(7), #(:v) —In (m) ~ 1> 0. So, /BTl(-T) >

14 1n <#> By taking the summation over the vertices of the graph, we get
1 _ 1 1 _
ID(T) > s+ > ln <—57(x)> = s+ In ( I1 BT()) > s+ In (—(A(T))S) =

zeV(T zeV(T)
s—slin (A(T)) = 8<1 —In (A(T)))
To show the equality, let f(Z) = 0, then Z = 1. Thus 5 ( 7 = = 1 for any vertex
x € V(T). Hence p7(z) = 1 for every vertex « € V(T), which holds if and only
if 7 is a path on two vertices. O

Theorem 2.2. Let T be (s,r)-graph. Then IDD(T) > 2(s — r) with equality if
and only if T is a path on two vertices.

Proof. Assume the function f ( ) = Z + % — 2. Easy calculation gives f(Z) > 0.

Hence for any vertex x in 7', FoRE Br(x ) 2 > 0. By taking the summation over
the vertices of the graph, we get ID(T) >2s— > PBr(x)=2s—-2t=2(s—r).
zeV(T)

To show the equality, let f(Z) = 0, then Z = 1. Thus 5 ( ;=1 for any vertex
x € V(T). Hence () = 1 for every vertex x € V(T ), which holds if and only
if 7 is a path on two vertices.

- Subdivision graph S(7) is the graph obtained from 7 by replacing each
edge of T by a path of length 2.
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- The graph R(T) is obtained from 7 by adding a new vertex correspond-
ing to each edge of T, then joining each new vertex to the end vertices
of the corresponding edge.

- The join of two graphs 7; and 75, denoted by 7; V 73, is the union 7; U7
together with all the edges joining V(7;) and V (73).

- The vertex S-join graph 7; Vg 75 is obtained from S(77) and 75 by joining
each vertex of V' (7;) to every vertex of 7.

- The vertex R-join graph T Vs 7s, is obtained from R(7;) and 75 by joining
each vertex of V(7;) to every vertex of 5.

g

Lemma 2.1. Let 7, and 75 be two connected graphs with |V (7;)| = s1 and
|V (T1)| = sq. Then
(7) The valency of a vertex z in Ty Vg Tz is

Br(2) + 89, if 2 € V(Th)
Brivsa(2) = § Br(2) + 1, if 2 € V(T3)
2, if 2 € I(Th).

(17) The valency of a vertex z in Ty Vg Ta is

57-1(2) + Sa, le € V<71)
Brivem(2) = { Br(2) + 51, if 2 € V(T2)
2, ifz€ I(Th).

Lemma 2.2. [6] Let g be a convex function on the interval K and ¢y, ¢, ...,¢; € K.
Then g(“*”j“*”) < g(cl)Jrg(cfH“'g(Ct), with equality ifand only if ¢, = ¢y = ... =

Ct.

Theorem 2.3. Let G; be a graph with s; vertices and t; edges, i = 1,2. Then

@ ID(Ti Vs T) < POIEMR) 4 1045 4 0
. 52 52
(i) ID(T; Vi Tp) < IPTEADMR) 4 26 4 o
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Proof. From the definition of inverse degree invariant, we have

1
DTvs T = Y
T 5T1vs7’2(2)
= + +
ZEVZ 5ﬂv57’2( ) ZGVZ ﬁﬁvSTz( ) ZGIZ 5T1v57a( )
By Lemma 2.1 (i), we get
1 1
D(TiVs To) = Z ~+ > ot =
2eV(Th ﬁTl 26V (T2) 57—2(2) T8 2€1(T1) 2

By Jonson’s 1nequa11ty, we obtain
1 1 1 1 1 1
IPTs ) = Z Gtz Gata)r 2y

From the definition of inverse degree invariant, we have

ID(TY) +ID(T5)  si+s3
+ + —.
4 48152 2

From Lemma 2.1 (i7) and similar argument of (i), we get the result of (i7). O

D(Ti Vs Tz) =

- The graph Q(7) is obtained from the graph 7 by inserting a new vertex
into each edge of 7, then joining with edges those pairs of new vertices
on adjacent edges of 7.

- The total graph 7°(7) has as its vertices the edges and vertices of 7. Adja-
cency in 7'(7) is defined as adjacency or incidence for the corresponding
elements of 7.

- The vertex ()-join graph 7,V 75 is obtained from @(7;) and 75 by joining
each vertex of V(7;) to every vertex of 7.

- The vertex T-join graph 7 V1 7Ts is obtained from 7'(7;) and 75 by joining
each vertex of V(7;) to every vertex of 7s.

Lemma 2.3. Let 7; and T, be two connected graphs. Then
(1) The valency of zin Ty Vg Tz is

B (2) + V(T if z € V(Th)
BriveT(2) = § Br(2) + [V(T)|, if = € V(T3)
Br(z) + Br(y), fe=zy € I(Th).
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(ii) The valency of zin Ty Vr Ty is
2d7,(2) + V(T)|, if 2 € V(Th)
Brive(2) = { Br(z) + [V(TO)], if 2 € V(T2)
Br () + Br (v), f e = xy € I(Th).

Theorem 2.4. Let G; be a graph with s; vertices and t; edges, i = 1,2. Then
() ID(T; Vg T5) < [P 4 st | ()

43152

(i) ID(T; vy Tp) < LROMRDM) 4 sites | H(T)

45182

Proof. From the definition of inverse degree invariant, we obtain

1
D(TiVvg T2) = 7~
l i ze\/égéé;g T2) %371\/Q E <Z)
1
— T+ S —
Zevzﬂ 5Tlv@75( Zevz 5TvaT2( 2) Zelzﬂ Privem(?)

By Lemma 2.3 (i), we get

ID(Ti Ve To) = Zﬁﬂ +Zﬁ7§ +251 )(2)

2€V(T1) 2€V(Tz) z€I(Th)

By Jenson’s inequality, we have

DTV <] Y (55+5) i Z <B7-2

zeV(T1)
1 1
+—)+
51 Zm;:(T B (21) + Bri(22)
ID(Ti) +ID(Ty) | si+s3  H(Th)
= + -
4 48132 2
Apply Lemma 2.3 (ii) and a similar argument of (i), we obtain the result of
(i2). O
REFERENCES

[1] K. C. DAs, K. Xu, J. WANG: On inverse degree and topological indices of graphs, Filomat,
30 (2016), 2111-2120.
[2] S. FAJTLOWICZ: On conjectures of graffiti II, Congr. Numer., 60 (1987), 189-197.



9658 K. PATTABIRAMAN, M. KAMESWARI, AND M. SEENIVASAN

[3] K. Xu, K. C. DAS: Some extremal graphs with respect to inverse degree, Discrete Appl.
Math., 203 (2016), 171-183.

[4] P. DANKELMANN, A. HELLWIG, L. VOLKMANN: Inverse degree and edge-connectivity,
Discrete Math., 309 (2009), 2943-2947.

[5] P. DANKELMANN, H. C. SWART, P. VAN DEN BERG: Diameter and inverse degree, Dis-
crete Math., 308 (2008), 670-673.

[6] C. NICULESCU, L. E. PERSSON: Convex functions and their applications: a contemporary
approach, Springer, New York, 2006.

DEPARTMENT OF MATHEMATICS
GOVERNMENT ARTS COLLEGE(AUTONOMOUS)
KUMBAKONAM 612 002, INDIA

Email address: pramank@gmail.com

DEPARTMENT OF MATHEMATICS

SCHOOL OF ADVANCED SCIENCES

KALASALINGAM ACADEMY OF RESEARCH AND EDUCATION
KRISHNANKOIL, SRIVILLIPUTHUR - 626126, TAMILNADU, INDIA
Email address: m.kameshwari@klu.ac.in

DEPARTMENT OF MATHEMATICS
ANNAMALAI UNIVERSITY
ANNAMALAINAGAR 608 002, INDIA
Email address: emseeni@rediffmail.com



