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A NOTE ON FUZZY BRK TOPOLOGICAL ACTION OF SUBGROUP

S. SIVAKUMAR1 AND S. KOUSALYA

ABSTRACT. In this paper, fuzzy BRK topological action can be extended to a
subgroup S. We study some theorems and properties of a fuzzy BRK topolog-
ical action on subgroup. Also, we discuss about normal fuzzy BRK topological
action in a subgroup of G.

1. INTRODUCTION AND PRELIMINARIES

The concept of a fuzzy set was introduced in [12], provides a general topol-
ogy called fuzzy topological spaces. The structure of a fuzzy topological spaces
by Foster in [2] combined with a fuzzy group. Rosenfeld in [6] has formulate
the elements of a theory of fuzzy topological groups. Ma and Yu in [4] and
Yalvac in [11] changed the definition to ordinary topological group is a special
case of a ftg. In 2012, Bandaru in [5] introduced BRK-algebra, which is a
generalization of BCK/BCI/BCH/Q/QS/BM -algebras. Sivakumar et al. in-
troduced a topology on BRK-algebra in [7] and also studied there properties.
Haddadi in [3] and Rosenfeld in [6] study fuzzy actions of fuzzy submonoids
and fuzzy subgroups from an algebraic point of view. Boixader and Recasens
in [1] has made some interesting in group with fuzzy actions. The fuzzy actions
in a BRK-topological spaces has explained in a paper, [10]. In this paper, we
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extend fuzzy BRK topological action to a subgroup S. Also, we study a nor-
mal fBRKtA of subgroup and their properties. All other undefined notions are
from [2,5,8–10,12] and cited therein.

2. FUZZY BRK TOPOLOGICAL ACTION ON SUBGROUP

Definition 2.1. Let G be a fBRKtg (G, ?, 0, τ) on X and S be a subgroup of
G, then the map µ : (G × S, τ × τ) → (S, ?, 0, τ) is a fBRKtA of S (briefly,
fBRKtASg) onX if (a*) µ(e?(f ?s)) = µ((e?f)?s), (a**) µ(0?s) = µ(s) ∀ e, f ∈
G & s ∈ S, (b) µ(e ? (s ? t)) ≥ min(µ(e ? s), µ(e ? t)), (c) µ((e ? f) ? s) ≥
min(µ(e ? s), µ(f ? t)), (d) µ(e ? s−1) ≥ µ(e ? s) ∀ e, f ∈ G & s, t ∈ S.

Example 1. Let (X = {0c, 1c, 2c, 3c}, ?, 0) be a fBRKtg in which ? is defined by

? 0c 1c 2c 3c

0c 0c 1c 2c 3c

1c 1c 0c 3c 2c

2c 2c 3c 0c 1c

3c 3c 2c 1c 0c

Now define a fuzzy set µ : X → [0, 1] by µ(0c) = 0.8, µ(1c) = 0.7, µ(2c) = µ(3c) =

0.6, {0, 1, 2} ∈ G and {0, 1} ∈ S. Then, it is a fBRKtASg.

Theorem 2.1. Let G be a fBRKtg on a fBRKtASg µ on (S, ?, 0, τ), then every
subgroup H of G acts on S.

Proof. A fBRKtg G on a fBRKtASg µ on (S, ?, 0, τ). Then (a*), G acting on
S. Also there exists a map µ : (G × S, τ × τ) → (S, ?, 0, τ) with the conditions
µ(g ? (h ? s)) = µ((g ? h) ? s) and µ(0 ? s) = µ(s) ∀ g, h ∈ G, s ∈ S. In particular,
the restriction map of µ on (H × S, τ × τ) → (S, ?, 0, τ) satisfies the conditions
µ(g ? (h ? s)) = µ((g ? h) ? s) and µ(0 ? s) = µ(s) ∀ g, h ∈ H, s ∈ S. (b)
µ(g ? (s ? t)) ≥ min(µ(g ? s), µ(g ? t)), (c) µ((g ? h) ? s) ≥ min(µ(g ? s), µ(h ? t)),

(d) µ(g ? s−1) ≥ µ(g ? s) ∀ g, h ∈ H, s, t ∈ S. Hence every subgroup of G acts on
the given fBRKtASg µ. Similarly G acts on each fuzzy subgroup Hµ of µ under
S. �

Theorem 2.2. Let G be a fBRKtg on a fBRKtASg µ on (S, ?, 0, τ). Then:

(i) µ(g ? s) ≤ µ(0 ? s) for all g ∈ G and s ∈ S.
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(ii) The subset Gµ = {g ∈ G/µ(g ∈ s) = µ(0 ? s)} is a subgroup of G acting
on fBRKtASg µ.

Proof. Let g ∈ G. Then µ(g ∗ s) = min{µ(g ∗ s), µ(g ∗ s)} = min{µ(g ∗ s), µ((g−1) ∗
s)} ≤ µ((g ∗ g−1) ∗ s) = µ(0 ∗ s) implies (i).To verify (ii), it follows that 0 ∈ Gµ,
and Gµ 6= 0. Let g, h ∈ Gµ and s ∈ S. µ((g ? h−1) ? s) ≥ min{µ(g ? s), µ((h−1) ?
s)} = min{µ(g ? s), µ(h ? s)} = min{µ(0 ? s), µ(0 ? s)} = µ(0 ? s) but from (i)
µ((g?h−1)?s) ≤ µ(0?s) for g, h ∈ G and s ∈ S, so µ((g?h−1)?s) = µ(0?s) which
means (g ? h−1) ∈ Gµ. Thus Gµ is a subgroup of G. So Gµ acts on fBRKtASg µ
on S by Theorem 2.1. �

Corollary 2.1. Let G be a fBRKtg on a fBRKtASg µ on (S, ?, 0, τ). Consider
the subset H of G given by H = {g ∈ G/µ(g ? s) = µ(0 ? s)}. Then H is a crisp
subgroup of G acting on S.

Theorem 2.3. Let G be a fBRKtg on a fBRKtASg ’s µ1 and µ2 on (S, ?, 0, τ).
Then G acts on a fBRKtASg ’s µ1 ∩ µ2 on S.

Proof. Let G be a fBRKtg on a fBRKtASg ’s µ1 and µ2 on (S, ?, 0, τ). It is given
that µ1 and µ2 are fBRKtASg ’s on S. It follows that µ1 ∩ µ2 on S.

Since G acts on S, then there exists a map µ : (G×S, τ × τ)→ (S, ?, 0, τ) such
that e?(f ?s) = (e?f)?s and 0?s = s or all s ∈ S, and ∀ e, f ∈ Gwhich gives (a*)
& (a**). Let e, f ∈ G and s ∈ S. (b) (µ1∩µ2)(e?(s?t)) = min{µ1(e?(s?t)), µ2(e?

(s?t))} ≥ min{min{µ1(e?s), µ1(e?t)},min{µ2(e?s), µ2(e?t)}} = min{min{µ1(e?

s), µ2(e ? s)},min{µ(e ? t), µ2(e ? t)}} = min{(µ1 ∩ µ2)(e ? s), (µ1 ∩ µ2)(e ? t)}.
(c) (µ1 ∩ µ2)((e ? f) ? s) = min{µ1((e ? f) ? s), µ2((e ? f) ? s)} ≥ min{min{µ1(e ?

s), µ1(f ?s)},min{µ2(e?s), µ2(f ?s)}} = min{min{µ1(e?s), µ2(e?s)},min{µ1(f ?

s), µ2(f ? s)}} = min{(µ1 ∩ µ2)(e ? s), (µ1 ∩ µ2)(f ? s)}. (d) (µ1 ∩ µ2)(e ? s
−1) =

min{µ1(e ? s
−1), µ2(e ? s

−1)} ≥ min{µ1(e ? s), µ2(e ? s)} = (µ1 ∩ µ2)(e ? s). Thus
G acts on a fBRKtASg ’s µ1 ∩ µ2 on S. �

Theorem 2.4. If G acts each member in the family {µi}i ∈ G of fBRKtg under
S, then G acts on fBRKtg ∩µi under S.

Theorem 2.5. Let G be a fBRKtg on a fBRKtASg µ on (S, ?, 0, τ), then G acts
on anti-fBRKtASg µc on S.

Theorem 2.6. Let G be a fBRKtg on a fBRKtASg µ on (S, ?, 0, τ). Then G

acts on level cut set U(µ; t) on S where t is in [0, 1].
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3. NORMAL fBRKtASg

Definition 3.1. Let G be a fBRKtg on a fBRKtASg µ on (S, ?, 0, τ) and θ is
a homomorphism from S into S. Define µθ = {< s ∈ S, infx∈G µ(θ(x)) ? s >}
under S.

Definition 3.2. A fBRKtASg µ on S is normal fBRKtASg (briefly, nfBRKtASg)
if infc∈G µ(c ? s) = infc∈G µ(c ? (t

−1 ? s ? t)) ∀ s, t ∈ S.

Definition 3.3. Let G be a fBRKtg on a fBRKtASg µ on (S, ?, 0, τ) is a fuzzy
BRK characteristic of G acting on S if µθ = µ for some homomorphism θ on S.
In a group S, define [s, t] = (t−1 ? s−1 ? s ? t).

Theorem 3.1. Let G be a fBRKtg on a fBRKtASg µ on (S, ?, 0, τ) and θ is
a homomorphism from S into S. The group G acts on fuzzy BRK subgroup
µθ = {< s ∈ S, infx∈G µ(θ(x)) ? s >} under S.

Theorem 3.2. Let G be a fBRKtg on a fBRKtASg µ on (S, ?, 0, τ). Let µ+ be
a fuzzy set {< s ∈ S, µ+(s) >: µ+(s) = infc∈G µ(c ? s) + 1− µ(0 ? s). Then G acts
on the fuzzy BRK group µ+ under S.

Proof. It follows that µ+(s) = infc∈G µ(c ? s) + 1 − µ(0 ? s) for all s ∈ S. So
µ+(s? t−1) = infc∈G µ(c? (s? t

−1))+1−µ(0? (s? t−1)) = [infc∈G µ(c?s)+1−µ(0?
s)], infc∈G µ(c ? t)+ 1−µ(0 ? t) ∀ s, t ∈ S. Thus s, t ∈ µ+ implies that s ? t−1 ∈ µ+.
Then µ+ is a fuzzy BRK subgroup of S. Hence G acts on the fuzzy BRK group
µ+ under S. So µ+(c?(t?s?t−1)) = infc∈G µ(c?(t?s?t

−1))+1−µ(0?(t?s?t−1)) =
µ(c?s)+1−µ(0?s) = µ+(c?s) ∀ s, t ∈ S. Hence µ+ is normal fuzzy BRK group
of G acting on S. �

Theorem 3.3. Let G be a fBRKtg act on a nfBRKtASg µ on (S, ?, 0, τ). Then
infx∈G µ(x ? [s, t]) = µ(0 ? s) ∀ s, t ∈ S.

Proof. Since G acts on a normal fuzzy BRK group µ under S, it gives that
infx∈G µ(x ? s) = infx∈G µ(x ? (t ? s ? t

−1) ∀ s, t ∈ S. Replacing s by (s−1) and t

by (t−1), infx∈G µ(x ? s−1) = infx∈G µ(x ? (t
−1 ? s ? t)) ∀ s, t ∈ S. Then it becomes

that infx∈G µ(x ? [s, t]) = µ(0 ? s) ∀ s, t ∈ S. �

Theorem 3.4. Let G act on a fuzzy BRK characteristic group µ with respect to
θ under S. Then µ is a nfBRKtASg of S.
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Proof. Let g ∈ G. Consider the map θt : S → S by θ(s) = t ? s ? t−1, where t
fixed in S. Clearly θt is an automorphism of S. Now µ(g ? s) = µθt(x ? s) =

µ(θt(g ?s)) ∀ s ∈ S = µ((g ? (t−1 ?s? t)) ∀ s, t ∈ S. It follows that infg∈G µ(g ?s) =
infg∈G µ(g ? (t ? s ? t

−1)) ∀ s, t ∈ S. So µ is a nfBRKtASg of S and hence G acts
on a nfBRKtASg under S. �
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