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GENERALIZED THEORY OF MAGNETO-THERMO-VISCOELASTIC
SPHERICAL CAVITY PROBLEM UNDER FRACTIONAL ORDER
DERIVATIVE: STATE SPACE APPROACH

S. G. KHAVALE AND K. R. GAIKWAD!

ABSTRACT. This paper is dealing the modified Ohm’s law with the temperature
gradient of generalized theory of magneto-thermo-viscoelastic for a thermally,
isotropic and electrically infinite material with a spherical region using frac-
tional order derivative. The general solution obtained from Laplace transform,
numerical Laplace inversion and state space approach. The temperature, dis-
placement and stresses are obtained and represented graphically with the help
of mathcad software.

1. INTRODUCTION

Sherief et al. in [1] presented the new theory of coupled and generalized
thermoelasticity using time using the method of fractional calculus. Povstenko
in [2,3] solved some thermoelastic problem based on the 1D and 2D thermoelas-
tic problem with a time fractional derivative. Gaikwad in [4] analysed the ther-
moelasticity of thin disk under partially heat supply. Many researchers in [5-9]
studied the various problems on thermoelasticity and fractional order thermoe-

lasticity.
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2. BASIC EQUATIONS

We consider a isotropic, homogeneous, thermo-viscoelastic solid: R < r <
oo, where R is the radius of the shell. First we shall consider the medium is per-
fect electrical conductor and secondly permeated by an initial constant magnetic
field H,. This produces an induced magnetic field 4 and electric field F.

(i) Linear equations of electromagnetism valid for slowly moving medium are:

OF
(1) curl h = J + 60@
OF
2) curl £ = _MOW
B = ,LL()H
divB=0

where J- current density vector, H- total magnetic field.
(ii) The modified Ohm’s law as:

Ou

3) E=—pug ot

here 11y - magnetic permeability, &, - coefficient of temperature gradient.

x Hy + kogradf

The equation of Lorentz force, whose expression is:

4) F=JxB
(iii) The displacement equation:
82Ui
(5) pw = 2#(61 + )\Bg)umj — (3)\ + 2,&)06,56971‘ + ,LLO(J X H())

where: 5 5 2 ) 5
a1 + 2100
:1—'—@—, :1+Oé_7 :1+—_
g g 2 250 3\+2u Ot
where p, A, i, a1, ap are density , Lame’s constant, and thermoviscoelastic relax-
ation times.

(iv) Heat conduction equation:

a a+1
(6) K0, = (g + TS‘W) (pCEl + (3X + 2u)ay fToe + modivJ)

where 7, - coefficient of the current density, 7j - reference uniform tempera-
ture, «; - coefficients of linear thermal expansion, K - thermal conductivity, 6 -
temperature increment, 7, - thermal relaxation time, Cy - specific heat constant.



SPHERICAL CAVITY PROBLEM UNDER FRACTIONAL DERIVATIVE... 9771

The Caputo fractional derivative defined in [10] as:

1 t fm(7)
pogiey = | Tin—a 0 G e
df—(t) n=1
dt -’ '
For finding the Laplace transform, the Caputo derivative requires information
of the initial values of the function f(¢) and its integer derivative of the order

k=1,2..n—1

n—1<a<n;

L{Df(t);s} = s°F(s) — » s F 100, n—1l<a<n’
0

3
—_

i

(v) Constitutive equations:
(7) 05 = 2#516@' + )\Bge&j + (3)\ + 2#)0@69(5@'

eij = 5 (Ui + uj;)
where 0;; and J;; are the stress tensor components and Kronecker’s constants.
The equations (1) to (7) constitute the problem formulation under considera-

tion.

3. PROBLEM FORMULATION

The spherical coordinates (r, ¢, ) are taken for any representative point of
the body at time ¢ and the origin is the center of the spherical cavity. Due
the symmetry, all the quantities appearing in equation (1)—(7) are depends of
variables r and ¢ only. The displacement and strain components as:

ur = u(r,t), up =ug =0

ou u
= €6, €rg = €rp = gy =0

Erpr = E; €o9 =

_E+7:r2 or

From equation (7), we obtained the stress tensor components as:

2
® . du 2u _ 109(r u)

)
) T = 2Mﬁ18—17f + ABse — (3X + 2u) Bl

(10) Og9 = Tpp = 2#51% + AB2e — (3A + 2u) Ba0
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(11) Org = Or¢p = Og¢p = 0.

Due to the application of H, their induced magnetic field h = (0, 0, ») which will
be negligible. Applying H, = (0,0, Hy) to equations (1-3), is obtained:

Oe k?() 00
12 H
(12) /= 087” 140 or
ou u ko 00
13 h=—H.,|l—=+2) 222
(13) 0 (87’ N ) fo Or
ou 00
1 E = noH, ko—.
(14) Hotomr + ko o
Using equations (4) and (12) the Lorentz force is:
Oe 00
F, = uoH — o T koHoz-
Using equation (8) in equation (5), we obtain:
0? Oe 00
(15) Pg—;; = (2uB1 + A\B2 + Mng)a — (3 + 2#)0%5 + kOHO@
The equation (6) becomes
a aa—i—l
(16) KV20 = (825 + 7 8150‘“) (pCgl + (3X + 2u)ay SToe + modivJ)

where

s 10 5 0
V_r28r 87“

Now, we will introduced the non-dimensional variables:

r' = enr, t' = nt, B = c*np, By = ¢*nps, u = enu,

o O h E J
6/ = — / e i) h/ = — E’ = J/ = .
T(), O-l] % ’ H07 /l,oH(]C7 T]HOC
where n = £2 | ¢ = —Mf .
Equations (9)-(16) takes the forms (dropping the primes for convenience):
2,u (3)\ + 2/L)Qt90
1 Tr -_— 9
a7) 7 >\+2/L61 87’ +2uﬁ26 A+ 2p p
2u u A (BX\ + 2p) by
]_ — = —_— — _ 0
(18) 000 = 000 = 371 2;161 rooA+ 2,u52€ A+ 2 P

(19) Org = Orp = 0gp = 0
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Oe k?[) 00
20 - -
(20) J or + Hypo Or

ou u ko 00

21 — (=42 = -
(21) h (87“ * r) Hypo Or

ou ko 00
22 E == -
( ) ot + HO,MO or
(223)
0*u ko o 2uP1+ AB2 e (BA 4+ 2u)auby ko 00
(1 g2 SEAL T AR R WA T AT =
ot? ( + Hoypo T HoHo pc? or pc? B+ Hopg ) Or

2 a+1 2 a—+1
oy mct (O 0 (BA + 2u)auc 9 . .0
@8 VIO="5 <6t 70 8ta+1) o+ K \a T g ) ¢

The equation (23) becomes:

(25)
2 2
é= <1+ o +uoH§+—“ﬁltw?> v2e - BT 2markhy <5+ o >v29
Hopo pc pc Hopio
The boundary conditions:
(26) O(R,t) =0y, atr =R
27) e(R,t) =0, atr = R.

Applying the Laplace transform to the equations (17-22) and (24-25) by using
the homogeneous initial conditions, defined as:

F(r.s) = LU (r. 1) = / " Fr e,

we obtain
(28) Gyp = lld—u + lye — 150
dr
_ _ u _ ~
(29) 09 = Ogpp = ll; + l2€ — 136’
jode, K do
r  Hopodr

h = — @_}_E _ ko d_é
N T T H(),u()d’l“
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_ ko df
E =su+ -
Hopo Or
(30) V20 = L0 + Lqe
(31) V?e = M0 + Mye
_ 0o
(32) O(r,s) = —, atr =R
S
(33) é(R,t)=¢€ =0, atr =R
where
. _2p k * A k * _ (32 +2p)aqb k *
ll T2 <Ho(/)10 +61> ’ l2 A2 (Ho(/)m +ﬁ2) ’l3 o )\+2ut ° (Ho(l)m +ﬁ ) ’
Bi =1+ as, B5 =1+ ass, B =14 P,
2 (sr8setl 3A2p) a2 B* (sr&sat!
L1:77(+I<0 )’ L2:(+N)tlﬁ((+o )’
M, — (3A+2p)as0o (ko+HopoB*) L1 M, — pc?s®+(3M+2p) aro (ko +HopoB*) Lo
U™ Hopo(noH3 p+p>+2u87 +753) L™ Hopo(noH3 pc+p+2uBi +283)

4. SOLUTION OF PROBLEM IN STATE PACE DOMAIN

We chosen as state variables the temperature increment ¢ and strain compo-
nent ¢, then the equations (30) and (31) in matrix form:

(34) V2V = XV

ele:[Ll Lgl.
M, M,

The solution of equation (34) is

where

V=

Q]

B e—\/X(s)r e—\/X(S)’I‘
(35) V(r,s) = Bi———— + By ——.

Consider r large for bounded solution, cancelled the positive power of exponen-
tial part. Also at » = R the value of B, is given by B, = RV (R, s)eV*®)E then
equation (35) reduces r > R to,

V(R,s) = ;V(R, s)e  VXOR
The Characteristic equation corresponding to X (s) as:

TTL2 — (MQ + Ll)m + (MQLl - MlLQ) =0.
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The eigen values m, and m, must satisfy:
mi+ mo = MQ + Ll mimeo = MQLl — MlLQ.

The Tailor’s series expansion for e~V X()"=#) has the form:

(36) eﬁ@vmzfﬂ_xﬁw_mr

n=0

n!
Making use of Cayley-Hamiltonian theorem, the equation (36) becomes:
(37) e VXET=R) — p T4 b, X,

where b; and b, are constants.
By Cayley-Hamiltonian theorem, the eigen values m; and ms of the matrix X
satisfy the equation (37).

e~ Vmi(r=R) _ by +bym,; and e~ Vma(r—h) — by + bamea,

Solving the above system of equations, is obtained:

e RO i R) e~VTL—R) _ o= ya(rF)
bl = aIld b2 - .

my —Mme my —Mma

Hence, we have:

where
L G_W(T_R)(Ll — mg) — €_W(T_R) (Ll — ml)
11 — my — Mo )
Lye—Viir—R) _ [, o—v/ma(r—FR)
L12 - m m )
1 — 12
(38) M,e—Vma—R) _ \,e~Vm(r—R)
21 — my — Mo )
L . e_\/T’Tl(T_R)<M2 — m2) + e_\/"T?(T_R) (ml — MQ)
22 — My — My .

Using the equation (32) and (33) into equation (35) and using equation(38),
we obtain:

_ R0, Ry B
(39)  O(r,s) = Somr— )T [(ma — Ly)e™V20=R) _ (L, — gmy)evme=F)]
(40) e(r,s) = _ RMOy [(ma — Ly)e VOB (L) — my)e V=R

s(my — mo)r
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Taking Laplace transform for equation (23) using equations (39) and (40), we
get displacement function as follows:

(41)
RO
ulr,s) = sr2(my _Omg)r [((Da(Ly = ms)(1+ ry/my)) — DyMy) e Vo=
+ (14 ry/ma)(Da(my — Ly)) + DyMy) e V70=R)]
where g \ o5
D1:i+2ﬂﬁ1+ 52’ D2:(3 +2N)04t Oﬁ.
52 pc?s? pc?s?
Using equations (28-29) and (39-41), we obtain the stresses as:
RO,
T = = —r {e7VOR) (g 4 1) Myr? + 20, My Dy (1 + r/my)
2) (L) — ma)(Isr? + 2L, Dy(1 + r/im))) + e VTR (2 M (1 + L)
+20, D1 My (1 + ry/my) — (L1 — ma)(Isr® + 2L, Do(1 + ry/m2))) }
(43)
_ R6,
Ogg =

)7‘2 {eix/mil(rfR) [llDlMl - (Ll — mg)(llDl(l -+ 74 /m1>

+(12M1 + l3)’l“3):| + €_W(T_R) [llDlMl + (m1 — LZ)(llDl(l =+ 74 /mz)
+(12M1 + lg)r?’)} } .

5. INVERSION OF THE LAPLACE TRANSFORMS

The solution of temperature, displacement and stresses is obtained numeri-
cally by the inversion of Laplace transform method in time domain in [11].

ft) = 67% (%f(v) + Re (Z(—l)’“f(v + ikﬂ/ﬂ)) :

k=1

6. RESULTS AND DISCUSSION

The copper material was chosen for the purpose of numerical evaluation. We
have taken the parameters as following Table 1.

The computational mathematical software PTC Mathcad Prime-3.1 was used
to obtained the numerical calculation and graphs. Figures 1-4, depicts the
variation of temperature, displacement, stresses in radial distance r at instants
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TABLE 1. Material constants

To = 293 K p = 8954 kg.m—3 K =386 W. m !K!
A =7.76-100kgm~!s2 a; = 1.78 - 105K ! 6p=1, R=1
Cp =383.1J. kg ' K! p=2386-10"kgm's2 py=47-100"Hm!
Ho=47-100"Hm™! a1 = 0.325s, az = 0.325 s 70 =0.02's

a = 0.25 for time parameter ¢ = 0.25,0.50,0.75, 1. From Figure 1 the tempera-
ture profile decreases with time increases within the region 0 < r < 0.5 and then
increases with increasing the radius. From Figure 2. the displacement increases
with time increases within the region 0 < r < 0.5 and then decreases with in-
creasing the radius. Figure 3. and Figure 4. shows the radial and angular stress
distribution for different time parameters. it is clear that the time increases the
stresses increases with increasing the radial distance.

Figure 5-8, depicts the temperature, displacement, stresses in radial direction
at time ¢ = 0.50 for different values of & = 0.25,0.50,0.75,1. From Figure
5. we can see that temperature distribution initially decreases with the value
of « increases and then increases with increasing the radial distance. Figure
6. depicts the displacement in radial direction with different fractional order
parameter at time ¢ = 0.5. It is clear that displacement increases with the value
of a increases and then decreases with increasing the radial distance.

Temperature
Displacement

Figure 1. Temperature. Figure 2. Displacement.
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Figure 3. Radial stress.

T a=0.25

Displacement

Figure 6. Displacement.
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Figure 8. Angular stress.

Figure 7. Radial stress.
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Figure 7 and Figure 8 shows the radial and angular stress distribution for dif-
ferent fractional order parameter at time ¢ = 0.5. We observed that the fractional
order parameter increases the stresses increases with increasing the radius.

7. CONCLUSION

This article analyzed the modified Ohm’s law with the temperature gradient
of generalized theory of magneto-thermo-viscoelastic for a thermally, isotropic
and electrically infinite material with a spherical region using fractional order
derivative. The general solution obtained from Laplace transform, numerical
Laplace inversion and state space approach. Figures 1-4, shows the temperature,
displacement and thermal stresses at « = 0.25 for times ¢ = 0.25,0.50,0.75, 1.
From Figures 5-8, we see that the time fractional derivatives play the significant
role on the all quantities in the given field and changes in the values of the
parameter «. We conclude that the speed of propagation of strain is finite,
coincide the behavior of viscoelastic material. This work may prove helpful
in material science, designers, real life engineering problems, physicists and in
understanding the concept of a theory of magneto-thermo-viscoelasticity.
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