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FIXED POINT THEOREM IN PROBABILISTICALLY CONVEX MANGER
SPACE

K. SHRIVASTAVA!, S. SAXENA, AND VISHNU NARAYAN MISHRA!

ABSTRACT. The main target of this paper has been to apply the concept of
probabilistically convexity on manger space and deal a common fixed point
theorem by using the concept of compatibility between multi- valued mappings
and self mappings in the above context.

1. INTRODUCTION

In 1972, Assad and Kirk in [2] gave sufficient conditions for non-self mappings
to ensure the existence of fixed point by proving a result on multi-valued con-
traction mappings in complete metrically convex metric space. Pai and Veera-
mani’s works, [11] seem to be the first to establish a probabilistic analogue of
Nadler’s Banch contraction principle for multi-valued mappings, [10]. Hadzic
and Gajic in [6], Imdad and Khan in [7], Rhoades in [12] and many others
proved some fixed point theorems for non-self, multi - valued convex and se-
quence of set - valued mapping in metrically spaces. Our intention in this pa-
per is to using the concept of compatibility between a multi- valued mapping
and a single-valued mapping due to Kaneko and Sessa in [8] as a tool to pro-
duce some common fixed point theorems on complete probabilistically convex
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menger space. The works of Som and Mukherjee in [15], Imdad and Khan in [7]
and Ahmad and Assad in [1] are very useful to decisively establish our results.

2. PRELIMINARIES

Definition 2.1. [13], A mapping F : R — R is called a distribution function if it
is non decreasing left continuous with

inf{F(t);te R} = 0 and
sup{F(t);t € R} = 1.

We shall denote by L the set of all distribution function while H will always S denote
the specific distribution function defined by

: 1
H(t) = 0; t<
1; t>0.

Definition 2.2. [13], A Probabilistic Menger Space(PM-space) is an ordered pair
(X,F), where X is an abstract set of elements and F : X x X — L, defined by
(p,q) = Fp o where L is the set of all distribution function i.e. L = {F, 4|p,q € X},
if the functions F,, , satisfy:

(1) F,4(x) =1 for all x > 0.if and only if p = q,

(2) F,4(0) =0,

) Fpq=Fap

4 ifF,(x) =1, and F, ((y) =1 then F, ((x +y) =1

Definition 2.3. [13], A mapping A : [0,1] x [0,1] — [0, 1] is called a t-norm if

(1) A(a,1) =a,
(2) A(a,b) = A(b,a),
(3) A(c,d) > A(a,b)ifc>a,d > b,
(4) A(A(a,b),c) = A(a, A(b,c)).
It follows that A(a,0) = 0,Va € [0, 1] in particular A(0,0) = 0.

Definition 2.4. A Menger space is a triplet (X, F,A), where (X,F) is a PM-space
and A is t-norm such that for all p,q,r € X and Vx,y > 0,

For(x+y) 2 AFpq(x), For(y).
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Schweizer and Sklar in [13] proved that if (X, F, A) is a menger space with
Supo<x<1 A(x,x) = 1, then (X, F, A) is a Housdorff topological space in the topol-
ogy 7 introduced by the family of (e, \) neighborhoods.

{Up(e,\) :p e X, e> 0, > 0},

where U,(e,\) = {x € X;f, ,(€) >1—\}
A complete metric space can be treated as a complete menger space in the fol-
lowing way: Throughout this paper, we assume that (X, F, A) is a manger space
with (e, \)— topology 7. Let,

CB(X) ={A : A is non empty closed and bounded subset of X}

C(X) ={A : A is non empty closed and compact subset of X}.

Definition 2.5. [4], Let (X, F, A) be a Menger space. A,B € CB(X) and x € X we
define Fy » and F, g by

Fxa(t) = supyeaFxy(t) and
FA,B<t) = SUPs<tA{infxeASUPyeBFx,y (t)a infyeBSpreAFX,y(Jﬁ)}aVt € R.

We say that F 4 is the probabilistic distance from x to A and F p is the proba-
bilistic distance from A to B induced by F.

Lemma 2.1. [5], Let (X, F, A) be a Menger space A be a left continuous t- norm,
A € CB(X) and x,y € X. then we have the following
(1) Forany B € CB(X) andx € A
infoeaSupyepFiy(t) < Fxp(t), forallt € R,
(2) Fxa(t)=1forallt >0ifandonlyif x € A
Fyea(ts 4+ t2) > A(Fxy(t1), Fy a(t2)) for all tq,ts > 0,
(3) Fyal(t) is left continuous function at t,

Now, we first consider the properties of an induced manger space.

Theorem 2.1. [14], Let (X, d) be a complete metric space and define F : X x X — D+
(set of all distribution function)

Fiy(t) =H({t —d(x,y)),for x,y€E

then the space (X, F, min) with a left continuous t- norm A = min is a 7- complete
menger space and topology T induced by the metric d coincides with the topology
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7. And, for x € X, K, C € CB(X) we can easily obtain.
«k(t) = H(t—d(x,K))and
FKC( ) = H(t—du(K,C)).
b

Proposition 2.1. Let (X, F, A) be 7- complete Menger space induced by the metric
d as follows:

Fx,y(t) = H(t - d(X7 y)),fO?" X,y € X7

where A is a left-continuous t— norm such that A(a,b) = min{a, b}.
Let T : X — CB(X) a multi-valued mapping, then for each x,y € X and u, € Tx
there exist a vy, € Ty such that

FUX,Vy(t) Z FTX,Ty(t),t Z O

Proof. From the compactness of Ty, we can choose v, € Ty such that
d(uy, vy) < du(Tx, Ty).

Hence

Fuyv, (t) H(t — d(uy, vy))
H(t — du(ux, vy))

= Frery(t), t > 0.

v

By proposition 2.1 we can easily obtain the following.

Corollary 2.1. Let (X,F, A) be a T complete menger space induced by the matric
d as follows:

F.y(t) =H(t —d(x,y)), for x,y €X,

where A is left- continuous t-norm such that A(a,b) = min{a,b} and T : X — CB(X)
is a multi-valued mapping. If for each x,y € X

Fromy(6(t)) > Fey(t),t > 0.

Then for uy € Tx there exists v, € Ty such that

Fuw, (9(1)) 2 Fry (1), 6 2 0,



FIXED POINT THEOREM IN PROBABILISTICALLY CONVEX MANGER SPACE 9829
where ¢ : [0, +00) — [0, +00) is a function.

Definition 2.6. A Menger space (X,F,A) is said to be probabilistically convex if
for any x,y € X with x # vy, there exist t a point z € X, x # z # y such that

A(Fyu(th), Fuy(te)) = Fey(t1 + ta).

Lemma 2.2. Let (X, F,A) is said to be complete probabilistically convex menger
space. Let K be any non- empty closed subset of X. Then for any x € Kandy ¢ K
there exists a point z € 0K (the boundary of K) such that

A(Fy,(t1), Fuy(te)) = Fey(ts + t2).

Our main theorem is prefaced with the above lemma.

Definition 2.7. Let K be a non-empty subset of a menger space (X,F,A) and
S; T : K — X the pair {S, T} is said to be weakly commuting if for each x,y € K
such that X = Sy and Ty € K, we have

FTX,STy (t) Z FSy7Ty (t) .

Definition 2.8. Let K be a non-empty subset of a menger space (X,F,A) and
S, T : K — X the pair {S,T} is said to be compatible if for every sequence {x,}
from K and from relation

limX%OOFTXn,SXn (t) =1
and Tx, € K,n € N, it follows that
hHln%ooFTyn,STXn (t> =1,

for every sequence {y, } from K such that y,, = Sx,,n € N. Kaneko and Sessa in [8],
extended the concept of compatibility for single-valued mapping to a multi-valued
mapping as follows:

Definition 2.9. Let (X,F, A) be a menger space. The mappings A : X — CB(X)
and S : X — X are compatible if SA(x) € CB(x), Vx € X and

limy, 0o Fsax, A8x, (£) = 1,
whenever {x,} is a sequence in X such that

Ax, - M€ CB(x) and Sx, —te€ M.
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In [3] Chang defined the family of real function ¢ as follows:
Let ® = {¢: R™ — R™, ¢ is upper semi- continuous with ¢(x) < x for each x > 0
and ¢(0) = 0 },where R™ is the set of all non negative real numbers.

Lemma 2.3. [3], Let ¢ € ®, then there exits a strictly increasing continuous func-
tion ¢ : R™ — RT such that ¢(u) < ¢(u) < u for each u > 0, lim, ¥ "(u) = 0o
and ¢ (u) > 0, for each u > 0.

Remark 2.1. In the above case the function 1) is invertible if for each u > 0, we de-
note ¥°(u) = uand ¥ "(u) = ¥ (1p " (u)) for each n € N, the lim,_,,,%)""(u) = oc.

3. MAIN RESULT

Theorem 3.1. Let (X, ZOW, A) be a complete probabilistically convex menger space
with A(a,a) > a and K be a non-empty closed convex subset of X. Let A, B : K — CB(X),
and S, T : K — K satisfying the following conditions:

(1) 9K C SKNK,AKNK C TK,BK N K C SK,
(2) Sx e 0K = Ax CK, Tx € 0K = Bx C K,
(3) (A,S) and (B, T) are compatible mappings,
(4) A,B,S, T are continuous on K.
FAX,By<¢t) 2 min(FSX,Ty (t)7 FSX,AX (t>7 FTy,By (t))
then there exists a point z in X such that Sz = Tz € Az N Gz.

Proof. Let x € 0K, since JK C SK, there exists a point x, € K such that x = Sxg
that is Sxg € 0K = Axg C K (from 2). Since Axy € AK = Axg C KNAK C TK..
Let x; € K be such that y; = Tx; € Axy C K. Since y; € Ax, there exists a point
ys € Bx;y such that

FY1,YQ (t) > FAX07BX1 (t>

Suppose y; € K, then y, € KN BK C SK which implies that there exists a point
xo € K such that y; = Sx,. Otherwise if y, ¢ K, then there exists a point u € 9K
such that

A(Frgy u(t1), Fuy, (t)) = Frg y, (t1 + t2), VE > 0.
since u € JK C SK, then there exist a point x, € K such that u = Sx, and

A(Fry, 5%, (61); Fxays (t2) = Frog y, (61 + t2); ¥Vt > 0.
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Let y3 € Ax, be such that

FY2,Y3 (t> > FBXLAXZ (t)

Repeating the above argument, we obtain two sequences {x,} and {y,} such
that

(1) Yon € BX2n71; Yont1 € AX2n,
(11) Von € K= Von = Sxo, Or Von ﬁé K = Sxg, € OK and

A(FTX2nflysX2n (tl)v FSX2n7y2n (t2> - FTX2H—1’ y2n(t1 + t2)'
(iii) yont1 € K, yon41 = TXont1 OF yon1 € K, Sxgnq1 € 0K
A(IT?SXm’I‘in-‘-1 (t1)7 FTX2n+17y2n+1 (t2) = FSsz Yon41 (tl + t2)

(iV> FY2n71,Y2n (t) > FBX2n717AX2n71 (t), an7y2n+1<t) > FAX2n7 BX?H—1<t)‘ We de-
note

Py {Sx2i € {Sxon }; Sxoi = yai},
Py {Sxai € {Sxan}; Sxai # yai},
Qo = {Txoit1 € {Txont1}; TXoig1 = Yaig1},
Q1 = {Tx2ip1 € {Txony1}; Txoip1 # yoir1)

First we show that (Sxo,, Txan11) € P1 X Q1 and (Txg,_1, Sxon) € Q1 X Pj.

If Sx,, € P; then yy, # Sxs, and we have Sx,, € 0K which implies that y,,,1 €
Axy, C K. Hence yo,11 = Txony1 € Qp. Similarly we have argue that (Txy,_1,

SXQH) ¢ Ql X Pl.

Case-1If (SXQH, TX2n+1) € PO X QO then

FSin,TX2n+1 (¢t) = Fy2n, Yon+1 (gbt)
FAin,BX2n+1 (¢t)
min<FSX2n,TX2n—1 (t)? FSin,AXQn (t)? FTXQn—l,BXQn—1 (t))

min<FSX2n,TX2nfl (t)v FSin,TX2n+1 (t)v FTX2n717SX2n (t))

AVARRAVARR V]

v

min<FSX2naTx2n71 (t)7 FSin,TX2n+1 (t))
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Case-2 If (Sxa,, Txon11) € Py x Q then from (iii), we get

FSX2n7TX2n+1(¢t) = FSszl,y2n+1(2¢t)
= Fyan, yont1(20t)

> min(FSX%fLTyzn (t>’ FSX2n7TX2n+1 (t)) [from case 1]

Similarly , if (Txo,_1, Sxa2,) € Q1 X Py then we show that

FTX2n71,8X2n (¢t) > min(FSX2n72)TX2nfl (t)v FT2n71,SX2n (t))

Case-3 If (Sxo,, Txont1) € Py X Qo then Txy, 1 = y2,_1. Hence proceeding as in
case 1, we have

Fsay, Toani1 (208) = Fsxonyon (206) 2 A(Fsxyny0, (01), Fyayyain (01))

> A(Fsxgnya0 (01), Faxg, Branr (91))

> A(Fsxpnyon (0t), min(Fsx, Txon 1 (£)s Fsxon axan (£),

> Frsgn1 Bxoni (1))

> A(Fsxon yon (¢t), min(Fe,, Txon 1 (t); Fsxon Txonss (£))

since A(Frg,, 1 8xon (1), Fsxonyon (£)) = Frxgn 1y (26).

(
(

Then

FSXQn,TX2n+1 <2¢t) > A(FTXZn—LYQn (2¢t>7 min(FSin,szn—1 (t)7 FSin,TX2n+1 (t))
= A(FTX2n717y2n (2¢t>7 min(FSX2rnTX2nfl (t)a FSin,TX2n+1 <t>>

> min(FSX2n7TX2nfl (t>7 FSin,TX2n+1 (t))

[from case 1 and A(a, a) > a]

Thus in all cases, we put zs, = SXoy, Zonr1 = TXon41, We have

Foponin (0t) > min(F,, ., (t),Fa, 0., (1)), forallt > 0
Pz (t) 2 min(Fop 1 (07'6), Frpy a0y (67'1)),

min(F (07'), Fronizn 1 (0776), Frp s (9771))
(Fagnzan1 (67 6); Fagy 20 (677F))

since x < ¢ 1 (x) < p73(x). ..

v

Z2n,Z2n—1

I
=]

in
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By repeated applications of above inequality, we obtain
Fpnzonss () = min(Fy,, 4, (Qb_lt)v F oo zonit (¢_it))-
Since F,,, ,,...(¢7't) = 1 asi— oo Vt > 0 it follows that
o zonis (8) = Fapzo (¢7't), Vn €N and  Vt > 0.
Therefore,
Fornznis () 2 Foginn 1 (0710),2 Frpy iy o (0728) > o0 > Fopy o (0771),
taking limit as n — oo, we obtain that
im0 F gy zone (8) =1

Now Fzyy, Zonip(t) > A(Fzon, Zonyp(t/D), - - - s Frpniy 12004, (/D). Taking limit as
n — 0o, we have

limy, oo Fryn o, (8) = 1

This implies that z, is a cauchy and hence converges to a point z consequently,
the subsequences

{zon} = {Sxon} — 2z
{zZont1} = {Txonp} — 2
Since (B, T) is compatible mappings
Hmy oo F gy 1 Txon 1 (F) = 1
= limy oo Frsxg, BTxan 1 (t) = 1.
By the continuity of B and T then Fr,p,(t) =1, i.e,,
(3.1) Tz € Bz.

Similarly, the continuity and compatibility of (A, S) lead to

(3.2) Sz € Az.
Again
Fs,1.(¢t) > Faspa(ot)
> min(Fs,m,(t), Fsya,(t), Fr s (t))

v

Inin(FSZ,TZ (t>7 FSZ,TZ (t); FTz,Sz (t))

= FSZ,TZ(¢t) FSZ,TZ(¢t)

IV
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which implies that
(3.3) Sz = Tz.
From (3.1), (3.2) and (3.3)
Sz =Tz € Az N Bz.
This complete the proof. 0

Similarly, we can prove the following theorem.

Theorem 3.2. Let (X,F,A) be a complete probabilistically convex menger space
and K be a non-empty closed convex subset of X. Let A, B : K — C(X) and
S, T : k — k satisfying the conditions.

(1) 9K C SKNK,AKNK C TK,BK N K C SK,

(2) Sx e 0K = Ax CK, Tx € 0K = Bx C K,

(3) (A,S) and (B, T) are compatible mappings,

(4) A,B,S, T are continuous on K,

(5) Faxpy(¢t) > min{Fsx 1y (t), Fsx ax(t), Fry py(t)}, then there exists a point

z in X such that
Sz =Tz € FzN Gz.

Remark 3.1. If we take S = T =1 (identity function) and A = B and complete
menger space in theorem 3.1 one deduces a result due to Lee, [9].

4. APPLICATION

Here, we study the existence of fixed point for multi-valued mappings in a
metric space (X, d) using the results in the previous section.

Theorem 4.1. Let (X,d) be a convex complete metric space and A, B : (K,d) —
(CB(X),dn), S, T : (K,d) — (K, d) satisfying the conditions.

(1) 9K C SKNK,AKNK C TK,BK N K C SK,

(2) Sx e 0K = Ax CK, Tx € 0K = Bx C K,

(3) (A,S) and (B, T) are compatible mappings,

(4) A,B,S, T are continuous on K,

(5) du(Ax,By) < ¢ max{d(Sx, Ty), du(Sx, Ax), du(Ty, By)}, then there exists

a point z in X such that
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Sz =Tz € AzN Gz.

Proof. If we define F : X x X — D™ such that

Fap(t) = H(t — du(A,B)),VA, B € CB(X)

then the space (X, F, min) with t— norm A = min is a probabilistically convex

7— complete menger space and topology induced by the metric d coincided with
the topology 7. For any A, B € CB(X), we have

Faxpy(#t) = H(¢t du(Ax,By))

> H¢t — max{d(Sx, Ty), dx(Sx, Ax), du(Ty, By)}]

H[min{(t — d(Ax, By)), (t — du(Sx, Ax)), (t — du(Ty, By))}]
min[{H(t — d(Ax, By)), H(t — du(Sx, Ax)), H(t — du(Ty, By))}|
= min[Faxpy(t), Fscay(t), Frepy (t)]-

Thus the Theorem 4.1 follows from theorem 3.1 immediately. Hence there exist
a point z € X such that Sz = Tz € Az N Bz. O
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