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INVERTIBLE NEUTROSOPHIC TOPOLOGICAL SPACES
T. RAJESH KANNAN! AND S. CHANDRASEKAR

ABSTRACT. Aim of this present paper is, the new Type of Neutrosophic
topological spaces called invertible and completely invertible Neutrosophic
topological spaces are introduced. Also several properties of this newly
introduced Neutrosophic topological space besides giving some
characterizations of these spaces are established.

1. INTRODUCTION

C. L. Chang [2] introduced fuzzy topological space by using Zadeh’s [8]
(uncertain) fuzzy sets. Further Coker [3] developed the notion of intuitionistic
fuzzy topological spaces by using Atanassov’s [1] intuitionistic fuzzy set.
Smarandache [4] defined the neutrosophic set of three component
neutrosophic set (¢, f,7) = (Truth, Falsehood, Indeterminacy). The neutrosophic
crisp set concept converted to neutrosophic topological spaces by A. A.
Salama [6, 7]. Neutrosophic concepts have wide range of applications in the
area of decision making artificial intelligence. Information systems, computer
science, medicine, applied mathematics, mechanics, electrical and electronic
and, management science, etc,, The mapping is the one of the important
concept in topology. M.Parimala et.al., [5] introduced neutrosophic «
homeomorphism in neutrosophic topological spaces. Aim of this present paper
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is, the new type of neutrosophic topological spaces called invertible and
completely invertible neutrosophic topological spaces are introduced. also
several properties of this newly introduced neutrosophic topological space
besides giving some characterizations of these spaces are established.

2. PRELIMINARIES

In this section, we introduce the basic definition for Neutrosophic sets and its
operations.

Definition 2.1. [4] Let S}, be a non-empty fixed set. A Neutrosophic set Ag:,, is
the form  Agy = {€%pag (€),0a, (€),74, (€) > € € Sk} Where
psy (§) : Sy = [0,1] 051 (€7) : Sy — [O 1, 7ag (€7 Sy — [0,1] are represent
Neutrosophic of the degree of membership function, the degree indeterminacy and
the degree of non membership function respectively of each element £* € S, to the
set Agi with 0 < Hag (&) + Tagy (&) + VAgy (&*) < 1. This is called standard
form generalized fuzzy sets. But also Neutrsophic set may be
0= piag (&) + Tagy (&) + Tag (€) <3

Definition 2.2. [4] We must introduce the Neutrosophic set Oy and 1y in Sy as
follows:

Oy ={<& 0,0,1>:¢€ Sy} and 1y ={<¢ 1,1,0>: &€ Sy}

Definition 2.3. [4] Let S}, be a non-empty set and Neutrosophic sets A sy, and Bg
in the form NS

Ag, =A< pag (€),04,
BS}V = {< f*’ /vLBS}V (f*)’O-BS
defined as:
(D Ay, € By  tagy (€)= iy (6,0, (€. o, (€), and oy (€) 2
7351 (f*)l
2 ASI = <& 1y (€, 04y (€, agy (€) > € €Syl
(3) AS}V ﬂBS}V - {< 5*7 MAS}V (5*))/\MB ( *>7 O-AS}V (5*))/\03511\] (5*)7 VAS}V (5*)\/
Ty, (€7) > € € RA);

(5*),7AS}V (&%) >: & € Sy} and
(€)1 (€1 > €° € 54}

1
N

1
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(4) AS}V U BS}V = {< f*a MAS}V (5*) v MBS}V (f*)a O-A‘SIIV (5*) \ O-BS}V <€*)’7AS}V (5*) N
VBS}V (E*) > f* € S]l\/}

Definition 2.4. [6] A Neutrosophic topology is a non -empty set Sy is a family
Tn sy, of Neutrosophic subsets in S, satisfying the following axioms:

D On, In € Tvsy;
(ll) stlv N H‘S]l\f € TNS]l\f for any Gle,Hle € TN‘SJlV;
(i) U, Gisy, € Tnsy, forevery Gisi € Tygiy, I € J.
The pair (Sh7n s1,) is called a Neutrosophic topological space.
The element Neutrosophic topological spaces of Tns are called Neutrosophic

open sets.
A Neutrosophic set Ag is closed if and only if AS}VC is Neutrosophic open.

Definition 2.5. [4] Let S}, and 8% be two finite sets. Define 1, : Sy, — S%.

If Asz = {<0,p1a, (0),04, (0),7a,, (0)) >: 0 € S} } is an NS in S, then the
inverse image( pre irrllvage) Agg under szm is an NS defined by wfl(Aslzv) =<
U1 pag, (€)1 oag, (€),91 Toag, (§) © € € S >. Also define image NS
U :<N§,MU(§),0U(%),7U(§) ; év € Sy > under 1 is an NS defined by
0 (U) =< wl(“As;le(UAs;lewAs;ve € 8% > where

su . if (e , i
wlmAS?(e)){s Piuag (€) FU6) £ 0.6 € 0'0)

N 0 elsewhere

supoa_, if (0 : (
%(%2(9)){ Poag (O Fur'O)#.ceuO)

N 0, elsewhere
inf(yag, (€), ¥ (0) # 6, € € ¥ (6)

0, elsewhere

U(1ag, (6)) = {

Definition 2.6. [6] A mapping ¢1 : (SyTn, ) — (SX,7n, ) is called a
Neutrosophic continuous(Neu-continuous) if 1y 1(/1312V ) € C(NUTSS)) whenever
Ag: € C(NUTSS).
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TYPE I AND TYPE II INVERTIABLE

In this section the concepts of invertible and completely invertible Neutrosophic
topological spaces are introduced. Also Type 1 and Type 2 invertible Neutrosophic
topological spaces are defined with examples.

Definition 2.7. An Neutrosophic topological spaces (S}, NGt ) is said to be
invertible with respect to a proper Neutrosophic open set Ag if there is a
Neutrosophic topological homeomorphism 1)y : (S}VTNS}V) — (8%, TNS}V) such that
V1(Agy) C Agr. ¢ is called an Inverting map for Ag and Ag is said to be an
Inverting Neutrosophic set of (S, N1 ).

If an Neutrosophic topological spaces (S, TNS}V) is invertible, then there exists
an Inverting Neutrosophic set Ap and an Inverting map : of (Sk, Tng, ). This

Ag1 and ¢, together called an Inverting pair of (Sk, Tng, ) and is derjlvoted by
N
(AS}V’¢1)‘

Definition 2.8. An Neutrosophic topological spaces (Sy, Tn, ) is said to be
N
completely invertible if for every proper NOS, Ag € 7y ,there is an
N

Neutrosophic topological spaces homeomorphism 1, of (Sk, Tng ) Such that
N

U1 (Asy) € Agy

Definition 2.9. An Neutrosophic topological spaces (Sy, Tng, ) is said to be Type
N

1 if identity is an Inverting map for any one of the Inverting Neutrosophic set.

Definition 2.10. An Neutrosophic topological spaces (Sy, TN, ) is said to be Type
N
2 if identity is an Inverting map for all the Inverting Neutrosophic topological sets.

Example 1. Let Ry = {a,,b,} and Iy = {0y, As1, 1y} be a Neutrosophic
Topological spces on R}, where Agi = {< z, (an, 0.6,0.5,0.4), (b,, 0.8,0.5,0.2) >
;x € R} isin RY.

Define an Neutrosophic mapping ¢, : (R, SL) — Ry, Sh),
wl(an) = anwl(bn) = bn

Clearly v11s Neutrosophic topological spaces homeomorphism. Apy is an NOS
in 3.

1(Agy,) = {< ¥, (an, 0.6,0.5,0.4), (by, 0.8,0.5,0.2) >;y € Ry} and

1(Agy,) = {<y, (an, 0.4,0.5,0.6), (by, 0.2,0.5,0.8) >;y € Ry}
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So Y1(Apy) C Apy . Then i is is completely invertible Neutrosophic topological
spaces and also is of Type 2.

Example 2. Let Ry = {a,,b,} and Sy = {On, Agy, Bry, 1y} be a Neutrosophic
Topological spaces on R}, where

Apy = {< 7,(an,0.6,0.5,0.4), (by,0.8,0.5,0.2) >;x € Ry},
Bpy = {< 2,(a,0.7,0.5,0.3), (b,,0.5,0.5,0.5) >; = € Ry }.

Define an Neutrosophic mapping v, : (Ry, Sy) — Ry, Sh)ti(a,) =
an, 1(b,) = by,. Clearly v, is Neutrosophic topological spaces homeomorphism.
Then 1, (K}V) Z Apy and i, (K}v) C Bpy . Thus Neutrosophic NOS Bp: is an
Inverting Neutrosophic set and (Bpy , 1)is an Inverting pair. Hence (R, SY) is
an invertible Neutrosophic topological spaces with respect to NOS B and is of

Type 1.

3. CHARACTERIZATIONS OF INVERTIABLE

In this section some characterizations of invertible Neutrosophic topological
spaces are studied.

Proposition 3.1. The following statements are equivalent:

1. (RY, SY) is a completely invertible Neutrosophic topological space.

2. Given a proper NCS Api and a proper NOS By, there is an Neutrosophic
homeomorphism ¢, : (Ry, Sy) — (Ry, Iy) such that ¢ (Agt ) C (Bgy)-

3. Given a proper NCS Apand a proper NOS By, there is an Neutrosophic
homeomorphism 1, : (Ry, Sy) — (Ry, Iy) such that Agy C Y1 (Bpy ).

4. Given any proper NS A such that cI(Ag: ) # 1y and a proper NS Bp, such
that intBr ~ # Oy, there exists an Neutrosophic homeomorphism
U1 (R, Sy) = Ry, ) such that ¢y (cl Apy ) C intBp .

5. Given any proper NS Ap1 such that c1Ap # 1y and a proper NS Bpy such
that intBp, ~ # Oy there exists an Neutrosophic homeomorphism
U1 Ry, Sn) — Ry, Sy) such that clAp C ¢ (intBp ).

Proof.
(1) = (2): Let us assume that (R}, 3% ) is completely invertible Neutrosophic
topological space. Let Agi be a proper NC'S and Bp: be any proper NOS in
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(RN, Sy).Then Ap: is a proper NOS.(Ry, Sy )is completely invertible NT'S,
then there is an Neutrosophic homeomorphism v, : (R}, S%) — (R, SV)
such  that  4y(Ag) C A_R}v If A_R}v C Bpy,  then
Va(Apy) © Apy C Bgi IfAp 2 Bpi then Ap C Bpi . In this case let
v (RYy, SY) — (RY, SY) be be Neutrosophic homeomorphism
corresponding to proper NOSBp: , then ¢, (Bgi ) C By . Also Agi C Bpy
implies ¢1(Agy ) € ¢1(Bgy) C Bpy . This proves (1) = (2).

(2) = (1): Let Apy be any proper NOS in (R}, S} )Then Ap: is proper NCS.
Hence by (2), there is an Neutrosophic homeomorphism ¢, : (R}, Sk) —
(Ry, Sh) such that ¢ (Ag) € Agy. This proves (Ry, ) is completely
invertible Neutrosophic TS. Hence (2) = (1) is proved.

(2) = (3): Let Api be any proper NCS and By, be any proper NOS. Then, by
(2) there exists an Neutrosophic homeomorphism 1, : (R}, Sk) — (R, SV)
such that ¢(Ap1 ) C Bpy . This implies Api € ¢ (¥2(Agt)) € 95 (Bg).
Put ¢); ' = 1/;. Then v, is Neutrosophic homeomorphism from (R}, 3%) onto
(Ry, Sy)andAgy C ¢i(Bp ). Hence (2) = (3).

(3) = (4): Let Ap be any proper NSs such that c1Ap # 1y and B be any
proper NSs such that int Bz, # Oy. Then c1Ag: and intBg are proper NCS and
proper NOS respectively. Hence by (3), there exists an N homeomorphism v :
(Ry, SN) — (Ry, Sy) such that clAp C ¢y(intBpi ). Then ¢y (clAp ) C
¥y (Ya(int Bpi ) = int Bp . Let ¢p5* = 4. Clearly ¢ is N homeomorphism and
¢1(01AR}\,) - thBR]lV. Thus (3) = (4).

(4) = (5): Let Apy be any proper NSs such that clAp # 1y and Bpi be any
proper NSs such that intBr # Oy. Hence by (4), there exists an N
homeomorphism ¢, : (R)y, Iy) — Ry, ) such that ¢(clAp ) C intBp .
Then cl1Ap = ;' (¢2(clAgy ) € ¢y ' (intBpi ). Let ¢y = ¢y. Clearly 1, is N
homeomorphism and c1Ag: C ¢1(intBg ). Thus (4) = (5).

(5) = (2): Let Ap_ be a proper NCS and Bpi be any proper NOS. Since
Apy is proper NCS,clAp # 1n. By (5), ¢ : (Ry, Sy) — (Ry, Iy) such
that ClAR}\, - @Z)Q(intBR}\,)' Then AR}V = ClAR}\, - @Z)Q(intBR}v) = ¢2<BR}V). In
other words, ¢, '(Apy) € Bpy. Put ¢; = ¢y. Clearly ¢ is Neutrosophic
homeomorphism and 1 (Ag1 ) C Bg: . This proves (5) = (2). O
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Remark 3.1. An Neutrosophic TS(RY,, Sk is completely invertible if and only if
for each proper Neutrosophic closed subset Bgi and each On # Api € R, there
is an Neutrosophic homeomorphism v, of (R}, ) such that ¢y (Bgy ) C Ap .

4. PROPERTIES OF INVERTIBLE NEUTROSOPHIC TOPOLOGICAL SPACES

In this section some properties of invertible NTS are studied. Also
Neutrosophicstrongly compact, Neutrosophic nearly crisp set are defined.
Mutual relationships between invertible N7'S and Neutrosophic compact space
are investigated.

Proposition 4.1. Let (R}, S) and (R%, S%) be completely invertible
Neutrosophic topological spaces. Then (R x R%, Sy x 8%) is completely
invertible NT'S.

Proof Let Oy # Ap # ly € Sy and Oy # By # ly € S} Then
On # Ay X Bpy # 1y is an NOS in Ry x RY. Since Ap: is a proper NOS in

3, there exists an Neutrosophic homeomorphism Ay RY — Ry such that
N
1 . . 2 .
wl“‘a}v (Apy) € Apgi. As Bp is a proper NOS in 37, there exists an
Neutrosophic homeomorphism ¢y, | : MY —  RL such that
Rrl

N N
wlBR}V (BR}V) - BR}\,' Then ¢1AR}VXB L

Neutrosophic homeomorphism such that

(wlARl X wlBR}V)(AR}\, X BR}V) = (wlARl x wlBRl )(AR}\, X BR}\,)

N N N

= wlAR}v (AR}\,) X wlBleV (BR}\,) - AR}V X BR}\,

Ry X RL — Ry x S% is an

which implies R}, x 2% is completely invertible NT'S. O

Theorem 4.1. A Neutrosophic closed crisp subset of an Neutrosophic compact space
is Neutrosophic compact relative to R},

Proof. Let Ap1 be Neutrosophic closed crisp subset of RY. Let M = {Gy;i € J}
be cover of A R, by Neutrosophic open sets in RY;. Then the family {M, A_R}v}
is an Neutrosophic open cover of RR},. Since R}, is Neutrosophic compact, there
is a finite subfamily {G;, Ga,...,G,} of Neutrosophic open cover which also
covers Api . If this cover contains A_R}V, discard it.
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Otherwise leave the subcover as it is. Thus a finite Neutrosophic open
subcover of Ap: is obtained. So Api is Neutrosophic compact relative to
RY. O

Remark 4.1. In the topological space if the invertible space S contains a nonempty
open set U whose closure is compact, then S is compact. However in the case of
Neutrosophictopological space a similar version of the above said result is not true
as the following example shows.

Example 3. Let R} be the set of all natural numbers. Then (R}, S )isNTS
where 7 = {Oy, 1n,A,},n = 1,2,3, where A, : Ry — [0,1] is defined by

1 .
A, = {< 2,1 — n(n+1)7n(n1+1>7n(n1+1> >z € Rybhn = 1,2,3, Define
P o (R, Sh) — (RY, SN) by ¥i(z) = =z Clearly +, is Neutrosophic
homeomorphism. Now 1(4,) C A,mn = 1,2,3, Thus (RY, Sk )is completely
11
invertible NTS.A; = {< Tigig it € Ry} is both NOS and NCS. Clearly
c1(A;) = A, and is Neutrosophic compact. The family {A,},n = 1,2,3..., is
Neutrosophic open cover of 1y, but it has no finite subcover. Therefore (R}, IL)

is not Neutrosophic compact.

Remark 4.2. The following theorem shows that an NT'S(RY;, S containing an
invertible crisp subset Agi = such that clAp is Neutrosophic compact, is
Neutrosophic compact.

Theorem 4.2. If an Neutrosophic TS (R}, SY) contains an invertible crisp subset

Apy, such that (c1Agy , Ye1a,, ) is Neutrosophic compact then R is Neutrosophic
N

compact.

Proof If an NTS contains an invertible crisp subset of (R}, 3%) then there
exists an Neutrosophic homeomorphism ¢; of (R}, S%) such that
U1(Agy) © Apy . Also ¢y (Ap ) is a closed crisp subset of Ap: , where c1Ap is
Neutrosophic compact. Hence t;(Ag: ) is Neutrosophic compact. As ¢ is
Neutrosophic ~ homeomorphism  Agy is  Neutrosophic = compact.
Ry = clAg U Ap (Rfy, Sy ) is Neutrosophic compact. O

Definition 4.1. An NTS(R), SY) is Neutrosophic strongly compact if every
Neutrosophic closed subset of R, is Neutrosophic compact.
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Definition 4.2. An Neutrosophicsubset Api of an NTS(R)y, SYy) is said to be
Neutrosophicnearly crisp if c1Ap N clAg = Oy.

Theorem 4.3. If an NTS(RY,SL) contains an invertible Neutrosophic nearly
crisp subset Agi such that (clAgi, Feia,, ) is Neutrosophic strongly compact,
N

then RY, is Neutrosophic compact.

Proof. Let (Agy , ¢1) be an Inverting pair of (R}, S}) so that ¢, (Ag ) C Apy .
Also 1 (Apy ) is a closed subset of c1Ap: , where c1Ag: is Neutrosophicstrongly
compact. Therefore ¢;(Ap. ) is Neutrosophic compact. Consequently Ag: is
Neutrosophic compact. Since Ap: is Neutrosophic nearly crisp set and Ry =
clAp U Ap it implies that (R}, J}) ) is Neutrosophic compact. O

Theorem 4.4. In a completely invertible Neutrosophic strongly compact
NTS(RY, L) every non-zero open Neutrosophic subset contains an Neutrosophic
compact subset.

Proof. Since R}, is Neutrosophic strongly compact, each Neutrosophic closed
set is Neutrosophic compact. As R} is completely invertible, given a proper
NCS Apy and a non-zero NOS By there is an Neutrosophic homeomorphism
U1 o (Ry, Sy) — (Ry, ) such that ¢ (Ap) C Bpy. Since (Ry, Jy) is
Neutrosophic strongly compact NT'S, every Neutrosophic closed subset in R} is
Neutrosophic compact. Whence Ag: is Neutrosophic compact. The continuous
image of compact NT'S is compact. 11 (Ap: ) is Neutrosophic compact. O

5. CONCLUSION

The concepts of invertible and completely invertible neutrosophic topological
spaces are introduced. Also Type 1 and Type 2 invertible NT'S are defined with
examples. Some properties and characterizations of invertible N7'S are studied.
Also the relationships between invertible N7'S and neutrosophic compact and
neutrosophic strongly compact neutrosophic TS are investigated.
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