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FIXED POINT THEOREMS IN SOFT PARAMETRIC METRIC SPACE

RAMAKANT BHARDWAJ!, H.G. SANATH KUMAR, BASANT KUMAR SINGH, QAZI AFTAB KABIR,
AND PULAK KONAR

ABSTRACT. In the present paper, some fixed-point theorems are proved in soft
complete soft parametric metric space for rational expressions.

1. PRELIMINARIES

In this section we present some basic definition of soft parametric space. Details
can be found in [1-10].

Definition 1.1. A mapping 5 : SP(X) x SP(X) x (0,00) — R(E)*, is said to be a
soft parametric metric on the soft set X if p satisfies the following conditions:
(M1) p(Zey, Jeo, t) = 0 if and only if 7., = G, for all t > 0;
(M2) f(Ze, Teyit) = P (feys Terst) for all Te,,je,€X and t > 0, T, feys Zes €X,
t>0;
(M3) 5 (Tey, Zey t) S (Teys Gegs )+ (Fegs Zens ) fOr all Ty, Gy, 2, X, t > 0 and the
pair ()N( , 0, E) is called soft parametric metric space.

Definition 1.2. Let {2} }°, be a sequence in a Soft parametric metric space (X,p, E).
(i) {:%Kn}il is said to be convergent to ¥y € X, if lim,_o0 j (@% &y, t) =0
written as lim, ., T3 = I, for all t > 0;
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(i) {a% } ", issaid to be a Cauchy sequence in X, if 1y o0 p (75,70 1) =0
forallt > 0;

(iii) ()? ,p, F) is said to be complete if every Cauchy sequence is a convergent
sequence.

Definition 1.3. Let ()? , p, E/) be a Soft parametric metric space and a function (f, ¢) :
(X,p,E) = (X,p,E) s continuous at &, € X, if for any sequence {i%} }~ in X
such that lim,, . 2% = Zx, then lim, oo (f, )T% = (f,©)Tx

Lemma 1.1. Let {7} }:;1 be a sequence in a Soft parametric metric space ()~( .0, E)
such that

p<m>\ 7"E§\L+_:17t> <TIO (x;\l ' ‘%’S\L 7t>’

wherer € [0,1) and n =1,2,.... Then {z% } " is a Cauchy sequence in (X,p,E)

2. MAIN RESULTS

Theorem 2.1. Let ()? , p, E/) be a complete soft parametric metric space and let (f, )
a continuous mapping. Let mapping (f, ) : ()Z,ﬁ, E) — ()? p, E) is defined such
that for all T, 9, € X, %y # U, and for all t > 0, where a € [0,1) . Then (f, ) has
a unique fixed point in X, if satisfies the following condition:

ﬁ (j)\v 'gu, t) ﬁ (‘%Av (f g0)$)\, t)
t),p

p((f,@)Zx (f,©)Uu,t) < amax P (Gus (f,0) Uy, ( ((l‘x), (f) sfz)y,z, )), ,
~ ~ o~ o(Zx,(f,0)Tx,t I,
P 080 Gust) s S o F i)

Proof. Let 79 be any soft point in SP(X). Set

5/&1 = (f, %) (jo) = (f (ig))ﬂx)
1‘,\2 (fs %) (x/\l) = ( ? (io)) ©2(N)
Bl = (£9) (3,) = (7 (30) o

Now consider

p (:Y;An :Z*ijl?t) = ﬁ((f, ) (% ) (f. ) (25,) - )
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,P)T% 1)
f 90)37/\ ) >7 ((f ()0) An— 1737)\ 7t>
ROk ) A%, (F0)%, 1)
1+p((f @)IA L(Fe)Ey )
p (f;‘:l,a?’;n,t> p(an 0t
'T)\nfl’ jﬁ:jl’ t> ) ﬁ (i‘g\ln7 jS\Ln’ t)
p(ax?, o, 0)9(35, 2511,

L H_p<gcA ’z*++1 t) |

~ [ ~n—1 ~n =, n+
~f ~n ~n+1 t <7 p (I)\n_17x)\ 7t> 7P <J)‘)\ 7x,\n+17t>
P ZEAn,$An+1, < amax

n—1 ~n+1
p (95,\ , Ty +1,zf

~(~n—1 ~n ~(~n smn+t+l
p ('x)\nflaxknat> 7p (x)\nax)\nJrlat)
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~f ~ ~n+1 i ~n—1 ~

p (s, 3t t) <ap (3, 35,.).
~f ~ ~n+1 ~m o~ [~ ~
p <x§fn, xf{jﬂ, t) <a"p (xgo, Ty, t)

It is clear by the basic lemmas sequence {7} } is a Cauchy sequence in X. But
X is a complete soft parametric metric space, hence {Z} } is converges. here is
Ty € X such as 7} — 7},n — oo.

By continuity of ¢t we have:

()35 = (fo9) (lim 3, ) = Tim (f, )75, = lim @), = &5,
e., (f,¢)%; = &;. Thus, (f, ) is a fixed point in X.
Case II:. If
max |5 (#5250 ) 5 (8,3 ) 6 (@ a0 | =6 (3,80,

then

since 0 < @ < 3, which gives contradiction.
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Case III:. If
1 = ~ (= antl ~(~n—1 ~ntl N S A |
max [p (:L‘;L x’; , > p (:17/\ , Ty +1,t> P (:pf\‘n_l,xgnﬂ,t)] =p <x§n_l,x§n+l,t> ,
then

~(~n o+l ~ o~ n—1 antl [~ (-1 = ~(~n antl
p <x§n,$§:ﬂ,t> <ap <:1c§fn_1, xz(:;l,t) <a [p <x§n_1, xt\Ln,t) +p (m?n,xﬁjﬂ,t)]

P (#3500 0) < K5 (38,,80,01)

Sequence {jﬁn} is a Cauchy sequence in X. But X is a complete soft parametric
metric space, hence {7} } is converges. Here is 7} € X such that 3} — Z},n —
Q.

By continuity of (f, ¢) we have,

(f.o)y = (f, ) (limn_m iﬁn) = limy oo (f, ) TY = limy, 00 xf\”;ll = 73,

e., (f,p)T} = z3. Thus, (f, ¢) is a fixed point in X.

Uniqueness. Let ¢ is another fixed point of (f, ) in X such that T # i, then
we have

p(:cx,y,i,t) ﬁ(z (f 90):76* /
((f @r 7 t) (”i ) t) /3(?3;1 f«p)yu,)
A I 1+/s(<f,go)5c; (f)ist)
p (T3, G5.t) (T3, 75,1)
S &maX ﬁ (y;i)g:;7t) ’ﬁ (‘%§7g;7t>
p(jj; g* t) ﬁ<f;’f§\t p(yﬂ’yu’)
[ )

and

p((£0)35, (£,0)55t) < ap (35,55.1) -
This is true only when j (z3,7;,t) = 0 = &} = 7. Hence, fixed point of (f, ¢) is
unique. 0J

Theorem 2.2. Let (55, P, E') be a complete soft parametric metric space and let (f, ¢)
a continuous mapping.
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Let mapping (f, ) : ()? 0, E) — ()~( , p, ) satisfies the following condition:
p((f, )T (f0)0 1) < alp(@x, (f,0)Tr 1) + 6 (G, (f, )T t)]
+ l; [ﬁ (i'/\a (f7 (P)g/u t) + ﬁ ((f7 90)52'/\7 g/u t)] ’

for all 7,7, € X, %, # 7, and for all t > 0, where & +b < 1,a,b € [0,1) Then
(f, ) has a unique fixed point in X.

Theorem 2.3. Let ()?, D, E') be a complete soft parametric metric space and let (f, )
a continuous mapping.

Let mapping (f, ) : ()N( 0, E) — (X, p, E) satisfies the following condition:

:5 ((f7 90)*%/\7 (f7 @)g,u’ t)

<a ﬁ(glm(fv(p)glu ) {P(ﬂ, ( )mka )+/5(j>\7(f gp)gju,t)}
- L+ p (@, (f,0)Z,t) + 0 (Gus (f 0)Tps 1)

0[5 (T, s )]

for all 7,9, € X, 7y # 9, and for all ¢ > 0, where a +b<1,a,be (0,1). Then
(f, ) has a unique fixed point in X.

Theorem 2.4. Let (X, p, E) be a complete soft parametric metric space and let (f, )
a continuous mapping.

Let mapping (f, ¢) : (X, 5, E) — (X, p, E) satisfies the following condition:

0 ((f @)j)n (f7 go)g,u? t) + @ max {15 (i‘)\u (f7 Sp)lgiu t) 7ﬁ (g,tu (f7 80)5&)\7 t)}
ZN) (x/\7 (f7 90)5:)\7 t) [1 + ﬁ (glla (f? (p)g/,h t)]
1 + ﬁ (*%)\7 gua t)
forall Zy, g, € X, & # §, and for allt > 0, where a, b, & > 0&b+i—2a > 1,é—a > 1.
Then (f, ¢) has a unique fixed point in X.

+ 615 (f)\, gua t) )
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