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THE SECOND GOURAVA INDEX OF SOME GRAPH PRODUCTS
M. ARUVI!, J. MARIA JOSEPH, AND E. RAMGANESH

ABSTRACT. This paper shares the topological index namely the second Gourava
index. Here the precise communications for the second Gourava index of graph
operations including the join, composition, cartesian and corona products of graphs

will be discussed.

1. INTRODUCTION

All graphs regarded right here are simple which are connected and finite. Let
V(G), E(G) and d;(w) represent the vertex set, the edge set and the degree of a
vertex w of a graph G respectively. p and ¢ indicate the number of vertices and
number of edges respectively in a (p, ¢) graph. We encourage the readers to see [3]
for basic definitions and notations of a graph.

A topological index is a numerical parameter which is mathematically attained
from the graph structure.

Gutman et.al., [2] introduced the first and second Zagreb indices of a graph GG
as follows:

M(G)= > (de(w)+da(z) = > di(w)and My(G) = > de(w)da(2)
wz€E(G) weV(G) wz€E(Q)

Shirdel et.al [8] defined the hyper-Zagreb index as

HM(G)= Y [do(w) + do(2))”

wz€E(Q)
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and presented the exact formulae for the Hyper-Zagreb index of some well-known
graphs.
The F-index [1] is defined for a graph G as

= 30 dn)= 3 () + el

weV (G wz€E(Q)

V.R. Kulli [5] computed the first and second Gourava indices and defined as

GOG) = Y (do(w) +da(2)) + (do(w)da(2))

wz€E(Q)

and
GOy(G) = > de(w)da(2)(da(w) + da(z))

wz€E(G)

M.H. Khalief et.al [4] presented the precise values for the first and second Za-
greb indices of grpah operations including cartesian, join, composition, disjunction
and symmetric difference of a graph. Nilanjan De et. al [6] described the accurate
values for F' index of some graph operations. V.R. Kulli [5] computed the first and
second Gourava indices of some standard classes of graphs.

In this paper, we calculate the second Gourava index for join, composition,
cartesian and corona products of graphs. We begin this paper with the follow-
ing Lemma.

Lemma 1.1. [3,7]
dG1 (w) + ’V(G2)|, w € V(Gg)
dG2(’U}) + ’V(Gl)’, w € V(GQ)

(i) de,(cy)(w, 2) = [V(G2)|de, (w) + de,(2)
(111) dGlEJGQ((wia Z])) = dG1 (UJZ> + d02 (Zj), where (wi, Zj) S V(G1DG2)
(iv)

dG’lG)Gz( ) - {dGl (w) o Zf we V(G1>

(l) dG'1+G2 (w) =

de,(w) +p2  if we V(Gyy;) for some 0 <i<p —1,

where u € V(G ® G3) G, is the ith copy of the graph G, in G; © Gb.
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2. THE SECOND GOURAVA INDEX OF JOIN OF GRAPHS

Theorem 2.1. Let G;,i = 1,2 be a (p;, q;) graph. Then

GOs(G1 + G2) = GO2(G1) + GOx(G2) + 2p2 Ma(Gh) + 2p1 Ma(G2) + poHM (Gh)
+prHM(G3) + (3p3 + 2g2 + p1p2) My (G1)
+ (3p% + 21 + pip2) My(Ga2) + 8102 (p1 + p2) + 2pi2(2¢2 + @1)
+ 2015 (201 + q2) + 13(2a1 + p7) + p1 (202 + p3)

Proof.
GOy (Gi1+Ga) = Y dase(W)de,16,(2)[da,6,(0) + day 16, (2)]
’LUZEE(G1+G2)
Z dG1+G2 dG1+G2( )[dG1+G2 (w) + da+6s (Z)]
wzeE(G1)
+ Z dGl+G2 dGH-Gz( )[dG1+G2 (w) + dei+6s (Z)]
wz€E(G2)

+ Z Z dG1+G2 dG1+G2( )[dG1+G2(w) +dG1+G2(z)]
wGV(Gl) ZGV(GQ)

— Sy + Sy + S

Z dGl+G2 dGH—Gz( )[dGH-Gz (w) + da+Gs <Z>]

wz€E(G1)

= D (day(w) +p2)(dey (2) + pa)lda, (w) + day (2) + 2p2]
wz€E(G1)

== GOQ(Gl) + 2p2M2(G1) + 2p2HM(G1) —+ 3p2M1<G1) + 2p2q1

SQ = Z (dGQ (U)) +p1)(dG2 (Z) +p1)[dc2 (w) + dGQ (Z) + 2p1]

wz€E(G2)
= Y lda(w)de,(2) + pilde, (w) + da, (2)] + pil[da, (w) + da, (2) + 2p1]
wz€E(G2)

= GOQ(GQ) + 2])1M2(G2) —|—p1HM(G2) + 3p%M1(G2) + Qpi’qg.
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Ss= > Y (e, (w) + p2)(dey(2) + p)lde, (w) + ey (2) + py + p2]
weV(G1) ze€V(G2)

= Z Z dG1 dGz ) +p1dG1 (w) +p2dG2 (’Z> +p1p2]
wGV(Gl) ZEV(GQ)

[de, (w) + da,(2) + p1 + pa]
= 24201 (G1) + 2101 (G2) + 8p1q1Ga + 8paqi @z + P1p2qi(G1) + 2pTpaqy
+ Ap1psqr + pip2a (G2) + 4pipage + 2p103a2 + PIDS + PiD;

Adding S, S; and S3 we get the required result.

3. THE SECOND GOURAVA INDEX OF COMPOSITION OF GRAPHS

Theorem 3.1. Let G;,i = 1,2 be a (p;, q;) graph. Then

GOQ(Gl [GQ]) = ngOQ<G1> + plGOQ(Gz) + 2q1p2HM(G2) + 4(]2])3F(G1)
+ 8qops Mo(G1) + 4qipaMa(Ga) + 8¢3pa My (Gy) + 4q1ga My (Gy)
+ 4p3 My (G1) M (Go)

Proof.

GO(G1[Ga]) = > dey(Ga) (W, k) deyca (2. 1)

(w7k) (Z,l)GE(Gl [G2D

[dGl[GQ](w k) + dG1[G2](Z l)]
=3 N S Ipede, (w) + de, (B)][p2da, (2) + dg, (1)]

keV(G2) leV(G2) wzeE(G1)
[deGl (w> + dG2<k) + p2dG1 (2) + dGz (l)]

= DD [pede (w) + de,y (K)][pade, (w) + dey (1)

weV (G1) kleE(G2)
2pade, (w) + de, (k) + de, (1)]
— 5+ 5,
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=3 3 N Ipede, (w) + da,y (W) [p2de, (2) + ey (1)]

keV(G2) eV (G2) wzeE(G1)
[p2da, (w) + dg, (k) + p2de, (2) + da, (1)]

Z Z Z pZdGl dGl( )

keV (Gh) 1€V (Ga) wze E(Gh)
+ pada, (w)dg, (1) + p2de, (2)da, (k) + da, (k)de, (1)]
[p2(de, (w) + da, (2)) + (de, (k) + da, (1))

= p3GOy(Gh) + 8¢2ps Ma(Gh) + 2¢op3 F(G1) + 8¢3pa M (G1)
+ 4q1g2 My (G2) + ps M1 (G1) M1 (Gs)

= > D Ipede(w) + de, (R)][pda, (w) + de, ()]

weV (G1) kleE(G2)
[2p2dG1 (’LU) + dGz(k> + dG2 (l)]

Z Z p2dG1 _'_ deGl( )[dGQ (k) + dGz (l)] + dGz(k)dG2 (l)]
weV(G1) kleE(G2)

2pada, (w) + da, (k) + da, (1)]
= 2qops F(G1) + 3p5 My (G1) My (Go) + 2qipa H M (Go) + 4qipaMa(Ga)
+ p1GO4(Gy).

Adding S; and S, we get the required result. O

4. THE SECOND GOURAVA INDEX OF CARTESIAN PRODUCT OF GRAPHS
Theorem 4.1. Let G;,i = 1,2 be a (p;, q;) graph. Then
GOQ(G1DG2) == 2q2F(G1) + 2(]1F(G2) + 6M1(G1)M1(Gg) + 2(]1HM(G2)
+ 20 HM (G1) 4 41 M2(G2) + 4g2 My (GL) + pr1GO2(Gs)
+ p2GO2(Gy).
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Proof.
GO, (G1OG,) = > deyoe, (W, 2)de,0e, (2,1)
(’w,k‘)(z,l)EE(GlmGg)
[da,06, (w, k) + da,0e, (2,1)]

= Y Y lde,(w) + de, (k)] lde, (w) + de, (1)]

weV (G1) kIEE(G2)
[dGl (w) + dG2(k) + dG1 (w) + dGz (l)]

+ YY) e, () + dey (k)] [de, (2) + da, (K)]

zk€eV (G2) wzeE(Gh)
[dGl (w) + dG2(k> + dG1 (Z) + d02<k)]
=51 + 59,

where S; and S, are the terms of the above sums taken in order which are calcu-
lated as follows.

= 3 3 [de (w) + de,y (K)][de, (w) + da, ()]

weV (G1) kIEE(G2)
[dGl (w) + dG2<k) + dGl (’LU) + dGQ (Z)]

= Y N [, (w) + de, (w)[dey (k) + de, (D] + day (K)de, ()]

weV (G1) kI€E(G2)
2dc, (w) + da, (k) + dg,(1)]
=202 F(G1) + 3M1(G1) M1 (G2) + 21 HM (G2) + 41 M3 (G2) + p1GO4(Go)

= 3 Y lde,(w) + dey (B)][de, (2) + da, (k)]

keV(G2) wzeE(G1)
[dGl (w) + d02<k) + dGl ('Z) + dG2 (k)]

= Y ) de(w)de, (2) + da, (K)[da, (w) + da, (2)]

keV (G2) wzeE(G1)
+dg, (k) [de, (w) + da, (2) + 2dg, (k)]
= p2G02<G1) + 4QQM2(G1) + 2q2HM(G1) + BMl(Gl)MI(GQ) + 2q1F(G2>
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Adding S; and S; we get the required result. O

5. THE SECOND GOURAVA INDEX OF CORONA PRODUCT OF GRAPHS
Theorem 5.1. Let G;,i = 1,2 be a (p;, q;) graph. Then

GOy(G1 © G2) = GOs(G1) + p1GO(Ga) + 2paMa(G1) + 2p1 M (Go)
+ p2HM(Gy) + pr HM(Gy) + (3p3 + 22 + p2) M (Gh)
+ (3p1 + 201 + p1p2) My(Ga) + (p3 + 2p2 + 1)2¢2p1
+8q142(p2 + 1) + 2p3q1 + 2q1p2(2p2 + 1) + (p1p3) (p2 + 1).
Proof. The copy of G5 in G; ® G, corresponding to the vertex w in (; is denoted
by G5.,. The edge set of G; ® (G5 can be partitioned into three subsets as follows:
Ey={wz € E(G1 ®Gs) 1w,z € V(Gy)}
Ey={wz e E(G1 ®Gy) :w e V(Gy),z € V(Gaw)}
={wz € E(Gay) :w e V(Gy)}

GOy G1®Ga) = Y (da,(w)+p2)(de, (2) + p2)(da, (w) + de, (2) + 2ps)

wz€E(G1)

S ek + D(deu(l) + 1)(day (k) + dey (1) +2)

weV (Gh) kl€EE(G2,w)
+ Y Y (de(w) + p)(de, (k) + 1)
weV (G1) keV (Ga,w)
(de, (w) + de, (1) +p2 + 1))
=51+ Sy + S,

where S;, S, and S5 are the terms of the above sums taken in order which are
calculated as follows

Sl = Z (dGl (w) + p2)(dG1 (Z) + pQ)(dG1 (w) + dG1 (Z) + 2p2)

wz€E(G1)

= > lde,(w)da, (2) + pa(da, (w) + da, (2)) + p3l[de, (w) + dg, (2) + 2ps]
wz€E(G1)

= GOQ(G1> + 2p2MQ(G1) +p2HM(G1) + 3p§M1<G1) + 2pgq1
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52 - Z Z ng + 1)(dG2 (l) + 1>(dG2(k> + dGQ (l> + 2)

weV (G1) klEE(G2,w)

- Z Z dG2 dG2 (l> + dG2(k> + dGz (l) + 1][dG2 (k) + dGz (l) + 2}
wEV (G1) kIEE(G2,)

= m[GO2(Gy) + 2M5(G3y) + HM (Gs) + 3M1(Gs) + 2¢o]

Se= Y D (da(w)+ps)(dey (k) + 1)(de, (w) + dey (1) + pa + 1))

weV(G1) keV(G2,w)

= > Y ldo(w)day (k) + do, () + pada, (k) + pa)
wEV(G1) kEV(G2,uw)

[da, (W) + dey (k) + pa + 1]
=22 M1 (Gh) + 21 M1 (G2) + 8G1g2(p2 + 1) + p2 M1 (Gr) + 2q1p2(2p2 + 1)
+ p1pa M1 (Ga) + 2¢op1 (P53 + 2p2) + pips(p2 + 1)

Adding S, S, and S3 we get the required result. O

6. CONCLUSION

This paper dealt with the topological index manily the second Gourava index of
a graph. we started this paper with the basic lemma which helped for our work.
And the precise communications for the second Gourava index of graph operations
including the join, composition, cartesian and corona products of graphs would be
discussed.
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