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FUZZY INTEGRO NABLA DYNAMIC EQUATIONS ON TIME SCALES
M. N. L. ANURADHA, CH. VASAVI !, AND G. SURESH KUMAR

ABSTRACT. This paper describes the study of existence and uniqueness of solu-
tions to fuzzy integro nabla dynamic equations on time scales (FINDETs) under
generalized Hukuhara nabla derivative using Banach contraction principle. Also
obtain the existence result for FINDETs using Ascolis and Schauders fixed point
theorem.

1. INTRODUCTION

The theory of time scales received a lot of attention and unifies the continuous
and discrete analysis [4]. it has tremendous potential for applications. Unification
and extension are the main features of time scale calculus. In modeling a real
world phenomenon, some uncertainty happens because of inadequate data about
the parameters. In order to manage this inaccuracy Zadeh, presented the theory
called fuzzy sets. Hukuhara derivative is the starting point for the study of fuzzy
differential equations. In [17]- [20], Vasavi et. al., introduced Hukuhara delta
Ap-derivative, second type Hukuhara delta A,;-derivative, genralized Hukuhara
delta A ,-derivative and studied fuzzy dynamic equations on time scales. In [7]-
[10], the authors introduced the nabla Hukuhara derivative on time scales and
studied fuzzy nabla dynamic equations on time scales. For detailed study on fuzzy
as well as time scale calculus, we refer [1]- [6], [11]- [22].
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2. PRELIMINARIES

Let R denotes the family of fuzzy numbers which are convex, normal, compact
and upper semi-continuous on R whose a-cuts [A], = {z € R: pa(x) > a}.

For v,w € Ry, exists a u € Rz satisfying v = u + w, where u is called the H-
difference of v and w denoted by u = v & w.

Definition 2.1. A function F : T'— Ry is Hukuhara differentiable at t, € T if there
exists a F (ty) € Rz provided the limits exist and equal to F (to),
lim F(to+ h) e Flto) — lim F(to) © F(to—h)
h—0+ h h—0+ h

= F (to).

Definition 2.2. [4] Let T be a non-empty closed subset of R. Let p : T — T is the
backward jump operator and y : T — R™, be the graininess operator defined by
p(t) =supro € T:1 <7, u(r) =7 —p(7), for T € T [4].

If 7 > inf(T) and p(r) = 7, then 7 is called left dense otherwise left scattered.
Ty =T —m, if T has a left scattered minimum m. Otherwise T, = T. Let f : T — R
be a function and f* : T — R is defined by f*(1) = f(p(7)), for each T € T.

, ) Tleb if q is right-dense,
Denote T*! = [a,b] N T, and T;""” =
Tle(@¥ if q is right- scattered.

Definition 2.3. [7] Let F : T — Rz be a fuzzy function, £ € ’]TL“’I’]. Let Vyu F(§) €
Rz (provided it exists) such that for any e > 0, there exists a neighborhood Nt of £
for some V > 0 such that

D(F (& + he) ©gu F(p(£)), VouF (§)(he + p(§))] < €clhe + p(€)),

DI(F(p(&)) Sgrr F (& = he), Vg F (&) (he — u(§))] < €c(he — p(§)),
forall é+he, E—he € Npaw with 0 < he < V, where (1(§) = £—p(§). Then F is said to
be V ,y-differentiable if its V ,y-derivative of F exists at £ and F is V ,y-differentiable
on T if its V ,y-derivative exists at each ¢ € T,
This definition exists only for the fuzzy functions which have increasing diame-
ter. For the fuzzy functions with decreasing diameter, second type nabla Hukuhara
derivative was introduced.

Definition 2.4. [7] Let F : Tl**l — Ry be a fuzzy function, ¢ € T, Let V,,; F(£) €
R z(provided it exists) such that for any e, > 0, there exists a neighbourhood Nt of £
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for some V > 0 such that
D[F(p(§)) © (F(§ + he), =VsuF (&) (he + 11(§))] < €¢| — (he + u(&))];

DIF(§ = he) © F(p(&), =VsuF (&) (he — n(§))] < €| = (he — pu(§))],

forall {+he, E—he € Nyaw with 0 < he < V, where (1(€) = £—p(§). Then F is said to
be V ,y-differentiable if its V ,y-derivative of F exists at £ and F is V 4y-differentiable
on ’]I‘Ef’b} if its V ,g-derivative exists at each £ € ']I‘Ef’b].

The set of all fuzzy Id-continuous functions is denoted by Cyy(T!*%) = C4 (Tl Rz).

3. FUZZY INTEGRO DYNAMIC EQUATIONS ON TIME SCALES

The main aim of this study is to develop the existence as well as uniqueness
results of solutions for FIDETs of the form:

(3.1) ygVH(T) = F(r,y(7)) —l—/ G(1,s,y(s))Vs, y(m0) = Yo, 70, s € |70, T0 + alr,

70

(3.2) (1) = F(r,y(1)) +/ G(7,5,y(s))Vs, y(70) = Yo, 70,5 € [T0, To + ar.

70

where F,G € Ci(Ir,R5), It = Tlry, 70 + al,a > 0, F : It x Rx — Ry and
G : I2 x Rr — Rz are 1d-continuous fuzzy valued functions.

Lemma 3.1.

(i) A mapping y : It — Rz is a solution of (3.1) iff it is ld-continuous and
satisfies fuzzy nabla integral equation

y(t) = yo + /tF(s,y(s))Vs + /t </T:G<S,T,y(7'))VT) Vs, t e Ir.

70 70

(i) y is a solution of (3.2) iff it is ld-continuous and satisfies fuzzy nabla integral
equation

(3.3) yo:y(t)+(—1)/tF(s,y(s))Vs+(—1)/t(

70 70

/S G(S,T,y(ﬂ)vf) Vs,

70

depending on the V ,y, V,y-differentiability respectively.
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Proof. We prove the case of V,-differentiability, the proof of the other case is sim-
ilar. Let y € Cj4(I1,R#) be a solution to (3.2). Therefore, y is V,y-differentiable
on It. Hence, we obtain

y(10) = y(1) + (=1) /T yVeH (s)Vs,

for every 7 € [r,70 + a]r. Since y(ry) = yo and yVsi(s) = F(s,y(s)) +
J: G(s,7,y(r))Vr for s € Ir, we obtain

w =9+ (=0 [ Feae)s 0 [ [ etnumer) v

To prove the converse part, let us assume that y € C;(It, Rx) is 1d-continuous
and satisfies (3.3), which allows that y(7y) = 3, and there exists the H-difference

s e ) [ Feaevs+ -0 [

70 T0

/s G(S,T,y(f))vf) Vs,

for every T € [r9, 70 + alr.
(i) If 7 € |79, 7o + alr is right-dense such that 7 € [ry, 70 + a]r. Then
T+h s
s estr ) =0 [ (Few+ [ Gernu@)vr) s

For 7 € |19, To + a]r, consider

y(¢+h>+<—1>[+h( sys+/c:s¢y )vs
:y(fo)@(—u/:h( sy8+/G57y T)vs

+(—1) /TT+h (}_(s,ys) +/ G(s,1,y(T )VT) Vs

T0

— y(m) & (=1) / o (]—"(s,ys) + / SG(S,T,y(T)vT) Vs

70 70

+(—1)/:h (f(says)—i—/T:G(s,T,y(T)VT) Vs

s [ (Fow+ [ Gnyvr) s =uir)

T0
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for every 7 € [r9, 70 + a]r. Dividing by —h and passing to limit ~ — 0,
y(t) oyt +h)

hlggi —h
1 t+h S
=i i [ (e [ 66rnamyvr) v

Since F, G are ld-continuous, hence

lim y) Syt +h) = F(t,y) + /t G(t,s,y(s))Vs

h—0t —h

Hence y is V,y-differentiable.
(ii) If t is right-scattered, then

y(p(t) & y(t) = (—1) / . (]—"(s,ys) + / G<S,T,ym>w> V.
Consider

y(t)+(—1)/t (f(s,ys)+/s G(s,T,y(T)vT> Vs

70

=y(1) & (—1) /TO (F(s,ys) + /S G(S,T,y(T))VT) Vs

p(t) 0

+ (‘U/p:) (F<Says) + /T: G(S,T,y(T)VT) Vs
=y(m) © (—1) /TO (]—"(s,ys) -+ /8 G(S,T,y(T)VT) Vs

p(t) 0

+ (=1) /pTO (F<Says) + /s G(S,T,y(T)VT) Vs

(1) 70
s | ;) (s + [ Gsrantr)97) w5 =0

Dividing by —u(t) and passing to limit u(t) — 0,

/fsys — u()F(t ).

Hence y is V,y-differentiable.
yVer(t) = F(t,y(t)) +/ G(t,s,y(s))Vs, forevery 7 € [, 7 + alr.

p(t)



10256 M. N. L. ANURADHA, CH. VASAVI, AND G. SURESH KUMAR

Theorem 3.1. Let F' : It x R — Ry and G : I3 x Rx — Ry be ld-continuous fuzzy
valued functions and assume that there exists a K, K, > 0 such that

D(F(t,£(1)), F(t,9(t)) < KiD(E(t), (1)),
D(G(t,7,£(7)), G(t, (7)) < Ko D(E(1), (1)),

foreach t, 7 € It, £,1(i) € Ry, for each i = 1,2. Then the FIDETs (3.1), (3.2) have
two unique solutions on It with respect to Vy, Vs y-derivative.

Proof. Let Ci4(IT,Rx) be the set of all 1d-continuous functions from It — Ry,
where I € Tla, b]. Define the metric

d(tp1,%2) = sup D(1(7), ¥a(7)),

TEIT

for all ¢1,v¢5 € Ciy(IT,Rx). Since (D,Rx) is a complete metric space, clearly,
(Cla(I1,Rz,d) is also a complete metric. For any & € Cjy(Ir,Rx), define the oper-
ator 7€ as

(TE)(t) = yo + /tF(s,ﬁ(s))Vs + /T: </T: G(S,T,é(r))VT) Vs, V¥ t € lr.

70

Now we will show that the operator T¢ satisfies the hypothesis of the Banach fixed
point theorem. For each 7y, ¢ € I, we have

D(T¢(m0), TE(1))

:D<y0+/7: F(s, £(s) Vs+/(/GST£ )Vs
y0+/:F( £(s) Vs—i—/ (/Gmg )w)

:D(/T:F(s,f(s))Vs—k/To (/ G(s,7,6(7)V )VS,O)

< [iressenws+ [ ([ 1cernemve) v

Since F, G satisfies Lipschitz condition, F, G are bounded. Therefore,

< ]{31|t — 7'0| + k‘2|t — ’7'0‘ = ]{Z|t — 7'0|, wherek = max{kl,kg}.
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Hence, T¢ € Cjy(I1,Rz). Now, consider

d(T&, TE)

_fél}?{ <y0+/ F(s,& (s ))Vs+/T: (/TOSG(S,T,&(T))VT) Vs,
e [ Fcionmss [ ([ ctorsnms) )]

<[ D |(F(s.6(6): Fls o)) Vs + [ (65, m64(r). Gl 7. (7)) V) V)
< akT(&,&).
choose Iy such that ak < 1. Therefore, T is a contraction mapping. Hence, from
Banach contraction principle there exists a unique fixed point lies in the space

Cia(IT, R7) which itself is the unique solution of (3.1). In a similar way, we can
prove the other case. 0

In the following result, we establish the existence of solutions for FIDETs (3.1)
and (3.2) using Ascoli’s theorem and Schauder’s fixed point theorem.

Theorem 3.2. Let F : It x Rr — Rz and G : I2 x R — Ry be ld-continuous
fuzzy valued functions and assume that there exists constants ki, ks > 0 such that
D (F(t,y),0) < ki, D(G(t,7,y(7),0) < Ky, t,7 € It,y € Rr. Then FIDETs (3.1),
(3.2) have at least one solution on Iy.

Proof. Let B is a bounded set in Cj;(I1,Rx). Then TB = [Ty]:y € B is totally
bounded iff it is equi-continuous. For ¢ € I, the set

TB(y) =[Tyl(y) :y € B

is totally bounded subset of R, where

Ty(t) = y0+/tF(5,y(s))Vs—|—/T: (/T:G@,T,y(r))vf) Vs, ¥ telr.

70

For t,t, € It,t; <ty and y € B, consider
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D(Ty(t1), Ty(t2))

:g?{p (y0+/ Vs+/ (/ (5,7 y(r ))v7> Vs,
yo+/:F( + (/Gsry )Vs)}

:fﬁ}i{p(/m F(s, Vs+ (/GSTy )vf)vs,
/tF( Vs+ ( Gs Tyl )vf) Vs)}

< [CIFseeIvs+ / ([ 6t menvrl) vs

< k|ty — t4]
Therefore T'y is equi-continuous on Iy. For fixed t € I,
D(Ty(t), Ty(t1)) < klty — t1], t1 € I,y € B.

Hence the set [T'y|(t) : y € B is totally bounded in Rr. Hence 7B is relatively
compact subset of Cy(I1, Rr).

Define B = y €4 (IT,Rx); T(y,) < ak in the metric space Cj;(It,Rx). For y €
Cia(Ir, RF),

D(Ty(t), Ty(to))

—ap{P (o [ tonve [[( [ 6tomaner) vem) |

t s t
= / D (F(s,y(s))Vs +/ G(s,1,y(T))VT, 0) Vs < / kVs = k|t — 1] < ak.

70 70
Therefore, T3 C B. Since T is compact, 7" has a fixed point which is a solution
of (3.1). Therefore, FINDET (3.1) has atleast one solution on ¢ € I. In a similar
way, we can prove for the FINDET (3.2) by considering

Ty =)+ (1) | Fs@)Vs+ 1) [ ([ Glsmutmive) s

70 70 70
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