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p-CHANDRASEKHAR INTEGRAL EQUATION
A. M. A. EL-SAYED! AND Y. M. Y. OMAR

ABSTRACT. Chandrasekhar integral equation has many applications in radiative
transfer and some other fields in applied mathematics. Here, we define the p-
Chandrasekhar integral equation (p-Ch) via the Urysohn-Stiltjes (U-S) one. Ex-
istence of solutions will be studied. The continuous dependence will be proved.
Chandrasekhar quadratic (Ch-Q) and cubic (CH-C) integral equations are given.

1. INTRODUCTION

The integral equations of (U-S) type are studied in [2]- [7] and the Chan-
drasekhar integral equations are also studied [1]. Let p € R™, p > 1. Define
the U-S p-integral equation

1
(1.1) v(t) = a(t) + VP(t) / f(t,s,v(s)) dsa(t,s), t € I
0
and the p-Ch integral equation
1
(1.2) v(t) = a(t) + VP(t) /0 t_i_skz(t,s)v(s)ds? tel.

Existence of solutions in the class of continuous functions C' = C(I) = C|0, 1] will
be studied. Sufficient condition for the uniqueness of the solution of (1.2) will be
given. Continuous dependence of on k(¢,s) will be proved.

Lcorresponding author

2020 Mathematics Subject Classification. 32A55, 11D09.

Key words and phrases. Urysohn-Stiltjes operator, integral equations, existence of solution.
10305



10306 A. M. A. EL-SAYED AND Y. M. Y. OMAR

For p = 1,2 we obtain the quadratic and cubic U-S integral equations

o) = alt) + v(®) /0 F(t s, 0(s)) dea(t,s), t€ T,

ot) = a(t) + v2() /0 (s, 0(5)) dealt,s), t € T

and Ch-q and Ch-C equations

(1.3) v(t) = a(t) + v(t) /1t+ sk:(t, s)u(s)ds, t € 1
and
(1.4) v(t) = a(t) + V(1) /1 tj—sk(t’ s)u(s)ds, t € 1.

2. EXISTENCE OF SOLUTIONS
Assume that the functions «a, f, b, k, a are continuous and
(i) supics la(t)] < a.
(i) f:IxIxR—=R,|f(ts ) <bts)+k(ts)v], b k:IxI— R, and
b=sup{b(t,s) : t,s € I} and k = sup{k(t,s) : t,s € [}.
t t

(i7) a: Ix I — R, a(0,8) =0, s € I with p = max{sup |a(t,1)|, sup |a(t,0)| :
tel}.
(1) Vi1, te € I, 11 <ty s — as(te, s) — as(ty, s) is non decreasing on [0, 1] and

1
Ve>0,36>0,ta—t1 <0 = \/[oz(tg,s) —a(ty, s)] <e.
s=0
Lemma 2.1. (see [2]) Let « satisfies (iv). t — af(t,ss) — a(t, s1) and s — «(t, s)
are non decreasing on 1.

Theorem 2.1. Let (i) — (iv) be satisfied and there is a positive root r of a + r* (b+
kr) p = r. Then (1.1) has a solution z € C.
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Proof. Define Fu(t) = a(t) + vP(t fo f(t,s,v(s)) dsa(t,s) and Q = {v €
C[0,1] : |v| < r}, r is a positive root of (a + ? (b+rkr)pu=r). Set@isa
nonempty, bounded, closed, and convex. Let = € C, then

Fo)] = Ja(t) + o(2) / £(t,5,0(s)) dear(t, )
< a+t PP / F(t5,0(5)] dea(t, )
< a + |U(t)|p/0 (b(t,s) + k(t, s)|v]) dsa(t, s))

1
< a+ 1 (b—l—/{:?“)/ dsa(t, s)

0
< a+ " (b+kr) (a(t,l) —a(t,0) < a+ P (b+kr)pu=r.

Hence, Fz € Q, F : Q@ — @ and {fv} is uniformly bounded in @ . Let v €
Q, 0(0) = max { 6,(5), 62(0) } where

0,(0) = Sug {If(ta,s,v(s)) = f(t1,s,0(s))] : t1, ta €1, t1 <to, [ta —t1| <0, s €I},
Te

92(5) = sup {|U(t2)p —U(tl)p| Dl tg € ], t1 < tg, |t2 — t1’ < 5, S € ]},
z€Q

and from our assumptions 6(6) — 0, as § — 0 independently on v € Q. For
vEQ, ty, ty €1, |ts — 1] < 6, we have

Folta) = Fol)] = latta) + o7(t2) [ f(tas,0(5) diata,)
—alty) — Up(tl)/o Ftr, 5, 0(5)) dealty, 5)]

< la(tz) — a(ty)] + |vP(t2) {/0 f(t2;5,0(s5)) dsls, 5)

- [ st dsa@,s)}

+ VP(ts) /0 f(t1,s,v(s)) dsa(ta, s) — Up(tl)/o f(t1,s,v(s)) dsa(ty, s)]
< la(tz) —a(t)| + [0"(t2) {/0 f(ta,s,0(8)) = f(t1,s,0(s)) dsa(ta, s)}
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F0) [ 1(05006) dlatns) ~ alis)
b0~ 0) [ S5, 006) daath,
< fa(ts) a0+ 00) [ deaens)
+ P (b+ kr) /01 du(a(te,s) — alt,s)) + 62(6) (b+ kr) /01 d.a(ty, s)

< lalty) — a(t)] + 1* 01<5)/0 doa(ty, )

+ P (b+ kr) \/[O[(tg, s) —af(ty,s)] + 02(0) (b+ kr) /0 dsa(ty, s)

s=0

< laftz) = att)| +17 640) [ daltz,s

+ 1" (b+rr)N(e) + 05(5) (b+ kr) /1 dsa(ty, s),

—sup{\/ tg, —Oétl, ))Ztl,tgel, t1 < 1o, tg—t1§€}.

Then {F v} is equicontinuous on @) and F () is compact.
Let {v,} C @, and {v,} — v, in @ C R, then Lebesgue Theorem (see [8])
implies

Fout) = alt) + vi(t) / F(t,5,0a(s)) daar(t, 5)

1

lim Fou,(t)) = a(t) + vP(t) lim f(t,s,u,(5)) dsa(t, s)

= a(t) + VP(t) /0 f(t,s,girgovn(s)) dsa(t, s)
= a(t) + VP(¢) /0 f(t,s,00(8)) dsa(t, s) = Fo(t).

Hence F is continuous and has a fixed point v € () and (1.1) has a solution v € C

( [8D. O
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3. p- CHANDRASEKHAR INTEGRAL EQUATIONS

Let

t+s
alt.s) = tin ==t e (0,1], sel,
0,t=0,sel.

Then « satisfies (iv), (v), (vi) (see [5] and [6]) and we obtain

= Sf(t, s,v(s))ds.

V() = a(t) + o7 (1) /O

Let f(t,s,v) = k(t, s)v(s), then we obtain (1.2). Also, at p = 1, 2 we obtain (1.3)
and (1.4).

4. UNIQUENESS OF THE SOLUTION AND CONTINUOUS DEPENDENCE

Theorem 4.1. Let the assumptions of Theorem 2.1 be satisfied. If krP(1+7r) < 1,
then (1.2) has unique solution.

Proof. Let v and v be two solutions of (1.2), then we have
v(t) —v(t)
1 t 1
= VP(t) / ——k(t,s)v(s)ds — VP(t) /
0 0

t+s

=y Sk:(t, s)v(s)ds

=y Sk(t, s)u(s)ds

= - [

L R(t) / Lkt 5)(u(s) — v(s))ds,

t+s
further,
o = vl <l —vI| k" + [Jv = v]lrk,
and
llo—v|| (1 —rkrP(1+7)) <O0.
Thus, v(t) = v(t) and the solution is unique. O

Theorem 4.2. Let the assumptions of Theorem 4.1 be satisfied. The solution of
(1.2) depends continuously on the function k(t,s) in the sense that for all e > 0,
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exists 0(e) > 0 such that ||k — k*|| = sup{|k(t,s) — k*(t,s)| < 0, t,s € [0, 1]}, then
||lv — v*|| < e where v*(t) is the solution of

1
* _ *P * *
4.1) V() = alt) + vP() ]ﬁ R () (s)ds,
Proof Let v and v* be the solutions of (1.2) and (4.1). Then we can get
[u(t) —v*(¢)]
byt bt
_ ¥y _ *p * *
_yU@)A e (E 9)uls)ds U@)@)A b s)u ()|

O] [ (ki) = K ()l

T+ WP(t) = v)(0)

1
/o t—lt—s k*(t, s)v(s)ds

+wwo£ Lt 9)(u(s) — v*(s))ds

t+ s

< PPk — K| 4+ prPE|lv — o] + rPrljv — o).
This implies that
Tl-l—p rl-l-p

(1 —krr(1 —|—7’))Hk —#ll = (1—Fkre(1 —1—7‘))5 =

[l =] <
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