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A STUDY ON FUZZY MONOTONICALLY NORMAL SPACE

M. S. JISHA1 AND R. SREEKUMAR

ABSTRACT. The concepts like stratifiable space, semi-stratifiable space and mono-
tonically normal space were studied by Gary Gruenhage, in Hand Book of Set
Theoretic Topology. In this paper we establish a relation between fuzzy monoton-
ically normal space and fuzzy stratifiable space. Also we prove a necessary and
sufficient condition for a fuzzy topological space to become a fuzzy monotonically
normal space and study some of its properties.

1. INTRODUCTION

Generalized metric space is closely related to metrization theory. Metrizability
is a very nice but restrictive property of topological spaces. The concept like strat-
ifiable space and monotonically normal space were studied by Gary Gruenhage.
For a detailed discussion reference may be made of [3]. In this paper we establish
a relation between fuzzy monotonically normal space and fuzzy stratifiable space.
Also we prove a necessary and sufficient condition for a fuzzy topological space to
become a fuzzy monotonically normal space and study some of its properties.
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2. PRELIMINARIES

In this paper we use C. L. Chang’s [2] definition of fuzzy topological space. A
fuzzy set in X is called a fuzzy point if it takes the value 0 for all y ∈ X except
one, say x ∈ X. If its value at x is α where (0 < α ≤ 1), then we denote this
fuzzy point by xα, where the point x is called its support. The fuzzy set which
takes every element in X to 0 is denoted by 0 and which takes every element in
X to 1 is denoted by 1. A fuzzy topological space is called T1 if every fuzzy point
in it is a closed fuzzy set. A fuzzy topological space (X,F ) is called regular if
for each x ∈ X,α ∈ (0, 1], U ∈ F with xα ≤ U , there exists V ∈ F such that
xα ≤ V ≤ V ≤ U where V is the closure of V . All the fuzzy topological spaces
considered are assumed to be T1 and regular. N denotes the set of all natural
numbers. We list some of the definitions which we are using in this paper.

Definition 2.1. [4] A fuzzy topological space (X,F ) is called fuzzy semi-stratifiable
if there is a function G which assigns to each n ∈ N and fuzzy closed subset H of X, a
fuzzy open set G(n,H) with H ≤ G(n,H) such that

(1) H = ∧nG(n,H);
(2) H ≤ K =⇒ G(n,H) ≤ G(n,K).

Definition 2.2. [1] A fuzzy topological space (X,F ) is called stratifiable if to every
U ∈ F , one can assign a sequence of fuzzy sets Un ∈ F such that

(1) Un ≤ U for all n ∈ N;
(2) ∨nUn = U ;
(3) U ≤ V (V ∈ F ) implies Un ≤ Vn for all n ∈ N.

Theorem 2.1. [4] A fuzzy topological space (X,F ) is fuzzy stratifiable if there is a
function G which assigns to each n ∈ N and fuzzy-closed subset H of X, a fuzzy-open
set G(n,H) with H ≤ G(n,H) such that

(1) H = ∧nG(n,H);
(2) H ≤ K =⇒ G(n,H) ≤ G(n,K);
(3) H = ∧nG(n,H).
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3. RELATION BETWEEN FUZZY STRATIFIABLE SPACE AND FUZZY MONOTONICALLY

NORMAL SPACE

Definition 3.1. A fuzzy topological space (X,F ) is called fuzzy monotonically nor-
mal if to each pair (H,K) of disjoint fuzzy closed subsets of X, one can assign a fuzzy
open set D(H,K) such that

(1) H ≤ D(H,K) ≤ D(H,K) ≤ Kc;
(2) if H ≤ H ′ and K ′ ≤ K, then D(H,K) ≤ D(H ′, K ′).

The function D is called fuzzy monotone normality operator for X.

Remark 3.1. Observe that one can always modify D so that D(H,K)∧D(H ′, K ′) =

0.

Now fuzzy monotone normality can be thought of as the difference between
fuzzy stratifiable and fuzzy semi-stratifiable spaces.

Theorem 3.1. A space X is fuzzy stratifiable if and only if X is fuzzy semi-stratifiable
and fuzzy monotonically normal.

Proof. Let X be a fuzzy stratifiable space, with G satisfying the conditions of defi-
nition of a fuzzy stratifiable space and G(n + 1, H) ≤ G(n,H). Clearly X is fuzzy
semi-stratifiable. To prove X is fuzzy monotonically normal, we define D(H,K) =

∨nG(n,H)−G(n,K). Clearly D(H,K) is a fuzzy open set with H ≤ D(H,K). Sup-
pose yα ≤ K for some α ∈ (0, 1]. Then yα � G(m,H) for some m ∈ N. Clearly
yα ≤ G(m,K). Therefore yα ≤ (1− G(m,H)) ∧ G(m,K) which implies K ≤ (1−
G(m,H)) ∧G(m,K). By the definition, D(H,K) ≤ [(1−G(m,H)) ∧G(m,K)]c ≤
Kc. Moreover D(H,K) ≤ Kc. Therefore H ≤ D(H,K) ≤ D(H,K) ≤ Kc. Sup-
pose H ≤ H ′ and K ′ ≤ K. Then G(n,H) ≤ G(n,H ′) and G(n,K ′) ≤ G(n,K).
Therefore D(H,K) = ∨nG(n,H) − G(n,K) ≤ G(n,H ′) − G(n,K ′) = D(H ′, K ′).
Therefore X is fuzzy monotonically normal.

Conversely assume that X is fuzzy semi-stratifiable and fuzzy monotonically nor-
mal, with G and D satisfying the condition of definition of a fuzzy semi-stratifiable
space and fuzzy monotonically normal space, respectively. Let G′(n,H)

= D(H, (G(n,H))c). Then ∧nG′(n,H) = ∧nD(H, (G(n,H))c). Also H ≤ D(H,

(G(n,H))c) ≤ D(H, (G(n,H))c) ≤ G(n,H). ThenH = ∧nH ≤ ∧nD(H, (G(n,H))c)

= ∧nG′(n,H) ≤ ∧nD(H, (G(n,H))c) = ∧nG′(n,H) ≤ ∧nG(n,H) = H. Therefore
∧nG′(n,H) = H. Also ∧nG′(n,H) = H. Suppose H ≤ K.Then G(n,H) ≤ G(n,K)
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that is G(n,K)c ≤ G(n,H)c which implies D(H,G(n,H)c) ≤ D(K,G(n,K)c) and
hence G′(n,H) ≤ G′(n.K). Therefore X is fuzzy stratifiable. �

4. SOME PROPERTIES OF FUZZY MONOTONICALLY NORMAL SPACE

Definition 4.1. A map f : X → Y is called fuzzy open (f-open) if and only if f(u) is
open fuzzy set in Y for every open fuzzy set u in X.

Definition 4.2. A map f : X → Y is called fuzzy closed (f-closed) if and only if f(v)
is closed fuzzy set in Y for every closed fuzzy set v in X.

Theorem 4.1. Fuzzy monotonically normal spaces are preserved under fuzzy closed
maps.

Proof. Let X be a fuzzy monotonically normal space. Suppose f : X → Y is
a fuzzy closed map and DX is a fuzzy monotone normality operator for X. We
have to prove that Y is a fuzzy monotonically normal space. Let H and K be
disjoint closed fuzzy subsets of Y. Define DY (H,K) = f ∗(DX(f

−1(H).f−1(K)))

where f ∗(U) = {y : f−1(y) ≤ U}. Clearly, f ∗(U) is open fuzzy set if U is open fuzzy
set. Therefore DY (H,K) is an open fuzzy set. From the definition of DY (H,K), it
is easy to check that, H ≤ DY (H,K) ≤ DY (H,K).

To prove condition (1), it remains to prove that DY (H,K) ≤ Kc. Suppose
yα ≤ K for some α ∈ (0, 1]. Then yα ≤ f ∗(DX(f−1(H).f−1(K)))

c
which implies

yα ≤ DY (H,K)
c
. Thus DY (H,K) ≤ Kc. Suppose H ≤ H ′ and K ′ ≤ K. Then H ≤

DY (H,K) ≤ DY (H,K) ≤ Kc and H ′ ≤ DY (H
′, K ′) ≤ DY (H ′, K ′) ≤ (K ′)c. Clearly

Kc ≤ (K ′)c. Thus DY (H,K) ≤ DY (H
′, K ′). Therefore Y is fuzzy monotonically

normal. �

Theorem 4.2. A fuzzy topological space (X,F ) is fuzzy monotonically normal if and
only if for each fuzzy open subset U of X and xα ≤ U for some α ∈ (0, 1], one can
assign an open fuzzy subset Uxα with xα ≤ Uxα satisfying the following condition:

Uxα ∧ Vyα 6= 0 =⇒ xα ≤ V

or yα ≤ U .

Proof. Suppose (X,F ) is a fuzzy monotonically normal space. Let D be a fuzzy
monotone normality operator for X such that D(H,K) ∧D(K,H) = 0. Let Uxα =
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D(xα, U
c
xα). Suppose xα � V and yα � U . Then yα ≤ U c

xα. Therefore D(xα, U
c
xα) ≤

D(xα, yα). That is Uxα ≤ D(xα, yα). Similarly Vyα ≤ D(yα, xα). Therefore D(xα, yα)

∧ D(yα, xα) = 0 implies Uxα ∧ Vyα = 0. Hence xα � V and yα � U implies
Uxα ∧ Vyα = 0. Therefore Uxα ∧ Vyα 6= 0 implies xα ≤ V or yα ≤ U .

Conversely assume that, the given conditions of the theorem hold. Let H and K
be disjoint fuzzy closed subsets of X. Let D(H,K) = ∨{Uxα : xα ≤ HandU ∧K =

0}. Clearly D(H,K) is a fuzzy open set with H ≤ D(H,K). Suppose yα ≤ K.
Hence yα ≤ Hc. If xα ≤ H and U∧K = 0 then xα � Hc and yα � U (since yα ≤ K).
Therefore by the given condition, (Hc)yα ∧ Uxα = 0. Therefore yα � D(H,K).
Hence D(H,K) ≤ Kc. That D is “monotone” is clear from the definition. �

Theorem 4.3. Every fuzzy subspace of a fuzzy monotonically normal space is fuzzy
monotonically normal.

Proof. Suppose (X,F ) is a fuzzy monotonically normal space. Then for each fuzzy
open subset U of X and xα ≤ U , we have an open fuzzy subset Uxα satisfying the
condition:

Uxα ∧ Vyα � 0 implies xα ≤ V or yα ≤ U.

Let Y be a fuzzy subspace of X. Let W be a fuzzy open subset of Y and yα ≤ W . Let
W’ be a fuzzy open subset of X with W ′ ∧ Y = W . Let Wyα ≤ W ′

yα. Clearly this
assignment satisfies the conditions of a fuzzy monotonically normality for Y. �
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